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0

Introduction

Among Riemannian manifolds, the most interesting and most important for applica-
tions are the symmetric ones. From the local point of view, they were introduced
independently by P. A. Shirokov [Shi 25] and H. Levy [Le 25] as Riemannian mani-
folds with covariantly constant (also called parallel) curvature tensor field R, i.e., with

VR =0, (0.1)

where V is the Levi-Civita connection [L-C 17]. An extensive theory of symmetric
Riemannian manifolds was worked out by E. Cartan in [Ca 26]. He showed that a
Riemannian manifold M has parallel R if and only if every point x has a normal
neirhbourhood such that all geodesic symmetries with respect to x are isometries.

If for each point x € M there exists an involutive isometry s, of M for which x is
an isolated fixed point, then M is called a (globally) symmetric space. The closure of
the group of isometries generated by {s, : x € M} in the compact-open topology is a
Lie group G that acts transitively on the symmetric space; hence the typical isotropy
subgroup H at a point of M is compact,and M = G/H.

The classical examples are connected complete Riemannian manifolds with con-
stant sectional curvature c, called space forms (see [Wo 72], Section 2.4).

Later, a similar development took place in the geometry of submanifolds in space
forms, where a fundamental role is played by the first (or metric) form g (as the
induced Riemannian metric) and the second fundamental form /. Besides the Levi-
Civita connection V, with Vg = 0, a normal connection V-1 is also defined. The
submanifolds with parallel fundamental form, i.e., with

Vh =0, 0.2)

where V is the pair of V and V-, deserve special attention. Due to the Gauss identity,
each of them is intrinsically a locally symmetric Riemannian manifold.

The first result here was given by V. F. Kagan [Ka 48], who showed that in
Euclidean space E3, the surfaces with parallel A are open subsets of planes, round
spheres, and circular cylinders S' x E'. All of these have nonnegative Gaussian
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2 0 Introduction

curvature. The surfaces of negative constant Gaussian curvature in E> are there-
fore examples of submanifolds which are intrinsically locally symmetric, but have
nonparallel 4.

The hypersurfaces with parallel # in E” were determined by U. Simon and
A. Weinstein [SW 69]. Some new examples of surfaces with parallel & in E* were
given by C.-S. Houh [Ho 72]: the Clifford tori §' x §! and the Veronese surfaces. The
general theory of submanifolds M with parallel 4 in E” was initiated by J. Vilms
[Vi 72], who showed, in particular, that each of them has totally geodesic Gauss
image. Normally flat submanifolds with parallel / in Euclidean spaces and spheres
were classified by R. Walden [Wa 73].

A properly developed theory was worked out by D. Ferus [Fe 74, 80]. He proved
that a submanifold M™ with parallel 4 in E" has the property of local extrinsic sym-
metry, in the sense that every point has a neighborhood invariant under reflection of
E" with respect to the normal subspace at this point; also conversely, an M™ with
this property has parallel 4. This was proved in general, for M™ in a Riemannian
manifold N", by W. Striibing [St 79]. Therefore, the submanifolds with parallel #,
especially the complete ones, were called symmetric submanifolds by Ferus (and then
by others); here extrinsically was meant, but often not explicitly stated. The other
important result of Ferus was that a general symmetric submanifold in E” reduces
to a product of irreducible symmetric submanifolds, each of which (except possi-
bly a Euclidean subspace) lies in a sphere, is minimal in it, and can be obtained as
the standard immersion of a Riemannian symmetric R-space. Conversely, each such
standard immersion gives a symmetric submanifold; and the products of these immer-
sions (possibly including a Euclidean subspace) exhaust all symmetric submanifolds
in E". These results gave a classification of such submanifolds in terms of special
chapters of the theory of Lie groups and symmetric spaces. All of these submanifolds
can be considered as symmetric orbits.

This classification was then extended to submanifolds with parallel 4 in space
forms by M. Takeuchi [Ta 81], who found it more suitable here to use the term
parallel submanifolds. This term has become more popular, especially when the
local point of view has been considered.

The theory of parallel submanifolds is concisely treated in recent monographic
works by B.-Y. Chen [Ch 2000] (Chapter 8), U. Lumiste [Lu 2000] (Sections 5-7),
and by J. Berndt, S. Console, and C. Olmos [BCO 2003] (Section 3.7: “Symmetric
submanifolds’).

Already in the first investigations of symmetric Riemannian manifolds [Shi 25]
and [Ca 26], it was noted that these manifolds must also satisfy the integrability
condition

R(X,Y)-R=0 0.3)

of the differential system VR = 0. (Here X and Y are tangent vector fields, and
R(X,Y) is considered as a field of linear operators, acting on R.) Riemannian man-
ifolds with this point-wise condition were considered separately by E. Cartan in [Ca
46]. His investigations were continued by A. Lichnerowicz [Li 52, 58] and R. Couty
[Co 57]. The term semisymmetric for Riemannian manifolds M satisfying this con-
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dition was introduced by N. S. Sinyukov [Si 56, 62], who showed the importance
of this condition in the theory of geodesic mappings of Riemannian manifolds (see
[Si 79], Chapter 2, Section 3).

A fruitful impulse for investigations of manifolds of this class was given by K. No-
mizu in [No 68], who conjectured that all complete irreducible n-dimensional Rie-
mannian manifolds (n > 3) satisfying R(X, Y) - R = 0 are locally symmetric, i.e.,
that they must also satisfy VR = 0. This conjecture was supported by the result that
for a Riemannian manifold, VKR = 0 with k > 1 implies VR = 0, proved for the
compact case in [Li 58], and for the complete case in [NO 62]; and this is also valid
in general (cf. [KN 63], Vol. 1, Remark 7). However, Nomizu’s conjecture was even-
tually refuted. Namely, in [Ta 72] a hypersurface in E* was constructed satisfying
R(X,Y)- R = 0butnot VR = 0. A counterexample of arbitrary dimension was
given in [Sek 72].

Semisymmetric Riemannian manifolds were classified by Z. I. Szabé, locally, in
[Sza 82]. He showed that for every semisymmetric Riemannian manifold M, there
exists an everywhere dense open subset U of M, such that around every point of U,
the manifold is locally isometric to a space that is the direct product of an open subset
of a Euclidean space and of infinitesimally irreducible simple semisymmetric leaves,
each of which is either (i) locally symmetric, or (ii) locally isometric to an elliptic,
a hyperbolic, a Euclidean, or a Kidhlerian cone, or (iii) locally isometric to a space
foliated by Euclidean leaves of codimension 2 (or to a two-dimensional manifold, in
the case dim M = 2).

These classification results of Szabd were presented briefly in the book [BKV 96],
whose main purpose was to summarize recent results on semisymmetric Riemannian
manifolds of subclass (iii); these are now called Riemannian manifolds of conullity
two, and may be considered the most interesting among semisymmetric Riemannian
manifolds.

Parallel submanifolds were likewise later placed in a more general class of sub-
manifolds, generalizing the parallel ones in the same sense as locally symmetric
Riemannian manifolds (i.e., with VR = 0) were generalized by semisymmetric Rie-
mannian manifolds (i.e., with R(X.Y) - R = 0). Namely, the integrability condition
of the differential system VA = 0 is

R(X,Y) -h=0, (0.4)

where R is the curvature operator of the connection V =V®Vi and X, Y are tan gent
vector fields, as above. This condition in fact already came up in [Fe 74a] and then in
[BR 83]. The general concept of submanifolds in E” satisfying (0.4) was introduced
by J. Deprez [De 85], who called them semiparallel. He proved that all of them
are, intrinsically, semisymmetric Riemannian manifolds and gave a classification of
semiparallel surfaces in E”. In [De 86], he also classified semiparallel hypersurfaces,
and in [De 89], summarized these first results.

The investigation of semiparallel submanifolds was continued by the author in
[Lu 87a, 88a,b, 89a—c, 90a—e], etc., then by F. Dillen in [Di 90b, 91b], [DN 93],
and A. C. Asperti in [As 93], [AM 94]. The first summaries were published in [Lu
91f] and then in the monographic article [Lu 2000a] (whose review in Mathematical
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Reviews (see [MR 2000j: 53071]) is concluded by A. Bucki as follows: “The author’s
contribution to the theory of submanifolds with parallel fundamental form with his
more than forty papers on the subject is colossal’’). Currently the monograph [Lu
2000a] is no longer completely up to date; several new results have been added to the
theory since then.

The present book will give a more complete survey of the theory of semiparallel
submanifolds and of some generalizations in space forms. Semiparallel submanifolds
are treated here mainly as second-order envelopes of symmetric orbits.

The book consists of twelve chapters. The first three chapters are preparatory in
character. In Chapter 1, the necessary background for subsequent chapters is given
using frame bundles (i.e., the Cartan moving frame method) and exterior differential
calculus, together with vector and tensor bundles. Basic facts from the theories of
space forms and of symmetric and semisymmetric Riemannian manifolds are covered.

In Chapter 2, the general theory of smooth submanifolds in space forms is devel-
oped. The second fundamental form # is introduced, together with its higher-order
generalizations, their fundamental identities, and the corresponding normal and os-
culating subspaces are covered. This is done by using orthonormal frames suitably
adapted to the submanifold.

In Chapter 3, the theory of parallel submanifolds is developed. Here the specifics
of their Gauss maps, their local extrinsic symmetry, Ferus’s decomposition theorem
and its connection with symmetric R-spaces are presented. The most important
examples of complete parallel submanifolds are also given: Segre, Pliicker, and
Veronese submanifolds.

All of this is in preparation for the main subject, which is the investigation of
semiparallel submanifolds. These are introduced in Chapter 4, where some char-
acterizations for their class and several subclasses are given. It is emphasized that
(0.4) is a pointwise condition and therefore can be treated purely algebraically. The
decomposition theorem for semiparallel submanifolds is also dealt with in the same
manner. The analytic fact, that these submanifolds are characterized by the integrabil-
ity condition of the differential system (0.2) for parallel submanifolds, is interpreted
geometrically in the theorem from [Lu 90a], stating that every semiparallel subman-
ifold is a second-order envelope of parallel submanifolds; such envelopes are found
for Segre submanifolds, as examples (extending the result of [Lu 91a]).

Chapter 5 is devoted to normally flat semiparallel submanifolds. This class in-
cludes all semiparallel submanifolds of principal codimension 1, in particular hy-
persurfaces, and also semiparallel submanifolds of principal codimension 2 in space
forms of nonpositive curvature. A general geometric description is given for normally
flat semiparallel submanifolds as immersed warped products of spheres.

Semiparallel submanifolds of low dimensions are considered in Chapters 6 (sur-
faces) and 7 (three-dimensional submanifolds). They are all classified; the sub-
manifolds of the most general class are described as second-order envelopes of
Veronese submanifolds. It is shown that each two-dimensional holomorphic Rie-
mannian manifold can be immersed isometrically into (pseudo-)Euclidean space of
dimension > 7, as a surface of this most general class of semiparallel surfaces; but this
does not generalize to three dimensions. Some general classes of semiparallel three-
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dimensional submanifolds are investigated, consisting of second-order envelopes of
three-dimensional Segre submanifolds (logarithmic spiral tubes) and of products of
Veronese surfaces and plane curves of constant curvature.

In Chapter 8, the decomposition theorems are given: for general parallel and semi-
parallel submanifolds, for normally flat 2-parallel submanifolds, and for submanifolds
with flat van der Waerden—Bortolotti connection. Here the concept of main symmetric
orbit is introduced; this is a standardly imbedded symmetric R-space and is minimal
in some sphere. The most general semisymmetric submanifold in Euclidean space is
locally the second-order envelope of products of main symmetric orbits, some circles
and a plane. This is a consequence of the result of [Lu 90a] and of Ferus’s famous
results [Fe 80].

In Chapter 9, the concept of umbilic-like main symmetric orbit is introduced
and studied. A main symmetric orbit is said to be umbilic-like if every second-
order envelope of submanifolds congruent or similar to this orbit is a single such
orbit; a sphere is an elementary example. Here all known results about umbilic-
like main symmetric orbits are presented; the Segre orbits were already investigated
from this point of view in Section 4.6 (see Theorem 4.6.1). For the second-order
envelope of the family of these main orbits, a differential system is formulated, and
then investigated by Cartan’s method of differential prolongation. This investigation
for Pliicker orbits, showing their umbilic-likeness, is carried out in detail. For the
other symmetric orbits of the Pliicker action, the unitary orbits, this investigation is
technically very complicated; only the general scheme is given here and illustrated
completely for a model case. For the m-dimensional Veronese orbit, it is shown that in
Euclidean space E Imm+3)+1 , this orbit is not umbilic-like. For the other symmetric
orbit of the Veronese action, the Veronese—Grassmann orbit, its umbilic-likeness is
asserted, but space and technical complications preclude giving all the details. The
general scheme of proof is given, some essential intermediate results are obtained,
and the complete proof is illustrated for a model case.

In Chapter 10, itis proved first that a product of umbilic-like main symmetric orbits
in Euclidean space is also umbilic-like. This result gives the possibility of extending
the description of normally flat semiparallel submanifolds as warped products of
spheres to general semiparallel submanifolds, i.e., considering them also as warped
products.

Chapter 11 is devoted to semiparallel immersions of semisymmetric Riemannian
manifolds, and seeks answers to the problem: can such a manifold be immersed
isometrically as a semiparallel submanifold? The answer is positive for dimension
m = 2, as already shown in Chapter 6. The problem is investigated for dimensions
m > 2. First, it is proved that if an m-dimensional semiparallel submanifold in E” is
generated by (m — 2)-dimensional planes, then it is intrinsically a Riemannian mani-
fold of conullity two of the planar type; the other types (i.e., hyperbolic, parabolic, or
elliptic type) are not possible. Also, for normally flat semiparallel submanifolds M™
in E", it is shown that if such a submanifold is intrinsically of conullity two, then it is
of planar type. The same holds for all semiparallel three-dimensional submanifolds.
Therefore, it can be conjectured that perhaps this assertion is true in general. The
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chapter concludes with a theorem that makes this conjecture very plausible. Atleast, it
is certain that there exist semisymmetric Riemannian manifolds, namely of conullity
two, that cannot be immersed into Euclidean space as semiparallel submanifolds.

In Chapter 12, some generalizations are considered. First, the k-semiparallel sub-
manifolds for k > 1 are introduced and studied. Their relation to envelopes of order
k of some family of k-parallel submanifolds is investigated. It is proved that there
exist 2-semiparallel submanifolds that are nontrivial, i.e., not parallel and not locally
Euclidean; namely, every normally flat semiparallel submanifold (see Chapter 5)
turns out to be 2-semiparallel. However, the study of k-semiparallel (in particular
2-semiparallel) submanifolds is still in its initial phase; a complete classification is
given only for 2-semiparallel surfaces in space forms (see Section 12.3).

Two other generalizations, namely, the recurrent and the (recently introduced)
pseudoparallel submanifolds are discussed briefly in Section 12.4.

Some generalizations have been made by extending the semiparallel condition
from the second fundamental form / to some tensor fields (including mixed fields) that
are derived from / and the metric form g by some tensor calculus operations. Results
of V. Mirzoyan are presented, where the idea of enveloping by corresponding parallel
submanifolds is used. These results are illustrated with examples involving surfaces
with parallel or semiparallel mean curvature vector field, or normal curvature tensor
field, or Ricci tensor field, etc. Hypersurfaces with semiparallel Ricci tensor field are
studied in particular, mainly in connection with the famous Ryan’s problem: do there
exist any hypersurfaces M™ in E™*! with semiparallel Ricci tensor field, that are
not intrinsically semisymmetric Riemannian manifolds? It is shown that Mirzoyan’s
classification result in [Mi 99] covers all known results about this problem, including
an affirmative answer for dimension m > 5 (see [Lu 2002b]). Some special results
about the extended Ryan’s problem for normally flat submanifolds are also given.
The book concludes with a proof that, among the submanifolds of codimension 2 in
E", there exist normally flat submanifolds that are intrinsically semisymmetric but
not semiparallel. This gives additional support to the conjecture stated above (cf.
Chapter 11).

The author is grateful to the Estonian Science Foundation for support during the
research work; results are summarized in this book. He also expresses his sincere
gratitude to Jaak Vilms for valuable help with editing the text of the book and to
grandson Imre for technical assistance.

July 2007 Ulo Lumiste
University of Tartu, Estonia



1

Preliminaries

1.1 Real Spaces with Bilinear Metric

Let A be a point set and G a group with identity element e. Amap A x G — A,
(x,g) > xogwithxoe =ux, (xog1)og = x o (g1g2) defines a (right) action
of the group G on A, also called a (right) G-action on A. One also says that G acts
on A as a transformation group. The action is effective if e € G is the only element
of G with the property: x o g = x for arbitrary x € A; transitive, if for every two
X1, X2 € A there exists an element g € G, so that xo = x| o g; simply transitive, if
this g is unique for every (x, x2) € A x A.

The set H, = {h € G | x o h = x} is a subgroup of G, called the isotropy
subgroup of x € A. Obviously Hy,, = ¢ 'Heg.

The set Gy = {y € A | 3g, y = x o g} is called the orbit of x under the G-action
on A. The orbits are equivalence classes: x| ~ x» < g € G, xp = x1 o g. They
form the factor set of this equivalence, called the orbit set. A G-action on A induces
a transitive G-action on every orbit. Obviously, transitivity of the G-action means
that there is only one orbit.

Let G be the additive group of vectors of an n-dimensional real vector space V"
and let there be given an effective transitive and simply transitive action of this G on
A. This means that

1. ifx € A,v € V", there exists y = x ov € A" (one also denotes this by v = xY),

2. (xov)ow=xo0(@W+w)=xo0(w+v)=(xow)ov (ie,if ¥y = wz, then
Xw = yz7),

3. for x, y € A there exists a unique v € V" so that v = xy.

Then A is called a real n-dimensional affine space, denoted by A", and V" is said to
be the vector space of A".

Let T be an m-dimensional vector subspace of V”. The above action of V" on
A" induces an action of T on A”". Every orbit of the latter action is called an m-
dimensional affine subspace of A", or briefly, an m-plane in A". Intrinsically it is
an m-dimensional affine space, and T is called the direction vector subspace of this
m-plane.

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0 2, © Springer Science+Business Media, LLC 2009



8 1 Preliminaries

Let V' x V' — R, (v1, v2) — (v1, v2) be a nondegenerate bilinear form, called
a bilinear metric or, equivalently, a scalar product. Two vectors v and v, are said
to be orthogonal, if (v1, v2) = 0. This is denoted by vy _Lv,.

If T is an m-dimensional vector subspace of V" and the scalar product induces
a nondegenerate bilinear form on it, then 7 is called a regular subspace, otherwise
a singular subspace. For a regular subspace T the set T+ = {v|v_Lw for every
w € T} is also a regular subspace, called the orthogonal complement of T; here
V' =T @ T+, thus T+ is (n — m)-dimensional.

A real n-dimensional affine space A” whose vector space V" is equipped with a
scalar product as above is called a space with bilinear metric. If the scalar product
is symmetric, i.e., (vi, v2) = (vz, v1) for arbitrary (vi, v2) € V" x V", the space is
called (pseudo-)Euclidean space ¢E"; here s is the number of negative coefficients
in the canonical representation of the quadratic form (v, v). In particular, if this
form is positive definite, then the space is Euclidean space E" (= oE™), otherwise
pseudo-Euclidean space sE™, s > 0 (as is seen, in the latter case without the round
brackets around “pseudo-"").! In particular, | E” is Lorentz space, for n = 4 also
called Minkowski space, the spacetime of the special relativity theory.

An m-plane in ( E" is said to be regular if its direction vector subspace is regular,
otherwise it is said to be singular, in particular isotropic, if the scalar product vanishes
identically.

In pseudo-Euclidean space ¢E" a regular m-plane can be Euclidean or pseudo-
Euclidean. In relativity theory, especially the case s = 1, such m-planes are also
called, correspondingly, spacelike or timelike, and a singular m-plane is called light-
like.

In general, if the bilinear form is not nondegenerate but is symmetric, then A”
is called a semi-Euclidean space; for instance, every singular m-plane in pseudo-
Euclidean space ; E” is an example of such a semi-Euclidean space.

1.2 Moving Frames

Let A" be a real affine space with vector space V". Let &Y = (e?, el eg) be a basis
of V" and o a point of A”. The pair (0, €°) is called a frame of A" with origin o
and basis vectors e(l), I € {1,...,n}. Every basis &Y determines an isomorphism
Vh > R" v (v, ..., v") withv = v/ e(l). (Henceforth the Einstein summation

convention is used, that is, the right-hand side actually means that ) ;_, v! e(l) =

vle? 4+ 4 v"eg.) Every frame determines a homeomorphism A" — R", x
L., x™) with ox = xle?.

Considering the set of all frames (x, €) of A" one defines a (right) action of the
general linear group GL(n, R) (i.e., the multiplicative group of all real nonsingular

n X n-matrices A = (A{)) on this setby (x, &) o A = (x, €A); here £ A is the product

(x

! Note that some authors use slightly different terminology, e.g., in [Ra 53] (pseudo-)Euclid-
ean spaces are called Euclidean, Euclidean spaces are called properly Euclidean; in [KN 63,
69] pseudo-Euclidean spaces are called indefinite Euclidean.
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of 1 x n-and n x n- matrices € and A, i.e., (cA); = eJA{. This introduces on this
set a principal bundle structure with base A" and structural group GL(n, R) (see [KN
63], Chapter I, Section 5). Every fibre (i.e., orbit of the action) is the set of all frames
having the same origin x. This principal bundle is called the frame bundle of A" and
realizes the idea of a moving frame of E. Cartan (an arbitrary element of this bundle
is considered here as a moving frame in A"; see [IL 2003]).

With respect to a fixed frame ¢°, every moving frame & in A" is determined by
the coordinates x’ of its origin x, according to ox = x’e¥ 7> and by the elements X5 7
of the matrix in e; —eJXJ where I, J,--- € {l,...,n}.

Note that the differential d (0x) does not depend on the choice of the origin o,
because 6x and ox differ only by the constant vector 00. Therefore, d(ox) can be
denoted simply by dx. Also, the pointx € A” can be identified with its radius vector
ox from the fixed origin o.

One can calculate

dx = eIa)I, de; = eja)lj, (1.2.1)

where
ol =X Hdx!, o] =xHKaxl, xH¥x] =sK. (1.2.2)

The formulas (1.2.1) are called the infinitesimal displacement equations of the moving
frame. The differential 1-forms (1.2.2), called the infinitesimal displacement 1-forms,
satisfy the equations

do' =0’ Noh,  do] = of Ao, (1.2.3)
which are obtained by exterior differentation from (1.2.1) (see [Ste 64], Chapter III,
Section 1; [IL 2003], Section B.2) and thus are necessary and sufficient conditions for
the complete integrability of (1.2.1). Here (1.2.3) are called the structure equations
of A",
In a real space with bilinear metric one can introduce for every frame the matrix
g = (g17), where g7 = (ey, ey). By differentiation, one obtains the relation

dgry = gryof + gixwk. (1.2.4)

If the space is ;E”, the frame bundle can be reduced to the principal bundle of
orthonormal frames, characterized by g;; = €877, where € is —1 for s values of
I and 1 for the remaining n — s values of I, and §;; is the Kronecker delta. The
structural group of the above bundle is the pseudo-orthogonal group ;s O (n, R); in the
casess = 0,5 = 1,and s = n — 1, respectively, this is the orthogonal group O (n, R),
and the Lorentz groups 1O (n, R) and ,_; O (n, R) (the last two are isomorphic; see
[Wo 72], Section 2.4).

For the bundle of orthonormal frames, the relation (1.2.4) reduces to

gjo] +ejwh =0 (nosum!). (1.2.5)

In the case of E”, i.e., when s = 0, the matrix a){ is skew-symmetric and gives
an arbitrary element of the Lie algebra of the orthogonal group O (n, R). For | E",
when s = 1, one obtains the same for the Lorentz group 1O (1, R).



10 1 Preliminaries

1.3 (Pseudo-)Riemannian Manifolds

The (pseudo-)Euclidean space ¢ E" is a special case of the more general concept of
a (pseudo-)Riemannian manifold (N”. This is a real n-dimensional differentiable
manifold with a smooth field g of symmetric scalar products in the tangent vector
spaces. Here the constant natural number s has the same meaning as in ¢ E". For a
local section

(x,8) =(x;e1,...,€ep)

of the frame bundle on (N" and two tangent vector fields, X = e; X I'and Y =
e;Y7, one has (X,Y) = g”XIYJ, where g;; = (ey, ey) are the components
of the metric tensor field on ¢N", denoted also by g. In the particular case when
(X, X) is positive definite, the (pseudo-)Riemannian manifold N" (= oN") is called
a Riemannian manifold, otherwise, a pseudo-Riemannian manifold (cf. footnote 1).

A linear connection V on a (pseudo-)Riemannian manifold (see, e.g., [KN 63],
Chapter III), which has the property that g is covariantly constant with respect to V,
ie., Vg =0, is called a (pseudo-)Riemannian (in particular Riemannian, or pseudo-
Riemannian) connection. Componentwise, the last condition is

Vg =dgry — gksof —gixwl =0, (1.3.1)

where w = (a)IJ ) is the matrix field of connection 1-forms of V. It is well known that
every (pseudo-)Riemannian manifold has a unique (pseudo-)Riemannian connection
V without torsion, called the Levi-Civita connection.

The elements {w!} of the coframe bundle on ¢ N"* and the connection 1-forms a)lj
of the Levi-Civita connection satisfy the structure equations

"ol do] =of Aol +QF, (13.2)

do' =
where
Q] = —R] 0" A" (1.3.3)

are the curvature 2-forms of the Levi-Civita connection V. Here the coefficients
R IJ x 1, are the components of the curvature tensor field R of V. By exterior differen-
tiation of (1.3.1), one obtains via (1.3.2) the equality

Qy+ Ry =0, (1.3.4)

where Q;; = gpof = —RIJ,KLQ)K A ok and so RijkL = gIPRiKL' Then
exterior differentiation of (1.3.2) yields the relations

! AQL =0, dQ] =Qf Aof —wf AQF, (1.3.5)

2 In some recent books, e.g., [Pe 98], historical terminology is disregarded and the Levi-
Civita connection is called simply the (pseudo-)Riemannian connection. Sometimes these
two terms are considered as equivalent, and then the (pseudo-)Riemannian connection as
defined above is called the metric connection (see, e.g., [KN 63], Chapter IV; also [Li 55],
Section 52; [He 62], Chapter I, Section 9).
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which are equivalent to the identities
Rygp+Rip;+RL k=0, VepR) g +VkR) p+VLR) pg =0 (1.3.6)
(the Bianchi identities), where (Vp R5 KL)wP = VR} x 1, and
I I I P I P I P P I
VR kp =dRj g — Rp k1) — Ry prowg — Ry gpwp + Ry grop. (1.3.7)

The first identities (1.3.6) and the consequences R;j k1 + Ry xkr = 0 from
(1.3.4) imply
RijkL =Rkr,1J. (1.3.8)

A (pseudo-)Riemannian manifold ; N" of dimension n > 2 is said to be a manifold
of constant curvature if its curvature forms can be represented as Q{ = cgrxw’ Aok,
Then from (1.3.5) it follows that dc A @’ A X = 0, and since dc = cjw! this gives
cio’ A o’ A @K = 0. Due to the supposition n > 2, for every value of I there
exist values of J and K such that ! A @/ A X # 0. Therefore, ¢; = 0, and thus
¢ = const. This constant ¢ is called the curvature of such a (N (cf. [Wo 72], 2.2.7).

The structure equations for a Riemannian manifold of constant curvature c are,
due to (1.3.2),

do' =’ A a)§ da){ = a)f A a)IJ< + chKa)] A X, (1.3.9)

1.4 Standard Models of Space and Spacetime Forms

The space ¢ E" is the simplest n-dimensional (pseudo-)Riemannian manifold of zero
curvature.

A connected complete Riemannian manifold of constant curvature c is called a
space form (see [Wo 72], Section 2.4). Their standard models, denoted by N"(c), are
as follows:

e for ¢ = 0, the Euclidean space E”,
e forc >0,
S"(c) = {x € E""'| (0x, ox) = r?},

which is the sphere with a real radius » = 1/./c and with center at the origin o,
e for ¢ < 0, a connected component of

H"(c) = {x € 1E"! | (0%, ox) = —r?},

which is the sphere in Lorentz space | E"T! with imaginary radius r = i//|c]|
and with center at the origin o.

Note that H"(c¢) consists of two connected components, each of which is a hy-
perbolic (or Lobachevsky—Bolyai) space.
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The Minkowski space | E* (the special case of Lorentz space for n + 1 = 4),
which is the spacetime of the special relativity theory, is a simple case of pseudo-
Riemannian space ¢N" of constant curvature ¢, namely, the case of s = 1, n = 4,
c=0.

In general a connected complete pseudo-Riemannian space ¢ N” of constant cur-
vature c is called a spacetime form and is denoted by ¢N"(c). The standard models
are ; E" and the connected components of ;S (¢) and ¢ H" (c), where the latter two are
defined similarly to $"(c) and H"(c), with E"T! and | E"*! replaced, respectively,
with { E"! and ;| E"*! (see [Wo 72], Section 2.4).

Here the special cases are de Sitter spacetime ¢ S" (¢) and anti-de Sitter spacetime
sH"(c), which forn = 4 and s = 1 (resp. s = 2) are the simplest nonflat spacetime
models for general relativity theory (see [HE 73], [PR 86]).

The moving frame bundle of E"t! where o is s or s + 1, can be adapted to a
standard (pseudo-)Riemannian model  N” (¢) as follows.

For every frame it is supposed that

1

(1) x € yN"(c), i.e., (0x,0x) = ¢~ ! = const,

(2) ent1 ll0x, ie., enr1 = —+/[clox and therefore gy4+1,+1 = (€n+1,ent1) =
lele™! = sign c,

(3) ey, ..., e, are orthogonal to e, 1, therefore tangent to s N (c), so that g7 ,41 =0
I=1,...,n).

Differentiation of the equality in (1) gives (dx, e,+1) = 0; hence w"*! = 0. Similarly
from the equalities in (2) and (3) one obtains

a)Z_ﬂ =0, wiH =—|clo’, a)’;"H = signcy/|clgrx X, (1.4.1)
where I, J, ... are in {1, ..., n} and the last relation holds due to (1.2.4) and the
equality in (3).

For such a frame bundle adapted to ¢ N" (¢), the relations (1.2.1) and (1.2.3) imply
(writing them for dimension n + 1 and using (1.4.1)) that

dx = e;a)l, de; = eja),J — xcgn(a)K, (1.4.2)
do' =0’ Aol do] = of Aol +cgixo’ Aok, (1.4.3)
where now I, J,--- € {1,...,n} and (1.2.4) hold. Recall that the radius vector ox

from the center o of the sphere ;S"(c) (resp. s H"(c)) is being denoted here simply
by x, and so (dx, dx) = grjo’w’.

For the (pseudo-)Euclidean space E" C s E"1 one must take en4+1 = const.
This leads to the particular case of the formulas (1.4.2) and (1.4.3), obtained by ¢ = 0
(and thus to (1.2.1) and (1.2.3)). So the formulas above are universal for all standard
models of space and spacetime forms.

Remark 1.4.1. The standard models of spacetime forms N"(c) can also be treated
by means of projective geometry as follows.

Every such model lies in , E"*! with fixed origin at the center of the model
sN™(c); here 0 = s or s + 1. There is a one-to-one correspondence between R +1
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and , E"*!. The projectivization of R"*! gives the real projective space P"(R) and
then the asymptotic cone of (N"(c) gives the absolute quadric SQ”_1 Cc P'(R),
which determines the projective metric of curvature ¢. Two vectors of , E"*! are
orthogonal iff the corresponding points of P”(R) are polar with respect to ; Q" L.
The g-dimensional totally geodesic submanifolds of { N (c) (the g-dimensional great
spheres) can then be interpreted as projective g-planes of P (R). This simplifies the
understanding of the geometry of N (c¢) and will be used often below. Note that a
projective g-plane is the intersection of the model sphere ¢ N (¢) with a (g 4 1)-plane
through the origin in , E"*1,

1.5 Symmetric (Pseudo-)Riemannian Manifolds

A vector field X = e¢;X’on a (pseudo-)Riemannian manifold (N" is said to be
parallel along a curve in (N", if VX = 0 on this curve, where VX = er (VX! and
vx! =dx' + Xja)g. A curve in ¢N" is a geodesic if its tangent vector field is
parallel along the curve. It is well known that a geodesic with nonzero arclength s,
defined by ds? = g;jw'w’, is locally a curve of stationary length between any two
of its points.

A (pseudo-)Riemannian manifold ¢ N” is said to have parallel curvature tensor
field Rif VR = Oon ¢N", or more explicitly, if VRiKL = 0(i.e., if (0.1) is satisfied),
where the left side is defined by (1.3.7).

Let Uy, be a normal neighborhood of a point xo €; N", i.e., every point x € Uy,
is connected to x( by only one geodesic of ¢ N" which lies in Uy,. Suppose this curve
to be nonisotropic (i.e., with nonzero arclength) and take on it the point x’, which is
at the same real or imaginary distance from x as x, but on the other side, one gets the
geodesic symmetry map with respect to xg. A pseudo-Riemannian manifold ¢N” is
locally symmetric if each of its points xp has a normal neighborhood whose geodesic
symmetry map with respect to xo is an isometry.

E. Cartan proved the following relationship between these properties (also in the
more general case of affinely connected manifolds).

Theorem 1.5.1 ([Ca 26] and [He 62], Chapter IV, Section 1). A (pseudo-)Riemann-
ian manifold (N is locally symmetric if and only if its curvature tensor field R is
parallel on (N™.

A Riemannian manifold N” is said to be globally symmetric if every point x is
an isolated fixed point of an involutive isometry sy, of N"; here involutive means that
sfo = Id. Itfollows that xo has a normal neighborhood on which sy is a geodesic sym-
metry map (see [He 62], Chapter IV, Section 3). Thus a globally symmetric N" is also
locally symmetric, and vice versa, every complete simply connected locally symmet-
ric Riemannian manifold is globally symmetric (see [He 62], Chapter IV, Section 5).
More generally, for every point xq of a locally symmetric Riemannian manifold N"
there exist a globally symmetric Riemannian manifold N”, an open neighborhood
Uy, of xo in N", and an isometry ¢ mapping Uy, onto an open neighborhood of the

point ¢(xg) in N".
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The manifold N" is diffeomorphic to the homogeneous space G/K, where G is
the identity component of the Lie group of isometries of N”* and K is the compact
subgroup of isometries with fixed point x; the diffeomorphism G/K — N" is given
by ¢K +— g o xp, g € G (see [He 62], Chapter IV, Section 3).

In turn, let G be a connected Lie group, K a closed subgroup with compact
Adg(K), and y an analytic automorphism of G such that (K)o C K C K,,, where
K, is the set of fixed points of y and (K, )o is its identity component. Then for
every G-invariant Riemannian structure on G/K this G/K is a globally symmetric
Riemannian manifold (see [He 62], Chapter IV, Section 3). In this case (G, K) is
called a Riemannian symmetric pair.

These results reduce the study of globally symmetric Riemannian manifolds N
to the study of Riemannian symmetric pairs (G, K) by means of Lie group theory.

Remark 1.5.2. In general, symmetric pseudo-Riemannian manifolds have not been
studied so thoroughly as the Riemannian ones. E. Cartan [Ca 26] had noted that these
types of manifolds with solvable isometry group exist. The case of dimension 4 was
then studied in [Wal 46] and [Wal 50] (see also [Ab 71]). In [Ro 49b], [Fed 56], [Fed
59] symmetric pseudo-Riemannian manifolds with simple groups of isometries were
classified; in [Be 57] the case of semisimple groups was also included. The classifi-
cation problem for four-dimensional symmetric Einsteinian spaces with Lorentzian
signature and of the first type was solved by A.Z. Petrov [Pe 66]. In [CML 68], all
symmetric four-dimensional spaces of signature +2 were listed. A complete classifi-
cation of the spaces of signature 2 with solvable transvection group was given in [CP
70]; see also [Ast 73].

Example 1.5.3. Comparing the structure equations (1.3.2) and (1.4.3), one sees that
for the standard models ¢ N" (c) of spacetime forms the curvature 2-forms are

Q] = cgixo’ AoX, ¢ =const.
Thus R}, = —cgrx8;. From (1.2.4) Vg;x = 0; also V§] = ds] — sjw] +
1) f a){, = 0, and thisleadsto VR IJ k1 = 0. Hence, every ; N"(c) is alocally symmetric
(pseudo-)Riemannian manifold; actually it is also globally symmetric (see [Wo 72],
Chapter 11).

Example 1.5.4. The manifold of all g-dimensional vector subspaces of a p-dimension-
al real vector space R? is called the Grassmann manifold and denoted by G (g, R?)
(see, e.g., [Sha 88], Chapter 1, Section 4). Let a pseudo-Euclidean metric of index
k be given in R” by the metric tensor g, and consider the manifold of all regular
g-dimensional vector subspaces of index /. This manifold is called the Grassmann
manifold of regular subspaces and is denoted by ; G?°P.

For an element of ; ; G9°? considered as a subspace, the orthonormal basis {e; }
in R” (1 < A < p) can be chosen so thate, ande, (1 <a <q;q+ 1 <u < p) are
vectors belonging to this subspace and to its orthogonal complement, respectively.
Thus the subspace is determined by the simple g-vector ey Aex A --- A ey.

Let A7(R?) be the space of antisymmetric (g, 0)-tensors (see [Ste 64], Chapter I,
Section4). This A9 (R?) is a vector space, for which the simple g-vectors ey, A- - - Ae;, ’
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with A1 < --- < A, form a basis. From the infinitesimal displacement equations
(1.2.1) it follows that

d(ey /\ez/\n-/\eq):Z(e] Ao ANeg_t ANey Negrl A+ ANeg)wy, (1.5.1)
a,u

because for an orthonormal basis w{} = 0 (no sum; see (1.2.5)), so that the 1-forms w}!
play the role of o’ in the first formula of (1.2.1). Now the argument used in [Lu 92a],
[Maa 74] can be applied. There it is shown that the pseudo-Riemannian structure on
1 kG?P is given by

ds* = gabguvwzwzy

where | <a,b <q;q+ 1 <u,v < p (see also [Ha 65]) and that it is Einstein
of constant scalar curvature; for k = [ = 0 this is established in [Le 61]. Thus w},
generates amoving coframe on; ; G9°? and for this the first structure equations (1.3.2)
must hold. On the other hand,
dot = b u v u __ v bou b u
W, =w, Nwy + o, Aoy =wy A (—w,8, +5,w,),

so that the role of a)§ in (1.3.2) is played by the 1-forms in the last parentheses above.
Since dw’, is now

b b b b b
d(—w 8 + 8,08) = —(w, A, +wy ANwy)dy + 8, (0 Aok + ) Awly)

K I :
and ] A wg is

b
c

b

(—l8Y + 8Pw?) A (8" + 85wl = —wl A wl8" + 0¥ A w5,

the curvature 2-forms Q§ in (1.3.2) for ; ,G?°? are
-l A wZ(Sg + SZa)g N
Now (1.2.5) implies that a)i = —&peywyp, so that these curvature 2-forms are
(‘Sggbcgwx‘sg - BZngng‘S)Lcl)wdw Ao,

where g = £,8%¢, gyw = €48y, etc., and the indices w, x and ¢, d run through
the same values as u, v and a, b, respectively. The reduced coefficients are the
components of the curvature tensor R § x 1 of 1 kG?P_ This and the above expressions
for a)§ imply that for the pseudo-Riemannian connection V of ; ; G°? the equations
VGR;KL = 0 hold (cf. (1.3.7)).

Consequently, the following statement holds.

Theorem 1.5.5. The Grassmann manifold ; G?°P of regular subspaces is a locally
symmetric pseudo-Riemannian manifold, which is Einstein of constant scalar curva-
ture.
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In the particular case g = 2, this ;& G?7 is called the Pliicker manifold.

The same conclusion also holds for k = 0 (thus also [ = 0); then “pseudo-"
is to be omitted and the corresponding Grassmann manifold is denoted simply by
G177 A projective space treatment of most of these results for Grassmann manifolds
with polar normalization can be found in [AG 96], Chapter 6, Section 6.6; see also
[Ro 49a].

Grassmann manifolds are also globally symmetric, as shown in [Wo 72] (for the
Riemannian case, see Section 9.2, where a corresponding Riemannian symmetric pair
is used; for the pseudo-Riemannian case, cf. Section 12.2).

Remark 1.5.6. Some generalizations of symmetric Riemannian spaces have been
made by Fedenko [Fed 77] and Kowalski [Kow 80]. In [KoK 87] Kowalski’s ap-
proach is transferred to the geometry of submanifolds M™ in E"; in [CMR 94] the
same is for M™ in N"(c).

Another generalization is made by Deszcz in [Des 92] and for submanifolds in
[ALM 99, 2002], [LT 2006] (see Section 12.4).

1.6 Semisymmetric (Pseudo-)Riemannian Manifolds

According to Theorem 1.5.1 the class of locally symmetric pseudo-Riemannian man-
ifolds is analytically characterized by the system of differential equations VR = 0
for the components of the curvature tensor field R (cf. with (0.1)). More explicitly,
due to (1.3.7) this system is

1 1 P 1 P 1 P P
dRj kL = Rp k@) = Rj prwk — Ry gpop + Rj g op =0. (1.6.1)

The integrability condition of this system can be obtained by exterior differentiation,
using the structure equations (1.3.2), which leads to the equations

1 P 1 P 1 P P 1
Rh ¢, @7 + R @F + R pQf — R Qb =0. (1.6.2)

Replacing 2 f with the expressions R i 0 SwQ A3 givenin (1.3.3), and collecting the

terms before w2 A w3, one obtains a system of purely algebraic (quadratic) equations
for the components of R. Contracting the left sides of these equations with coordinates
of two linearly independent tangent vectors X = ep X QY = egY" and considering
Ri QSXQYS = Rf(X, Y) as the entries of the matrix of a linear operator R(X, Y)
acting on R, this algebraic system can be written concisely as (cf. with (0.3))

R(X,Y)-R=0. (1.6.3)

The system (1.6.2), or the equivalent system (1.6.3), was already found as the
integrability condition of (1.6.1) in the first investigations by P. A. Shirokov and
E. Cartan about symmetric spaces (see [Shi 25], [Ca 26]). A natural generalization of
these spaces was considered by E. Cartan, who in [Ca 46] introduced the Riemannian
manifolds satisfying (1.6.3). His investigations were continued by A. Lichnerowicz
[Li 52], [Li 58] and R. Couty [Co 57].
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What follows is a short survey of the results about the Riemannian manifolds sat-
isfying (1.6.3). More detailed information can be found in the monograph [BKV 96].

The term semisymmetric for manifolds satisfying the condition (1.6.3) was intro-
duced by N. S. Sinyukov [Si 56, 62], who showed the importance of this condition
in the theory of geodesic mappings of Riemannian manifolds (see [Si 79], Chapter 2,
Section 3).

A fruitful impulse for investigations of manifolds of this class was given by K. No-
mizu, who in [No 68] conjectured that all complete, irreducible n-dimensional Rie-
mannian manifolds (n > 3) satisfying R(X, Y) - R = 0 are locally symmetric, i.e.,
they also satisfy VR = 0. This conjecture was supported by the result that for a
Riemannian manifold VKR = 0 yields VR = 0, which was proved for the compact
case in [Li 58] and for the complete case in [NO 62] (and it is also valid in general; cf.
[KN 63], Vol. 1, Remark 7). However, Nomizu’s conjecture was eventually refuted.
Namely, in [Ta 72] a hypersurface in E* was constructed satisfying R(X,Y)-R =0
but not VR = 0; and a counterexample of arbitrary dimension was given in [Sek 72].
Nevertheless, by adding some further conditions to R(X, Y) - R = 0, the conjecture
becomes true; such additional conditions were given in [ST 70], [Tan 71], [Fu 72].
For instance, it is shown in these papers that it suffices to add VC = 0, § = const,
where C is the tensor of conformal curvature and S is the scalar curvature (cf. also
[Sek 75], [Sek 77]).

For pseudo-Riemannian manifolds the term semisymmetric was used (for the case
of Lorentzian signature) by V. R. Kaigorodov [Kai 78] in the course of investigations
on the curvature structure of spacetime (cf. also [Kai 83]).

Let a (pseudo-)Riemannian space be a direct product of the same kind of spaces.
Then the frame bundle can be adapted so that the basis vectors are successively tangent
to the mutually orthogonal components of the product. Then Ri k1, are zero if two
of the indices 7, J, K, L are indices of basis vectors tangent to different components.
A straightforward calculation shows that if (1.6.2) is satisfied for every component,
then it is also satisfied for the direct product. The same holds if (1.6.2) replaced by
VR = 0,i.e., by (1.6.1). Thus the direct product of semisymmetric (resp. symmetric)
(pseudo-)Riemannian manifolds is a semisymmetric (resp. symmetric) (pseudo-)Rie-
mannian manifold.

The local classification of semisymmetric Riemannian manifolds was given by
Z. 1. Szabd, locally in [Sza 82] and then globally in [Sza 85]. First he proved by
means of the infinitesimal or the local holonomy group that for every semisymmetric
Riemannian manifold M" there exists a dense open subset U such that around the
points of U the manifold M™ is locally isometric to a direct product of semisymmetric
manifolds My x Mj x - - - x M,, where My is an open part of a Euclidean space and the
manifolds M;, i > 0, are infinitesimally irreducible simple semisymmetric leaves.
Here a semisymmetric M is called a simple leaf if at each of its points x the primitive
holonomy group determines a simple decomposition 7, M = Vx(o) + Vx(l), where this
group acts trivially on VX(O) and there is only one subspace me that is invariant for
this group. A simple leaf is said to be infinitesimally irreducible if at least at one point
the infinitesimal holonomy group acts irreducibly on Vx(l) .
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The dimension v(x) = dim Vx(o) is called the index of nullity at x and u(x) =
dim M — v(x) the index of conullity at x.

The classification theorem of Szabd asserts the following (according to the for-
mulation given in [BKV 96]).

Theorem 1.6.1. For every semisymmetric Riemannian manifold there exists an ev-
erywhere dense open subset U such that around every point of U the manifold is
locally isometric to a space that is the direct product of an open part of a Euclidean
space and of infinitesimally irreducible simple semisymmetric leaves, each of which
is one of the following:

(@) if v(x) = 0 and u(x) > 2, then locally symmetric (hence locally isometric to a
symmetric space);

®) ifv(x) = 1 and u(x) > 2, then locally isometric to an elliptic, a hyperbolic or a
Euclidean cone;

(©) ifv(x) =2 and u(x) > 2, then locally isometric to a Kdhlerian cone;

(d) ifv(x) =dim M — 2 and u(x) = 2, then locally isometric to a space foliated by
Euclidean leaves of codimension 2 (or to a two-dimensional manifold, this in the
case when dim M = 2).

The following examples give more detailed descriptions (according to [Sza 82]
and [BKV 96]) of these product components, some of them in the general (pseudo)-
Riemannian situation.

Example 1.6.2 (for case (a)). Every symmetric (pseudo)-Riemannian space is also
semisymmetric.

Indeed, the condition (1.6.1) yields (1.6.2), and thus (1.6.3) too, because they are
the integrability conditions of (1.6.1).

Example 1.6.3 (for case (b)). Consider Ry x R"~! with the standard coordinate sys-
tem (xo, xbo x”’l) and the Riemannian metric given by

ds* = dx")? + (x° + O [(dx")? + - + (dx")?].
This Riemannian manifold is called the Euclidean cone and it is semisymmetric.

Example 1.6.4 (for case (b)). Let S"~!(c) be a sphere with center 0 in E” and v a
point in E"*! such that the straight line ov is orthogonal to E” C E"*!. The elliptic
cone is a hypersurface in E"*! described by the straight half-lines emanating from
v (the vertex) and intersecting the points of $"~1(¢). With its induced metric, this
hypersurface is intrinsically an n-dimensional Riemannian manifold that turns out
to be semisymmetric. This induced metric has an expression similar to the metric
in the previous example: in the square brackets one takes here the standard metric
of S"~1(¢).

Example 1.6.5 (for case (b)). Let the expression in square brackets be replaced by the
standard metric of the (n — 1)-dimensional hyperbolic space. Then the Riemannian
manifold with this metric is called the hyperbolic cone.
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This space can also be represented in the following way. Let H"~!(c) be a sphere
with center o and imaginary radius i //Jc[in | E" C 1 E"*!. Its connected component
is intrinsically a hyperbolic space (see Section 1.3). Choose a point v in 1 E"*! so
that the straight line ov is orthogonal to 1 E”, and consider the hypersurface in | E"*!
defined by the straight half-lines emanating from v and intersecting the points of a
connected component of H"~!(c). This hypersurface is in fact a hyperbolic cone.

Example 1.6.6 (for case (c)). The Kihlerian cones are the complex analogs of Exam-
ples 1.6.4, 1.6.5 and 1.6.6 (see [BKV 96]).

Example 1.6.7 (for case (d)). Every two-dimensional (pseudo-)Riemannian manifold
is semisymmetric.

Indeed, if n = 2, then (1.3.4) and (1.3.8) imply that R;; g is nonzero only if
(IJ,KL) = (12, 12) or a permutation of (12, 12). This easily yields (1.6.3).

Example 1.6.8 (case (d) in general). In the Szabé classification a special role is played
by the n-dimensional Riemannian manifolds foliated by (n — 2)-dimensional Eu-
clidean spaces. They are characterized as those manifolds, whose tangent vector
spaces are orthogonal products Vx(o) + Vx(l), where Vx(l) are of dimension 2 at every
point, and VX(O) define a foliation of dimension (n — 2) with Euclidean spaces as
leaves.

These foliated manifolds were treated implicitly in [Sza 82], without considering
any explicit expressions for their metrics. They were considered as solutions of a
certain integrable system of nonlinear partial differential equations. A more detailed
analysis was given by Kowalski in [Kow 96] for the three-dimensional case (n = 3);
see also [BKV 96].

In [BKV 96] (cf. the remark concluding Chapter 8) the situation was described
as follows. The general solution of the basic system of partial differential equations
given by Szab6 depends formally on %(n —2)(n + 3) + 4 arbitrary functions of two
variables and %(n — 2)(n + 3) arbitrary functions of one variable. In dimension 3,
this means seven functions of two variables and three functions of one variable. But
a more detailed analysis has shown that in fact three arbitrary functions of two vari-
ables suffice to parametrise the corresponding spaces. The exact number of arbitrary
functions of two variables that parametrise local isometry classes of foliated semisym-
metric manifolds in dimension » remained an unsolved problem in [BKV 96]. It was
noted only that the first explicit examples depending on one arbitrary function of
two variables were constructed in [KoTV 90] and [KoTV 92]. The new approach,
given by O. Kowalski in dimension 3, was then generalized by E. Boeckx [Bo 95]
to arbitrary dimension n. These results are summarized in [BKV 96], where these
manifolds are called Riemannian manifolds of conullity two, motivated by case (d).

Remark 1.6.9. For four-dimensional semisymmetric Riemannian manifolds an ele-
mentary classification can be given independently from Szabd’s (which is indirect
and relies on some essential results from other sources, for instance, a theorem of
Kostant). This elementary classification is given in [Lu 96e], [Lu 96f]. The result is
as follows.
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Theorem 1.6.10. Locally, every four-dimensional semisymmetric Riemannian man-
ifold is one of the following:

(a) a locally Euclidean manifold,

(b) a space of nonzero constant curvature,

(c) a locally symmetric space other than (a) and (b),

(d) the direct product of two two-dimensional spaces,

(e) locally isometric to an elliptic or hyperbolic cylinder (i.e., direct product S x R
or H3 x R) or to a Euclidean, elliptic or hyperbolic cone,

(f) space foliated by two-dimensional totally geodesic and locally Euclidean leaves
that are transversally flat along themselves and normally flat in sections normal
to them.

The proof is given in [Lu 96f] and is based on an elementary algebraic classi-
fication of semisymmetric curvature operators [Lu 96e]. Chern bases are used to
minimize the number of nonzero components of the curvature tensor. This consid-
erably simplifies the semisymmetric condition as a system of quadratic equations on
these components.

Note that in the pseudo-Riemannian case the problem of detailed classification of
semisymmetric manifolds is currently still open, to the author’s knowledge.

Remark 1.6.11. In [Kow 96] (and then in [BKV 96]) the following terminology is
used for semisymmetric Riemannian manifolds of types (a)-(d): the manifolds of
type (a) are said to be of “trivial” class, types (b) and (c) of “exceptional” class, and
of type (d) “typical” class.

For three-dimensional manifolds of this last class, O. Kowalski introduced (in
a preprint of 1991 and published afterwards in [Kow 96]) the geometric concept
of asymptotic foliation, which was generalized by E. Boeckx [Bo 95] to arbitrary
dimensions.

An (m — 1)-dimensional submanifold M™~! of a manifold M™ of conullity two
is called an asymptotic leaf if it is generated by (m —2)-dimensional Euclidean leaves
of M™ and if its tangent spaces are parallel along each Euclidean leaf with respect to
the Levi-Civita connection V of M.

An asymptotic distribution on M™ is an (m — 1)-dimensional distribution that is
integrable and whose integral submanifolds are asymptotic leaves. The integral man-
ifolds of an asymptotic distribution determine a foliation of M™, called an asymptotic
foliation.

For an M™ of conullity two, the adapted frame bundle and corresponding coframes
can be chosen so that the Euclidean leaves are determined by w* = 0, a, b, --- €
{1,2}. Since this last differential system is totally integrable, dw' and dw? must
vanish as an algebraic consequence of @' = w? = 0 (due to the Frobenius theorem,
second version; see [Ste 64]). This together with the fact that Euclidean leaves are
totally geodesic, because M is a simple leaf, yields, due to (1.3.2),

a)ll = A,,a)l + Bua)z, a)g = Cua)1 + Fua)2; (1.6.4)
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where u, v, --- € {3, ..., m}.

Let the unit vector X = e cos ¢ + e sin ¢ be taken so that span{X, e3, ..., e, }is
the tangent plane of an asymptotic leaf. Then, V,, X = Vxe, + [e,, X] must belong
to the tangent plane of this asymptotic leaf for every value of u. Since the tangent
distribution of these leaves is a foliation, this tangent plane contains [e,, X]. Thus
this plane must also contain

Vxey = Ve e, cos @ + Ve,e,sing = (a)ﬁ(el)ek) cos @ + (a)i(eg)ek) sin .
Hence
(Aye; + Cyez) cos ¢ + (Byey + Fyez) sing

must belong to span{X,e3, ..., e,} and therefore must be a multiple of X =
e1 cos ¢ + ey sin . This last condition is equivalent to

B, sin? o+ (A, — F,)cospsing — C, coszgo =0.

But along the asymptotic leaf, w'sing = w?

reduces to

cos ¢, so that the above condition

Cu(w"? + (F, — Ay)o'@* — Bu(w?)? = 0.

According to [Kow 96], [BKV 96] a foliated M is said to be planar if it admits
infinitely many asymptotic foliations. If it admits just two (or one, or none, respec-
tively) asymptotic foliations, it is said to be hyperbolic (or parabolic, or elliptic,
respectively).
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Submanifolds in Space Forms

2.1 A Submanifold and Its Adapted Frame Bundle

Submanifolds will be considered in the context of differentiable manifolds of class
C° (see [Ste 64], Chapter II; [KN 63], Chapter I), or more precisely, in the context
of (pseudo-)Riemannian manifolds (see [KN 69], Chapter VII; [Ch 73b], [Ch 2000],
[BCO 2003]). It is worth mentioning that the introduction of [Ch 2000] contains a
brief survey of the long history of the differential geometry of submanifolds.! Recent
developments in submanifold theory are described in the introduction of [BCO 2003].

Let f : M™ — (N"(c) be an isometric immersion of class C* of an m-
dimensional (pseudo-)Riemannian manifold into an n-dimensional space form (or
spacetime form, if s > 0), n > m, taken as the standard model ;N"(c) (see Sec-
tion 1.4). Then f(M™) is a submanifold in ;N" (¢) (see [KN 63], Chapter VII, also
[Ch 73b] and [Ch 2000], for the case of Riemannian manifolds). Such a submanifold
will be denoted simply by M™, i.e., f is considered as the inclusion map.

For such a submanifold M™ its tangent vector space Ty M at an arbitrary point
x € M™ is a regular vector subspace of T, (s N"(c)) and therefore has an orthogonal
complement TXLM’" in the latter, which is an (n — m)-dimensional regular vector
space, called the normal vector space of the submanifold M™ at x.

If, for the case s > 0 and at an arbitrary point x € M™, the tangent vector space
T, M™ is spacelike (resp. timelike), then the submanifold M™ in (N"(c) is also said
to be spacelike (resp. timelike).

If ¢ # 0 then (N"(c) C o E"t! (recall that o = s for¢c > O and 0 = s + 1 for
¢ < 0). Thus an orthogonal complement 7" M"™ of T, M™ in Ty (, E"*') is defined,
called the outer normal vector space of M™ at x; obviously Tx*lM " is the span of
TM™ and of x = —(/[c])'en41, which are mutually orthogonal. If ¢ = 0, then
N"(0) = E"™ and the designation outer is superfluous.

! One should note, however, that omitted in this survey are some newer historical investi-
gations shedding light, in particular, on the emerging role of M. Bartels, F. Minding, and
K. Peterson of the 19th century differential geometric school at the University of Tartu
(Dorpat) (see [Stru 33], [GLOP 70], [Rei 73], [Ph 79], [Lu 96¢], [Lu 97a], [Lu 99b]).

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0 3, © Springer Science+Business Media, LLC 2009
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The union of all tangent (normal or outer normal) vector spaces constitutes the
tangent (resp. normal or outer normal) vector bundle of M, denoted by T M™ (resp.
T M™ or T*+M™). Its sections are the tangent (resp. normal or outer normal) vector
fields on M™.

In this book the method of frame bundles and exterior differential calculus is used.
For a submanifold M™ in ( N" (c) the frame bundle adapted to (N (c¢) can be reduced
to the subbundle of frames adapted to M™ as follows (see [KN 69], Chapter VII,
Section 1). Let x € M™, let the first m basis vectors ey, .. ., ¢, (in general, ¢;, where
i,j,---€{l,...,m}) belongto Ty M™ and the next n —m basis vectors ¢, +1, . . ., €y
(in general, ¢, where o, B, --- € {m+1,...,n})to TXJ-M’". Then g;, = 0, and due
to (1.2.4)

gpal + girek =0, @.1.1)
dgij = grjo} + gikwlj, dgep = gypwl + gang. (2.1.2)

Since the differential dx of the radius vector of the point x € M™ (recall that
it is also denoted by x) belongs to T, M™, the first equation of (1.4.2) reduces to
dx = eiwi, which means

o* =0. (2.1.3)

The submanifold M™ can be considered as an integral submanifold in ; N" (c) of this
differential system (2.1.3).

From (1.4.3) and (2.1.3) it follows that &' A of = 0, and now Cartan’s lemma
(see [Ste 64], Chapter I, Section 4; [BCGGG 91], p. 320; [IL 2003], p. 314) gives

¥ = hf‘]wl he = hS;. (2.1.4)
Therefore, from (1.4.2)
dei = ejwij + (eah;?‘j - xcgij)wj7 (2.1.5)

and so for an arbitrary vector field X = ¢; X' in the tangent vector bundle 7M™
one has ' o o
dX =e;(dX" + Xja)'j) + (eah?/ —xegijp) X',

where the right-hand side is a sum of a tangent component and an outer normal
component. Now if the point x is considered fixed, so that dx = 0 and thus all o' =0,
one must also have dX = 0. Hence in the tangent component, the expressions in
the first set of parentheses must be linear combinations of these @’ . In other words,
dX' + X/ = V;X'w/. The expression V;X' is the covariant derivative of the
(1,0)-tensor field X " on M™ with respect to the Levi-Civita connection V of M, and
thus w’j are the connection 1-forms of V.

In the normal component, the coefficients hj?‘j, taken from (2.1.4), constitute a
mixed tensor field, called the second fundamental tensor of M™ in ¢N"(c). This
mixed tensor field determines the second fundamental form (denoted by h) of M™ in
sN"™(c) with values in T;* M™.
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To describe the relationship between this tensor and form, let another tangent
vector field Y = ¢ Y/ be given on M"™ and let  be the parameter of its integral curve
such that dx/dt = Y. Then w/ = Y/dt, and in the normal component of d X /dt
with respect to ;N"(c) one has h(X,Y) = eah‘i"jX"Y-" (cf. [KN 69], Chapter VII,
Section 3 and [Ch 73b], Chapter 2, Section 1).

With respect to , E" ! the normal component of de; has the vector-valued coef-
ficients

hij — XCgij = h;kj, (2.1.6)

where h;; = eah?‘j, so that (2.1.5) is
de; = ejo] + h};0’. (2.1.7)

The coefficients h}; define a bilinear symmetric form with values in 7M™,
called the outer second fundamental form of M™ and denoted by h*, i.e.,

WX, Y) = h(X,Y) — xc(X, Y),

where (X, Y) = giniY-/ is the scalar product of X and Y.

The usual lowering and raising of indices can be used by means of g;;, gog and g,
g*?, where gikgkj = 5’j 8% gyp = 6%‘. For instance, if one defines hka = gijhfkgﬂa,
then hﬁx (&7 gives the shape (or Weingarten) operator Ag of M™ in N" (c), which can
also be defined by (As(X),Y) = (§,h(X,Y)) (see, e.g., [KN 69], Chapter VII,
Section 3, [BCO 2003], 2.1).

For the normal basis vectors ¢, of the frame adapted to M™ one has, due to (1.4.2),
(2.1.1), and (2.1.4),

dey = ei(—hgkwk) + eﬁa)g;

hence, for a normal vector field & = ¢, &9,
& = eq(dE” + EP ) — el E”.

Here in the normal component of d& the coefficients d£% + &P wg = V4E* give
the covariant derivative of the normal (1,0)-tensor field £ on M™ with respect to
the normal connection V- of M™ in N"(c), with the connection 1-forms a)%. From
(1.4.3) one obtains

do] =k Aol + @], dof =l Ao +Qf, (2.1.8)

where . _ ‘ ‘
QIJ = o} Nwl + cgirw’ A ok, Qg = w,, A o (2.1.9)

i
are called the curvature 2-forms of V and V=, respectively. Making substitutions
from (2.1.1) and (2.1.4) and denoting

Ri‘/,pq = ((hifp. h(/”) + cg,-[péé]) = (hijp, h2{>’ Rg,pq = hfx[phg]i (2.1.10)
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(see (2.1.6); the square brackets denote alternation of the indices p and ¢) one obtains
the following expressions of these curvature 2-forms:
Q/ =R/ o’ ro. Qf=-RE, 0" Aof 2.1.11)

(cf. [Li 55], Sections 41 and 53).

In particular, if M™ coincides with (N (c) C GE’H"I, the set of values of index
« is empty and hence /;; = 0; hence from (2.1.10) Ripq = cgi[,,(S;], where now
i, j, - €{l,...,n}; recall that c is related to the radius r of the sphere ¢ N"(c) by

2 -1

re=c .

Applying exterior differentiation to (2.1.2) and using (2.1.8), one gets

2@ + g =0, g,pQ + g0y Q) =0. (2.1.12)

Thus, for (pseudo-)Riemannian submanifolds in space or spacetime forms, the ma-
trices 2 = (€2;;) and Q= (Qup), where Q;; = gikQ/; and Qup = gayQZ are
obtained from the curvature 2-forms by lowering of the upper indices, are skew-
symmetric matrices.

Remark 2.1.1. The apparatus of the Riemannian connection V together with the cor-
responding absolute differential calculus was worked out by E. B. Christoffel, R. Lip-
schitz, G. Ricci, T. Levi-Civita (see [Sch 24], [L-C 25]).The normal connection V- of
a submanifold was introduced by E. Cartan in his Sorbonne lectures of the 1920s (see,
e.g., [Ca 60]; its curvature 2-forms are considered as components of the torsion of a
submanifold) and investigated afterwards by D. 1. Perepelkin [Per 35], F. Fabricius-
Bierre [Fa 36], among others.

For submanifolds L. van der Waerden [vdWa 27] and E. Bortolotti [Bo 27] worked
out a special notation scheme, called the D-symbolics in [SchStr 35]. Subsequently,
the pair of V and V+ was denoted by V and called the van der Waerden—Bortolotti
connection of the submanifold M™ in N"(c) (see [Ch 73b], [Lu 2000a]).

A modern treatment of these topics by means of adapted frames and coframes
bundles can be found, for s = 0, e.g., in [Lu 2000a]; here (and in what follows) a
more general treatment is given for the case s > 0.

2.2 Higher-Order Fundamental Forms

Equations (2.1.4) defining the second fundamental form 4 of a submanifold M™ in
sIN™(c), via the corresponding mixed tensor field hfy, are the starting point for intro-
ducing the higher-order fundamental forms of M™. Here what we call the differential
prolongation method can be used as follows.

Applying exterior differentiation to (2.1.4) and using (1.4.3) and (2.1.3), one gets

VA A w =0, 2.2.1)

where
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Vhe = dh? — h% of — h% of + hP o2 (2.2.2)
ij = an;j kj @i ik®; ij B s

are the components of the covariant differential of hf‘l with respect to the van der

Waerden—Bortolotti connection V.
Applying Cartan’s lemma to (2.2.1), one now gets

Vhe = h¢ok,  he (2.2.3)

_ o
ijk = Mikj-
The coefficients of * on the right-hand side are components of the covariant deriva-
tive of the second fundamental tensor with respect to V. This derivative is called the
third-order (or simply third) fundamental tensor of M in { N"(c). From the second
equations of (2.1.4) and (2.2.3) it follows that this tensor is symmetric with respect to
all three lower indices and therefore is uniquely given by the third-order (or simply
third) fundamental form* Vh of M™, defined similarly to the second fundamental
form by

(VR)(X, Y, Z) = egh; X'Y/ VA

Proceeding to the second step of the differential prolongation process, one obtains
from (2.2.3) by exterior differentiation
th]k Aot =80 hf; (2.2.4)
where
—Qohf, = h;Qf + h% Q% — nf g, (2.2.5)

and VA, ik is an expression similar to that in (2.2.2) but with an additional term for
the 1ndex k, and the sum taken over /.

The operator £2 in (2.2.5) is called the curvature 2-form operator of the van der
Waerden—Bortolotti connection V.

Making substitutions from (2.1.11) into (2.2.5) one can write equation (2.2.4) in
the form (. . )f‘/ P oF = 0 and then use Cartan’s lemma to obtain

Vhiy = 0, (2.2.6)

where h;?‘j 1 are now no longer symmetric with respect to the indices k and /, in general,

because here (. . . )?3. 18 _Vh;?;. « With some complementary terms.
This process can be continued, giving the following sequence:

(22.6) = VS A6l = Qo k% = VA%, = h g of = -
a 2 a
= Vhi, p NP =Qohf,
1 o Ps+1
= Vhl]Pl -Ps hl]Pl pSpS‘Fla)

2 One should not confuse this form with the third fundamental form of the classical theory of
surfaces M2 in E3, whichis (d e3, de3) and is used mainly in connection with the spherical
map of M2 (see, e.g., [Ka 48], Section 63; [Fav 57], Part 2, Section IV.11).
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= Vh* A oPstt = Qo h¢

ijp1..Ds+1 ijp1..-ps = (227)

The hf‘] « are the coefficients of the third-order fundamental form Vh of M™, and
?].Pl-nP.v -
of the submanifold M™ in (N"(c). The operator 2 works as in (2.2.5)—for every
lower index there is a term on the right-hand side.

Here V*h can be treated, like 4 and Vh above, as a vector-valued (s + 1)-form
(TM™)s*t2 — T+ M™ with values in 7M™, called the (s + 2)-order fundamental
form (see, e.g., [DN 93]). For this, the components of V¥4 have to be contracted
with the coordinates X', X3, X', ..., X" i, of some s 4 2 tangent vector fields
X1y, Xs40.

The above deduction can also be done in its outer version, i.e., with respect to
- E"t1. The normal component of dX in - E"t1 has vector-valued coefficients,
shown in (2.1.5), which determine the outer second fundamental form h*. Since
x = —(/[c)"'ens1, one has here h;"J = ea*h;kjf)‘*, wherea* =m+1,...,n+ 1.
Therefore,

in general h are the coefficients of the (s + 2)-order fundamental tensor V*h

1 .
i =, hY = signo)y/elgij, (2.2.8)
where signc is 1 for ¢ > 0 and —1 for ¢ < 0.
The outer shape operator is determined for £* = £ + £"tle, | by

(AF(X), Y) = (£, h*(X, Y)) = (Ae(X), V) + c(/IeD ' &"TH(X, ¥).
Due to (1.4.1) and (2.1.2) one has

n+1
i

. k 7 7 1
o =signeylelgine®, @, =—lclo', wf =w)T =0;

therefore,
Q! = ol Ao = —guphl o A signey/Iele’) =0, (2.2.9)
because h‘}‘k = h‘,fj, and
Vi =V, VR =0,
where V* is the van der Waerden—Bortolotti connection of M™ in , E nt+l e, the

outer version of V.

Now (2.2.3) in its outer version shows that /*"*!

ijk = 0, thus the only essential
coefficients of the third-order outer fundamental form V*h* are the coefficients of
Vh, its other coefficients (with upper index n + 1) being zero.

The procedure above in its outer version leads to the (s + 2)-order outer funda-
mental form V*h*, whose only essential coefficients are the same as those of V*h,

the others (with upper index n + 1) being zero.

Remark 2.2.1. Tt appears that the higher-order fundamental forms were first intro-
duced by P. Del-Pezzo in [DelP 1886], and then used by several authors (see
[SchStr 35], Band II, Section 13). There has been renewed interest in them more
recently, e.g., by V. Mirzoyan in [Mi 78b], [Mi 91a, b, d], by F. Dillen in [Di 90a, b],
[Di 91a, ], [Di 92], and by Hyun and Takagi in [HT 97] (see also [Lu 2000a], I1.3).
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2.3 Fundamental Identities

The coefficients R’ pg o0 the right side of the first formula (2.1.11) are components of
the curvature tensor R of the Riemannian connection V and therefore belong to the
inner geometry of M. The first equation (2.1.10) is the Gauss identity—an equation
connecting the curvature tensor R of V (an inner geometric object) with the second
fundamental form #4.

The coefficients Rg, pq are components of the normal curvature tensor R+, which
describes curvature of the normal connection V. The second equation (2.1.10) is
the Ricci identity for V-+.

If R = 0 (resp. Rt = 0) then M™ in {N"(c) is said to be intrinsically (resp.
normally) flat. Note that with respect to , E”*! the condition R*+ = 0 is equivalent
to R+ = 0, because according to (2.1.11) and (2.2.9) szgjl) = 0. Thus normal
flatness of M™ in ¢ N”(c) implies the same in , E" ™! and vice versa.

In (2.2.3) the coefficients hf‘j ; are components of Vh; they are sometimes also

denoted by _th;"j. The second equation in (2.2.3) yields _th;"j = V;h¢,, the clas-
sical Peterson—Mainardi—Codazzi identity.> Therefore, the mixed tensor with these

components is sometimes also called the Codazzi tensor.*
Similarly h?‘jkl in (2.2.6) are the components of V2h = V(Vh), also denoted by

\y/ _th;.’;. Substituting this into (2.2.4) and using (2.1.9), one obtains
VikVnh = RYyh%; + RY e — R b (2.3.1)

Itis easy to see that h;"j can be replaced here by the components of the outer version 2*.

The preceding equation is the general Ricci identity for the alternated second
covariant derivative of & with respect to the connection V. Note that its left side is
obtained from the coefficients hf‘l 1 Of the fourth-order fundamental form V2h after
alternation of the last two lower indices. So the two equal sides of (2.3.1) characterize
the nonsymmetricity of V2h; recall that these components h k1 Are symmetric with
respect to the first three lower indices, due to the Peterson—-Mainardi—Codazzi identity.

From (2.2.7) one can see that the components of the higher-order fundamental
forms V3h, ..., V*h, ... are,in general, also nonsymmetric with respect to the lower
indices, excluding the first three indices.

2.4 Osculating and Normal Subspaces of Higher Order

Let u', ..., u™ be local coordinates around a point x on a (pseudo-)Riemannian
submanifold M™ in ¢N"(c). Let this point be identified, as above, with its radius

3 For the classical case, when ¢ = 0, m = 2, and n = 3, this identity was first given in a
preliminary form in 1853 by K. Peterson in his Dorpat (now Tartu, Estonia) dissertation,
then in 1856 by G. Mainardi, and in a more modern form in 1860 by D. Codazzi (see [GLOP
70], [Rei 73], [Ph 79], [Lu 97a]).

4 See, e.g., [Ka 48], Sections 52 and 55, where this tensor in the classical case is denoted
by 7 jk-



30 2 Submanifolds in Space Forms

vector from a fixed origin o in ; E n+1(if ¢ # 0 this o is the center of the standard
model of the space or spacetime form). The radius vector x is a function of #* and so
its variation can be expressed as

12 1 s
Ax:dx+§dx+-~~+—'d‘x+~~
s!

due to Taylor’s formula. Here dx = xl-_dul: =e ja)j belongs to the tangent vector
space T,\M™ . Ife; = S}xi, then du' = S;wf, dej = dEj’.x,- +§}xijdu/ and compar-
ison with

dej = ey + W0k, (2.4.1)

which follows from (1.4.2), (2.1.5), and (2.1.6), shows that the normal component
of x;; belongs to the vector subspace span{hjk} at x. This subspace is called the

first-order outer normal subspace of M™ at x and is denoted by (1)TX*J-M ™ Recall
that h%y = hji — xcgjk,  hji = eqhf,. Therefore, this subspace lies in the linear
span of x and span{ i}, which are mutually orthogonal. Here span{# j;} is the first-
order or (principal) normal subspace (I)TXLM’” of M™ in (N"(c¢) at x, and it is the
orthogonal complement of x in spanf{x, h’; o

In general the subspace (D 7+ M™ is (pseudo-)Euclidean. Thus (V72 M™ is also
(pseudo-)Euclidean.

The last subspace contains the special vector H = %g’j hij, which is invariantly
connected with the point x. This vector is called the mean curvature vector at x.

Now some special classes of submanifolds can be introduced. If H = 0 at every
point x € M™, then M™ is called a minimal submanifold. (Sometimes, when s > 0,
the term maximal is also used in this context). If hf; = x“gij at a point x, then
x is said to be an umbilic point and if x¢ = 0, a flat point. By contracting with
g'/ one sees here that x* = H%; so at an umbilic point #(X,Y) = H(X,Y). If
all points of the submanifold are umbilic, the submanifold is called totally umbilic.
A submanifold all of whose points are flat (i.e., on which h;; is identically zero) is
called rotally geodesic and is obviously minimal.

The linear span of the tangent subspace 7, M and the first-order outer normal
subspace (])Tx*l M™ is called the first-order outer osculating subspace of M'™ at the
point x and denoted by (V) O¥M™. In general it is (pseudo-)Euclidean. It is clear that
dx + %dzx belongs to this subspace.

The linear span of T, M™ and () TXJ-M " is called the first-order osculating sub-
space VO M™ of M™ in {N"(c) at x. Obviously it is spanned by all ¢; and 7 jx,
and therefore it is the orthogonal complement of the radius vector x in the span of
D orM™ and x.

Similar to the above, one can establish that the partial derivative x;jx in d3x =
Xijkd u! du’ du” belongs to the vector subspace spanned by the first-order outer oscu-
lating subspace M O M™ and span{h; i}, where h;j; = eah?‘j ¢~ This vector subspace
is called the second-order outer osculating subspace OiM™ of M™ at the point x;
it contains dx + %dzx + %d3x. In general it is (pseudo-)Euclidean. The orthogonal
complement of VO M™ in it is called the second-order outer normal subspace of
M™ at x and denoted by @ T+ M™,
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The orthogonal complement of the radius vector x in the span{® oM™, x}is
called the second-order osculating subspace ® O, M™ of M™ in (N (c) at the point
x. The orthogonal complement of (V' 0, M™ in @ O, M™ is called the second-order
normal subspace ® TXJ‘M " of M™ at x.

Repeating this argument, one obtains the sth-order outer osculating subspace
) OfM™, which is spanned by the (s — 1)th- order outer osculating subspace
G 1)O M™ and span{h;;,. i } and contains dx + 5 Ld?x + - —a” . In general
both 0f these subspaces are (pseudo-)Euclidean. The orthogonal complement of
=D o*M™ in 0¥ M™ is called the sth-order outer normal subspace O T*+M™
of M™ at x.

The corresponding subspaces without the designation outer are defined similarly
(see, e.g., [CGR 90] for the Euclidean case E" = oN"(0)).

A submanifold M™ in (N"(c) is said to be regular if its normal subspaces of all
orders have constant dimensions, denoted below by m 1, ..., mg, ..., and are (pseu-
do-)Euclidean. Then the frame bundle adapted to M™ can be specialized by means
of these subspaces as follows. In choosing the vectors e,, one takes the first m
normal basis vectors e, 1, al € {m+1,...m+ mi} to be in the first-order normal
subspace, the next my vectors e, = {m+m; +1, ,m +my + mo} to be
in the second-order normal subspace etc. Consequently, among the components 7%
those with upper indices «*, s > 1 are zero; among h¢

ij’

ik those with upper indices

= h¥; ka)k here the

a’,s > 2 are zero, etc. Thus equations (2.2.3) yield hﬂ ,31 =

matrix of coefficients on the left side has maximal rank m ;. It follows that % ,51 =0,
s > 2, and
2 2
ol = x5 Lo (2.4.2)
The same process can be repeated for higher orders and gives, in general,
W =0,1>5+2, (2.4.3)
o = xa o (2.4.4)

The orbits of the higher-order outer osculating (resp. normal) vector subspaces at
x € M™ in (E"! are called the higher-order outer osculating (resp. normal) planes
of M™ at x. Analogous planes without the designation outer can be similarly defined
for the projective structure of ;N (c) (see Remark 1.6.1).

Remark 2.4.1. In Section 2.1 the space form ;N" (c) can be replaced by an arbitrary
(pseudo-)Riemannian manifold ; N". Then one has a (pseudo-)Riemannian subman-
ifold M™ in ¢ N". The same arguments as in Section 2.1 and 2.2 lead to the definition
of the second fundamental form %; note that the difference between (1.4.3) and (1.3.2)
concerning the curvature 2-forms does not affect the arguments involved. One can
likewise introduce the classes of minimal, totally umbilic, and totally geodesic sub-
manifolds, as above (cf., e.g., [Ch 2000], for the case s = 0).
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In Section 3.2 below, the following assertion will be important. Recall that a
submanifold M™ of N is totally geodesic if and only if its second fundamental form
is identically zero. An equivalent formulation of this condition is that the covariant
differential in N” of every vector field Y tangent to M"™ has zero normal component,
i.e., is tangent to M (see [KN 69], Chapter VII, Prop. 8.9).
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Parallel Submanifolds

3.1 Parallel and k-Parallel Submanifolds

Atensor field F on a (pseudo-)Riemannian manifold is said to be parallel if its covari-
ant derivative vanishes (i.e., if VF = 0; see, e.g., [KN 63], Chapter III, Section 2).
The same terminology is used for mixed tensor fields on submanifolds M™ in { N"(c)
(then V is used in place of V), and for differential forms on M™ as well.

A submanifold M™ in { N" (c¢) whose second fundamental form / is parallel, i.e.,
(0.2) is satisfied: Vi = 0 (equivalently, whose third fundamental form vanishes), is
called a parallel submanifold.

Parallel surfaces M? in E3 were defined by V. Kagan in [Ka 48], Section 55 as
surfaces with vanishing Codazzi tensor (see Chapter 2, footnote*). It was shown that
they are open parts of planes (totally geodesic), spheres (totally umbilic) or round
cylinders. Note that the latter can be considered as products of straight lines E! and
circles S' (which are the only parallel curves in E3). These surfaces have the property
that every chord makes equal angles with the normal vectors at its endpoints, where
these are directed to the same side of the surface. J. Dubnov and 1. Beskin showed
in [DB 59] that this geometric property holds only for these surfaces with vanishing
Codazzi tensor.

Interest in parallel submanifolds in E” arose again in the 1970s. At first they were
called submanifolds with parallel second fundamental form. Hypersurfaces M"~! in
E™ with this property were investigated in [SW 69]. For general submanifolds, this
condition was explicitly stated in the paper [ChdCK 70] on minimal submanifolds
of spheres with second fundamental form of constant length. New examples of such
surfaces M2—the Clifford tori S' x S in $3(¢) ¢ E* and the Veronese surfaces in
S*(c) C E>—were given in [Hou 72] (cf. Section 3.3 below). Then followed [Vi 72],
[Wa 73], and fundamental investigations by D. Ferus [Fe 74a,b, c].

The concept can be generalized to the higher-order fundamental forms as follows.

Let M™ be a regular submanifold in (N"(c). It is seen from (2.2.7) that if its
(s 4+ 2)-order fundamental form vanishes, then the fundamental forms of orders (s +
3), (s +4),... also vanish,ie., V?h =0= V'h =0fort e (s +1,s +2,...}.

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0 4, © Springer Science+Business Media, LLC 2009



34 3 Parallel Submanifolds

If the first V57 that vanishes is of order k, then M™ is said to be k-parallel
(cf. [Di 91c])).

Here the value k = 0 can be included by defining V°h = h. Thus, a O-parallel M"
is simply a totally geodesic M in N"(c). The next simplest cases are the 1-parallel
submanifolds, i.e., parallel submanifolds that are not totally geodesic.

The condition Vi = 0, which characterizes the parallel submanifolds, is equiva-
lent to h;?‘jk = 0 (see (2.2.3)), or, due to (2.2.2), to

dhf = hi;of + hiok — hlof (.1.1)

For the vector-valued second fundamental form #;; = eh?;, i and also for h* =
hij — xcgij, a straightforward computation shows that

Vhij + ex (¥ (hij, hip))o” = Vhj; + ex(8¥ (hj;, hj,Do? = eahfyo,  (3.1.2)

where
Vhij = dhij — hijof — hixo], (3.1.3)

and the same for h;."j. This yields the following (see [Lu 96a], for s = 0 [Lu 96b]; cf.
also [Tak 81]).

Proposition 3.1.1. The following conditions are equivalent:

(1) M™ is parallel as a submanifold in N (c);

(2) in the case ¢ # 0, M™ is parallel as a submanifold in ; E"' (recall o = s for
c>0ando =s+ 1 forc <0);

(3) (Vhij)x € TuM™ for every point x € M™;

@) (Vh;.‘j)x € TxM™ for every point x € M™.

Parallel submanifolds have been studied in many papers (see, e.g., [Ak 76],
[Mi 78a], [Fe 80], [Na 80], [Re 81], [Ma 81], [Ma 83a,b], [Re 83]), and there is
now a well-developed theory of parallel submanifolds in space forms; a summary is
given in [Lu 2000a] and also in [BCO 2003], Section 3.7.

Kagan’s result concerning spheres in E3, mentioned at the beginning of this
section, can be generalized as follows.

Proposition 3.1.2. Every totally umbilic submanifold M™ with m > 1 in (N"(c) is
a parallel submanifold with flat V.

Proof. A totally umbilic submanifold is characterized by hf‘/ = H%g;; (see Sec-
tion 2.4), where HY = 1 ijh“ and so _Vh"‘ (VJ-H"‘)g, Here VI H® = HYw k.
hence now in (2.2.3) huk = Hk gij» and thils Hgij = H gij; by contracting w1th
g% one obtains HY = H?m. Since m > 1, the last equation implies H = 0 and
also _Vhf‘j = 0, i.e., the submanifold M" is parallel.

Moreover, now of = H%g; ja)j and therefore due to (2.1.9) it follows that 95 =0,
i.e., V* is indeed flat.
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For the inner geometry of parallel submanifolds, the following result holds.

Proposition 3.1.3. Every parallel submanifold M™ in {N" (c) is intrinsically a locally
symmetric Riemannian manifold.

Proof. The Gauss identity (2.1.10) gives

YR/ = (VR i) 8 + (k. Vi) 89
because VgX/ = 0. Due to Proposition 3.1.1, part (4), the multiplicands in both
8 p P p )

scalar products in the above expression for VRZ.{ « are orthogonal; thus VR;{ u =0,
or briefly, VR = 0.

For the extrinsic geometry of parallel submanifolds, one has the following propo-
sition.

Proposition 3.1.4. Suppose a parallel submanifold M™ in {N" (c) has all first-order
outer osculating subspaces V) OFM™ of the same constant dimension m +my. Then
this subspace is independent of x € M™, and M™ is contained in an (m + m )-plane
of o E"1 with this vector subspace. If ¢ # 0 and s = 0, this plane intersects N™(c)
inan Nmtm=Lc) containing M™, and ¢ > c.

Proof. Recall that a parallel M™ is characterized by h;’;k = 0. Now (1.4.2), (2.1.3),
(2.4.1) and (3.1.2) give

dx=ejf, dei = ejw] +h0’, (3.1.4)

Ay, = — ei(g" (Wi, hj, P + o + 1. (3.1.5)
Hence OfM™, spanned by ¢; and hjk, is invariant under arbitrary motion of the
adapted frame on M™, i.e., it is independent of the point x € M™. One can choose
the frame so that among e, some n — m — mj vectors ey, , orthogonal to Wo,.mm,
are constant. Obviously (e;, e5,) = 0 holds, and it implies d(x, e4,) = 0. Thus
(x, eq,) = cq, (= const) and the radius vector of the point x € M satisfies n —
m — m linearly independent linear equations. These equations define an (m + m)-
dimensional plane in , E"*!, that intersects (N"(c) in an ;N "1~ 1(¢), and that
contains M.

If ¢ # 0 and s = 0, this plane does not pass through the center of the model
sphere N (c), since then the vector x would be orthogonal to all ¢; in o E"*! and
could not then be their linear combination. This implies that ¢; > c.

Propositions 3.1.2 and 3.1.4 together imply the following result.

Proposition 3.1.5. Every totally umbilic submanifold M™ (m > 1) in N"(c) is a
standard model N (c1) or its open part.

Proof. Indeed, hf‘l = H%g;j, H # 0imply here thatm; = 1; hence M™ is contained
in an N"(cy).
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Remark 3.1.6. Suppose ¢ > 0. Then N"(c) is a Euclidean space E" (if c = 0) or a
sphere " (c) C E™*! (if ¢ > 0), and therefore a totally umbilic M™ in it is simply a
sphere S (c1) with ¢; > ¢, or an open part of the latter.

The situation is more interesting if ¢ < 0, where a connected component of
N"(¢) C 1E"! is the hyperbolic space H"(c). An easy calculation shows that
the outer mean curvature vector H* = H — cx of a totally umbilic M™ satisfies
dH* = —||H*||*dx, due to V-H®* = 0. If ||[H*|| # 0, the point with radius vector
7z =x+ ||[H*||"2H* is a fixed point of { E"*! and ||z — x|| = [|[H*||~" = const. If
Izl < O, then M™ is a sphere in H"(c), but if ||z]| > 0, then M™ is an equidistant
submanifold (i.e., consists of points equidistant from a hyperplane of an H”*1(c})).
If || H*|| tends to 0, then M™ tends to a horosphere (i.e., to an orthogonal submanifold
of straight lines, mutually parallel in the Lobachevsky sense).

The following extension of Proposition 3.1.4 for k-parallel submanifolds holds.

Proposition 3.1.7. Suppose a k-parallel submanifold M™ in ¢ N" (¢) has all kth-order
outer osculating subspaces © OiM™ of the same constant dimension m + mj +

-« + my. Then this subspace is independent of x € M™, and M™ is contained in an
(m +my + - - - 4+ my)-plane of o E"T1 with this vector subspace. If ¢ # 0, this plane
intersects {N"™(c) in an (N T+ +tm=1(c\y containing M™.

Proof. k-parallel submanifolds are characterized by hY; = 0, which due to
(2.2.7) implies h“p = = 0 for all [ > k, but not forl < k. Now (3.1.4) holds as
before, but on the right side of (3.1.5) one must add hijp,@Pt, where hijp = h{;, €q
(see (3.1.2) and (3.1.3)). In a similar manner one gets

dhijp, = —ex (& hijp,, hip))eo? + hpipy @5 + hipp, @] + hijpwp, + hijp, p, @,

and so on, until finally

q q
dhijpy..pioy = hqjpypp @ + -+ hijpyq®p_; -
Hence the vector space (k)O;‘M’", spanned by all ¢;, hlj, hijpis -y hijpy...p_y> does
not depend on the point x € M™.
The rest of the proof is essentially the same as for Proposition 3.1.4.

3.2 Examples: Segre and Pliicker Submanifolds

A new example of parallel submanifolds can be obtained by means of the Segre map,
known from algebraic geometry. The Segre map is introduced in [Mum 76], Sec-
tion 2B, as the imbedding of the product P? x P4 of projective spaces into PP4+P+4
defined in homogeneous coordinates by (1’1, v'2) — (w'1"2), where w12 = u'1v™2,

Now let the real projective spaces P” and P? be converted into elliptic spaces,
considered as spheres of the same radius r, with antipodal points identified. Then the
Segre map can be seen as
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SP(k) x §9(k) —> RPHD@HD it yizy e ulo®,
where k = r~2 = const, and e(;, ;,) are vectors of an orthonormal basis of Eu-
clidean space RP+D@+D: here iy andip runover {1, ..., p}and {p+1,..., p+q},
respectively. Therefore,

legy.imu' v = \/ D wihvi)? = \/ Doy w2 =k,

showing that the image actually does lie in P97 (c), with ¢ = k2.

The image of this Segre map is called the Segre submanifold and denoted by
Sp,q) (k). It is also called the Segre orbit, because the image is obviously the orbit
of a Lie subgroup of the isometry group O((p + 1)(g + 1), R) of §P4+P+4 (k?), this
subgroup being isomorphic to O(p + 1,R) x O(g + 1, R).

Theorem 3.2.1. The Segre submanifold M = S, 4)(k), m = p + q, is a complete
parallel submanifold in SP1+™" (k*) ¢ E(PTD@+D),

Proof. The completeness of S, 4) (k) follows directly from its definition. Geometri-
cally it is characterized as an m-dimensional submanifold in S Patmcy,m = p+q,
having two families of generating great p-dimensional (resp. g-dimensional) spheres
of SP4*T™M(c), totally orthogonal at every point x € M™; they are defined by
vi2 = const (resp. u't = const).

Let the bundle of orthonormal frames adapted to this M"™ be adapted further so
that at x the vectors ¢;, (resp. the vectors ¢;,) are tangent to the generating sphere,
determined by v2=const (resp. u’! = const). Thendueto (2.1.5)de; = e @ +h* /),
where in (2.1.6) now g;; = §;;. The generating great spheres are determlned by

> = 0 (resp. @’/! = 0). Therefore, mod w/> must be de,1 =e¢j, a)l.jl‘ + xca'l, so
that h;, j, = 0 and wl. = 0 (mod w*2). Hence w” = F” . Here the roles of the
subindices 1 and 2 can be exchanged. This, together W1th a)] 2 4+ a)i‘ = 0, leads to

l = 0. Substituting this into (2.1.7) viai = i and j = jp, one obtalns QJZ =0,
Wthh due to (2.1.9) and (2.1.10), leads to

(hi|j2, hi1j2> =, (hi]j2’ hk112> =0 (1 #ki or jo#Db).

It follows that the unit vectors e, j,) = k~'h;, j, are mutually orthogonal and they
can be chosen as frame vectors ey, so that now the pair-index (i1 j») plays the role of
a. Recall that along with h;, ;; = 0 one also has h;,;, = 0. Therefore, (2.1.4) now
appear as o o .

o = ksl o, ol = kslot, (3.2.1)

Then by exterior differentiation and Cartan’s lemma, one obtains

(1) _ i 2
Doty = Oy wlz + %5 (3.2.2)

This leads, via (2.1.1), to
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k [ i i
deij) — € @i, — €@}, = —k(ej 0 +ej0™).

It remains here merely to replace e, j,) by k= !5, j,, in order to see that the left side
gives the only nonzero components of k~!Vh; 7» and then to become convinced that
condition (3) of Proposition 3.1.1 is satisfied. This completes the proof.

Note that the Segre submanifold S, 4)) (k) in $P¢ +P+4(k?) can be locally given,
with respect to the adapted orthonormal frame bundle introduced above, by the Pfaf-
fian system consisting of the equations w''1/2) = 0, culll2 =0, (3.2.1),and (3.2.2). It
is easy to check that this system is totally integrable.

This Segre submanifold S, 4)(k) is, of course, a Riemannian parallel submani-
fold. But it is possible to introduce its pseudo-Riemannian version.

For this one uses the following identity:

k 14 l q
_Z(ua)Z + Z (us)Z X _Z(Ub)2 + Z (Ut)2
a=1 b=1

s=k+1 t=[+1
- _ Z(uavt)Z _ Z(Msvb)z + Z(uavb)Z + Z(MSUI)Z’
a,t b,s a,b s,t

which shows that the Segre map can also be considered as
kNP (k) x N9 (k) — RPTDETD it iy s e vuiti2,

where, e.g., k N” (k) is the standard model of a spacetime form, as introduced in
Section 1.4 (i.e., either  S” (k) or ,—1 H? (x)), and e(;, ;,) are vectors of an orthonormal
basis in pseudo-Euclidean space RPHD@HD of index s = k(g —1)+1(p —k). The
image lies in {NP9+PF4(c), with ¢ = «2, and is denoted by 'S, (k). Moreover,
«NP (k) and ;N9 (k) map into its generating great spheres.

The proof of Theorem 3.2.1 also works to prove this generalization, the only
difference being that the indices i1, ji, ... now run over the union of the ranges of a
and s, and i2, js, ... run over the union of the ranges of » and .

Therefore, the following generalization of Theorem 3.2.1 can be formulated.

Theorem 3.2.2. The pseudo-Riemannian Segre submanifold ¥'S pq(K) is a complete
parallel submanifold in (NP4TP¥4(c).

One more example of parallel submanifolds can be given by considering the
Grassmann manifold ;  G?°? of regular subspaces, introduced in Example 1.5.4, as
imbedded in A7 (R”). This vector space has the pseudo-Euclidean metric defined by

2 2
(exy Ao Newg ey N New,) =T 8 g - 8hgig = det g, s

where r = const and p,o € {1,...,q} (cf. [Ste 64], Chapter 1, Section 4). The
Grassmann manifold, imbedded in A9 (IR”) with this metric, will be denoted below
by 1 xGP9(r). If {ex}, with A € {1,..., p}, is an orthonormal basis of R”, then
ey N Ae, andey, A-- “Ney, are orthogonal when {1, ..., Ag) F A1, .. ugls
and each of them has length squared equal to +r2. Recall that the dimension of
AN RP)isn = C(p,q) = (Iq’).
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Theorem 3.2.3. The Grassmann manifold |  G1? (r) of regular subspaces imbedded
in A1 (RP) is a minimal submanifold of a space form, and if ¢ = 2 this submanifold
(called the Pliicker submanifold) is a parallel submanifold.

Proof. The above imbedding can be considered as an inclusion. Then ey A --- A e,
in Example 1.5.4 can be identified with x € ; G?'”(r). The length squared of x in
A9 (RP) is £r2; thus the submanifold 1,kG?P(r) is contained in the standard model
of a space form. Moreover, equation (1.5.1) can be written in the form

dx =e; 0. (3.2.3)

L...q’a

a
LU.q

Here the simple g-vector before wy; in (1.5.1) is denoted by re, and 6} = ruw.

A straightforward computation leads to

a v b aqv a, v
del...u..‘q = = X&uv®, + €l.v.q (_wbau + Sbwu)
v#£uU
b v
+ Z el...Zmu.A.q (wb)' (324)
b#a
Here
a b 1
Clsveg — ;(61 NeooNeg i ANeyNegrg AN~ Nep 1 Ney ANeprl A+ ANey)

are normal to the submanifold and their lengths squared are =1 in A? (R?). It follows
that after multiplying them by r, they take the role of 4;; in the geometry of the
standard model (see (2.1.4)). The mean curvature vector H of the submanifold under
consideration is zero because the summation in the last term of (3.2.4) is taken as
b # a and v # u. Hence the submanifold is minimal in this model.

Let ¢ = 2. Then the point x of the corresponding Pliicker submanifold ; ; G>7 (r)
is represented by e A ez and the tangent vectors are represented by e, Ae> and eg Aey,,
where u runs through {3, ..., p}. The latter will be denoted below by rE,, = e, A e
and rE;; = e1 A ey, where r is a positive constant. Then (3.2.3) and (3.2.4) are

dx = E,0" + Ez0", (3.2.5)

where 0" = rof, 0" = rwj, and

1 1 _
dE, = — r—zxeu + Ey0 + Ezof + ;E[uv]ev, (3.2.6)
1 u v 2 1 v
dE; = — r—2x9 + E;,a)u — Eua)] — ;E[uv]g s 3.2.7)
where Ef,y = %eu Ney = —}ev A ey, = —E[y,) are normal to the submanifold,

together with x = e A ey. Itis seen that the components of the vector-valued second
fundamental form are
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1

1
hyy = —r—25uux7 hay = —r—z&wx, hus = hyu = Ep)- (3.2.8)

A straightforward computation shows that
1 _ _
dEyw = ;[—Euev + E 0" + E;0° — E;6%] + E[wv]wx} + E[uw]a):}”. (3.2.9)

This, together with (3.2.8), shows that condition (3) in Proposition 3.1.1 is satisfied
for ;  G*P (r). Thus this Pliicker submanifold is parallel.
This completes the proof.

Remark 3.2.4. The assertion in Theorem 3.2.3 concerning the Pliicker submanifold
is proved (for the particular case of k = [ = 0) in [Lu 92a], [Lu 96b].

If g > 3 and p — g > 3, then the Grassmann submanifold considered above is not
parallel (see [Lu 92a]). Indeed, if, for instance, g = p — g = 3, thend(e, N e, A e3)
has a nonzero component w3’ (e, A ey A ey,) outside of the first-order outer normal
subspace. But due to Proposition 3.1.1 that is impossible for a parallel submanifold.

3.3 Example: Veronese Submanifold

Let us consider in the spacetime form ;N" (c¢) a complete (pseudo-)Riemannian sub-
manifold M™ that is characterized by the following properties (see Section 2.4):

(1) M™ is regular (in the sense that its first-order normal subspaces have constant
dimension m and regular metric),

(2) M™ lies in its first-order outer osculating subspace of dimension m + m1,

(3) M™ is intrinsically of constant curvature and all its isometries are induced by the
isometries of the ambient space, taken as this first-order osculating subspace.

The set of all isometries of such an M™ forms a %m(m + 1)-parameter (pseu-
do-)orthogonal group, whose Lie algebra consists of the matrices of the 1-forms o'
and a)l] which determine the infinitesimal displacement of the tangent part {x, ¢;} of
an orthonormal moving frame adapted to M™. Indeed, here the conditions analogous
to (1.2.5) are satisfied (with i, j in place of I, J); therefore there are m + %m(m -1 =

%m(m + 1) such 1-forms, and they are linearly independent.
For the submanifold M™ in ¢ N"(c), the equations of (2.4.1) hold, where ¢; and
hjk are orthogonal. Due to property (3), all hjk must form a rigid configuration,

and therefore all (h%,, h; ) must be constant for all the displacements above. Due to
(3.1.2) and (3.1.3) (with upper *),

AWy hi) = (R i)oo' + (B, bl + (W, b o) + (15, b,
+ (hijk, h?},)wi + (hjgs hip)e',

where h;jr = eah?} «» and the left side must now vanish. Hence the expression on

the right side must also vanish since ' and a)'i’ (i < j) are linearly independent, due
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tog; wij + sia); = 0; recall that here ¢, . .., &, are independently +1 or —1, where
the number of —1°s depends on the index of the metric of M"™. For cof (i < J), this
implies that for every four different values of a, b, ¢, d,

<h2g7hg >_‘9a‘9b[2< ab> > (hz(phzb)]a

<hzav ab ) (h;a, hhc) = < abvh* > - < ab» > - O
8b< abvhab) :80<haca h* >
ep(hly, hyp) = ec(hl, hl).

aa’ aa’

From the first equation it follows that (A}, h},) = (h},, hy,), so that all (h7;

* LhE)
have the same value. Similarly from the last two equationsit follows thate; € ; (hf‘ll , hi‘l )
(i # j)have the same value; letit be denoted by o, and likewise &;¢ ; (h;, h’/“l) (i # ])
will be denoted below by 8. Here « and $ are constants.

Now the first equation becomes (A};, h};) = 2o + B, and all the equations can be

i’
summarized as
818k(h,], hi) = Gikdji + 8ir8 jr)a + 8ijSu . 3.3.1)

Moreover, for linearly independent ', the vanishing of d (h* Tk h;‘p) gives

<hij]<7 h7p> = _<hjk’ hil[))'
Due to the symmetry in (2.1.4) and (2.2.3), this can be continued to
— (ks huip) = (i, huji) = (huje, 17,

so that every index of the first triplet can be exchanged by every index of the second
pair. Thus (/;jk, h;"p) = (hipk, hfj) = —(hijk, h;"p), and so (h;jk, h;"p) = 0. This
implies that &; j is orthogonal to every vector of the first-order outer normal subspace.

Due to property (2) above, the /;j; belong to the same first-order outer normal
subspace, which has a regular metric due to property (1). This implies that /;;; = 0,
and therefore the submanifold under consideration is indeed parallel.

Hence (3.1.5) holds, where now gi/ = ¢;8" (no sum!), and (3.3.1) is to be con-
sidered. Therefore,

ei(g" T hip)) = Zez (eihiy B3p) = Zei(b“j[(&jtspk +8ikdpja +8ipdjx B,
i

so that (3.1.5) reduces to
Ay = —ejl(ejo’ + e + 8jre 0P Bl + hjiwl; + h¥jof, (332)

where e,w” = dx. After interchanging j and k it is seen from this thate; = g = ¢
for every pair j, k. Hence the inner metric of the submanifold M™ is either positive
or negative definite.
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Moreover, in (3.3.1) now ;& = &2 =1, and so due to (2.1.10) and (2.1.11),
Q =@ — o’ Aw. (3.3.3)

Using exterior differentiation in (3.3.2), and making use of (2.4.1), (1.2.3), (2.1.3),
and (3.3.3), one eventually obtains

Qo — B)[h* la) A o +hk1a) /\a)] 0.

Here one has two possibilities: Either (1) 2« — 8 # 0 and [h* 8" 18;" Jo' Aot =0
or (2) B =2a.

In the first case %8¢ + hf,8] — h*,6f — h;8] = 0 after summing by k = I, this
leads to h* =H* 8,], i.e., to a totally umblllc submanifold M™ (see Section 2.4).

In the second case now & = g = &€ = =£1, so due to (3.3.1) one has

(R hyg) = Gikdji + 8ird jk + 28;j8u)ex. (3.3.4)

If « # 0, then the Gramian matrix of the vectors hy,, hl,, ..., k) _| . hy,, is
nonzero, and hence all these vectors are linearly independent. Thus the first-order

outer normal subspace has maximal possible dimension %m(m + D).

Dueto 8 = 2«, now (3.3.3) reduces to Qlj = —gaw' Aw’, so that the submanifold
M™ has constant curvature go.
As a result, the following statement can be formulated.

Theorem 3.3.1. Suppose M™ in ¢ N"(c) is a complete regular (pseudo-)Riemannian
submanifold of constant curvature, lying in its first-order outer osculating subspace,
and having the property that all its inner isometries are induced by isometries of
the ambient space. Then M™ is a parallel submanifold with positively or negatively
definite inner metric and either (1) it is totally umbilic, or (2) its first-order outer
osculating subspace, containing M™, has maximal possible dimension %m(m + 3),
and (3.3.4) holds, where ea is the constant curvature of M™.

The parallel submanifold of the second case (2) is called the Veronese submani-
fold because there is a direct connection with the Veronese map known in algebraic
geometry (see, e.g., [Sha 88], Chapter 1.4).

Remark 3.3.2. For s = ¢ = 0, i.e., for a Riemannian submanifold M™ in E", Theo-
rem 3.3.1 was established by R. Mullari [Mu 62b]. In his terminology, a submanifold
of constant curvature having the property that all of its inner isometries are induced
by the isometries of the ambient space is called a submanifold of maximal symmetry.

Remark 3.3.3. A more general treatment of the Veronese submanifold, without the
assumption of definiteness of the inner metric, is given in [Blo 86] (see Section 4.7
below).
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3.4 Parallel Submanifolds and the Gauss Map

An active study of parallel submanifolds of arbitrary dimension was started in
[SW 69], where hypersurfaces M" with parallel second fundamental form in Eu-
clidean space E m+1 were described. There followed [Er 71], [Y171], [Y1 72], which
also considered submanifolds M™ with Vi = 0 in E".

The first general geometric result for arbitrary submanifolds M™ with Vi = 0
in E" was given by J. Vilms in [Vi‘72] and is connected with the Gauss map of a
submanifold.

For a submanifold M"™ in x E", the Gauss map is defined as the mapping M" —
1.xG"" into the Grassmann manifold ;  G""* of m-dimensional vector subspaces in
an n-dimensional (pseudo-)Euclidean vector space, which maps a point x € M™ into
T M™ considered as a point of ; yG™".

The following theorem is given in [Vi 72] for the particular case k = [ = 0.
Here a different proof is given, using the framework of an adapted orthogonal frame
bundle.

Theorem 3.4.1. The image of a parallel submanifold M™ C yE™ under the Gauss
map is a totally geodesic submanifold of |  G™".

Proof. The tangent plane of M™ at x is spanned by the basis vectors ey, ..., e, of
an adapted frame. If a point x and its image in ; tG™", determined by the simple
m-vector e; A --- A ey, are identified, then one sees via (3.2.3) and (1.5.1) that
the tangent vector space of the image of M is spanned by the simple m-vectors
(e1 A+~ ANei—1 ANeg Neir1 A A em)h?j; note that here i and « play the same
role as a and u, respectively, in (3.2.3) and (1.5.1). Let the m-vector in parentheses
be denoted by ¢, ! asin (3.2.3), and put x = ej A --- A ep,. A straightforward

. Lo..m?
computation leads to

dey ly = —xgapof +e, f (—opsf + 80+ 3[0e, LK @f) B4
(cf. (3.2.4)). Therefore, the differential of the m-vector el_v_(’;_”mh?} tangent to the

image has, in the inner geometry of ; yG"™", only components tangent to the same
image. Indeed, in the right-hand side of this differential only the terms
e\ p.m (oL + oD + ey g pdhi;

are to be considered in this inner geometry, since all other terms are normal to; ; G"™"
as a submanifold of A™(IR™); recall, the latter is the vector space of all m-vectors of
the vector space R” of y E", equipped with the usual metric (cf. Example 1.5.4, or
[Ste 64], Chapter 1, Section 4). If M™ is parallel, then (3.1.1) holds, and the terms to
be considered reduce to

i

k k
O(__'mh;-"ka)j = (et A+ ANeimt Nhig ANeipi A ep)o),

..

whence they are tangent to the image of M"™. Hence this image is indeed totally
geodesic.
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Remark 3.4.2. Parallel submanifolds are not the only ones with totally geodesic Gauss
map. In [CY 83] all surfaces (m = 2) in E" with totally geodesic Gauss map are
classified. The same problem for arbitrary m is studied in [CY 84] (see also [PK
86]). A generalization to submanifolds with totally umbilical Gauss map is given in
[KP 87]. A generalized Gauss map for parallel submanifolds is introduced in [Na
90]. Recently, the theorem by J. Vilms [Vi 72] (see Theorem 3.4.1 for k =/ = 0) has
been generalized in [JR 2006] to the case of parallel submanifolds M in an arbitrary
n-dimensional Riemannian manifold N considering the Grassmann bundle over N.

3.5 Parallel Submanifolds and Local Extrinsic Symmetry

Animportant contribution to the theory of parallel submanifolds was given by D. Ferus
[Fe 74a,b,c], [Fe 80]. In several aspects he followed E. Cartan’s theory of locally
symmetric Riemannian spaces and developed its extrinsic analogue.

The property of a space that each of its geodesic symmetry maps is an isometry
of a neighborhood (see Section 1.5) has the following extrinsic analogue.

Let M™ be a submanifold in a space form ;N"(c), taken as a standard model
in ; E"*! (see Section 1.4). At every point x € M™ the tangent and normal vector
subspaces T,y M and TXJ—M”’ of M'™ are defined as vector subspaces of T, [ N"(¢)].
If ¢ # 0 there is also the outer normal vector subspace TX*J-M mof M™ in , E"HL,
spanned by 7> M™ and by the radius vector of x with origin at the center o of the model
sphere. The m- and (n — m + 1)-planes in , E"*! through x with vector subspaces
T, M™ and T;LM ™ respectively, are the tangent and outer normal planes of M™ at
x. Note that here TXJ-M’” is the tangent vector subspace at x of the intersection of
sN"(c) with the outer normal plane; this intersection is the normal (n—-m)-plane of
M™ in {N"(c) at x.

A submanifold M™ of ;N (c) is said to have local extrinsic symmetry if each of
its points xo has a normal neighborhood whose geodesic symmetry map with respect
to xq is induced by a reflection in ¢ N"(c) with respect to the normal (n—m)-plane
at xq.

By a reflection one means here that vectors xgx and xox’ from xo to x and to x’
in , E”! have the same component in the outer normal (n — m + 1)-plane at xo, and
their components in the tangent m-plane at xq differ only by sign.

D. Ferus [Fe 80] showed (for submanifolds in E") the following relationship
between the properties of being parallel and of having local extrinsic symmetry. (In
the more general setting of submanifolds in a Riemannian manifold, the same was
done by W. Striibing [Str 79].)

Theorem 3.5.1. If a submanifold M™ in ¢ N" (c) has local extrinsic symmetry then it
is parallel, i.e., Vh = 0 holds.

Proof. Let a geodesic curve between x and x’ be given by x(s) so that x(0) = x,
x(s) = x, x(—s) = x’, where s is the arclength parameter. Then

2

d 1d , 1d? 3 4
x(s) = x(0) + %x(O)s + pr(O)s + EFX(O)S +(...)s".
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Since dd—sx is a vector tangent to M"* with constant length 1, it is a linear combi-

nation of the tangent basis vectors e; of an adapted frame. Thus there exist coefficients
X' so that %x = ¢; X'. It follows that

d? 1 . 1 . o .
%= d—sd(el-X‘) = a[(ejw-; + eahfjo) X' + e;dX']

= geiVXl + eah?leX],

using the facts that dx = (e;X/)ds yields o/ = X/ds and that VX' = dX' + ij;.
is the covariant derivative of X' with respect to the Riemannian connection V.
For a geodesic curve one has VX' = 0; hence d X' = —X/ a)‘j This yields

d? 1 o viv
d?x = ad(eahin X ),

and the normal component of this vector is
g(eﬁwgh?jX'X-/ +eqdh X' X7 — eqh; X o} X7 — e X' X o))
1 _ o .
= %(eth?jX'X]) = eqh% X' X/ x*.
It follows that the normal component of the vector x(s) — x(0) is

1 a1 .
Seahii X’ X/s% + geahi X' XX s34 (st

The difference between this normal component and that of x(—s) — x(0) is

1 L
Feahf X X! xKs3 4 (s,

In the case of extrinsic local symmetry, this difference must be zero for every
%x = ¢; X'. Dividing by s> and taking s — 0 one obtains h?‘ijlXJ X* = 0. Due to
symmetry of coefficients with respect to i, j, k, this is equivalent to _Vh?j = hf; ka)k =
0, i.e., to Vi = 0. This completes the proof.

Remark 3.5.2. The tangential component of x (s) — x(0) is
. 1 . .
(ei X')s — g(eih;j « X7 x*x")s3,

if one disregards the term (. . . )s*. Ttis seen that the tangential component of x (—s) —

x(0) differs only by sign, and it does not matter here if VA, is zero or not. Thus the

converse of the preceding theorem holds, up to this order of approximation.
Actually this converse is true without any recourse to an approximation.
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Theorem 3.5.3. An M™ in (N"(c) is extrinsically locally symmetric if and only if it
is a parallel submanifold."

Proof. The proof is given by W. Striibing [Str 79] (in the more general case of a
submanifold M™ of an arbitrary Riemannian manifold) and it relies on a more detailed
study of the geodesic symmetry map, supposing that 4 is parallel.

Remark 3.5.4. The result of Theorem 3.5.3 was stated differently in [Str 79], [Fe 80],
and [BR 83], namely that the submanifolds with Vi = 0, especially the connected
complete ones, are (extrinsically) symmetric. The name parallel was introduced by
M. Takeuchi [Tak 81], and it is now more popular, especially when the local point of
view is taken.

3.6 Complete Parallel Irreducible Submanifolds as Standard
Imbedded Symmetric R-Spaces

Theorem 3.5.1 states that if a submanifold M™ in ; N (c) has local extrinsic symmetry,
then it is parallel. Also the converse holds (see Remark 3.5.2 and Theorem 3.5.3).

Now for such an M™, one can show by considering reflections of ¢ N"(c) with
respect to normal subspaces of M", and using the invariance of the latter, at least
locally, by these reflections, that if M" is complete and simply connected, then it is
an orbit of a Lie group of isometries of (N" (c). This allows parallel submanifolds
to be described in the framework of the theory of Lie groups and symmetric spaces
(see, e.g., [He 78]).

The main problem here concerns conditions on a symmetric space which allow it
to be imbedded in ; N" (c) as a parallel submanifold and the consequent nature of the
imbedding.

This problem was completely solved by Ferus [Fe 74a—c, 80] fors = ¢ = 0 (i.e.,
for N"(c) = E"); the result was then extended to N"(c¢) with ¢ # 0 by Takeuchi
[Tak 81] and by Backes and Reckziegel [BR 83].

Following [Fe 80], one introduces first a special class of symmetric spaces and
their imbeddings.

Let G be a real connected semisimple Lie group of noncompact type with finite
center. Let g = k 4 p be a Cartan decomposition of its Lie algebra, and K the
corresponding maximal compact subgroup. Let O # 1 € p, and

Ko :={k € K| Ad(k)n = n}.

Then
f: M:=K/Ky—p, [kl Ad(k)n

Un the classical special case m = 2,n = 3, s = 0 an equivalent assertion was established
already in 1958 by J. Dubnov and I. Beskin, as mentioned in Section 3.1 above; also see
footnote 5 in [Lu 2000a].



3.6 Complete Parallel Irreducible Submanifolds 47

is an imbedding in the Euclidean space p with metric given by the Killing form of
g. If here (ad )3 = ad 7 (or, equivalently, (ad 7)) is a semisimple endomorphism
of g with eigenvalues —1, 0, 1), then the induced Riemannian metric turns M into a
Riemannian symmetric space. Such an M is called a symmetric R-space, and f is
said to be its standard imbedding. If f is followed by an (affine) conformal map into
some Euclidean space, this composition will also be called a standard imbedding.

A submanifold M™ in E" is said to be irreducible if M™ is not a Riemannian
product Mt x ... x M™" of more than one component, each of which is imbedded
in its own subspace E"», p € {l,...,r}, and the latter are totally orthogonal in
E"™. Otherwise the submanifold M™ in E” is said to be reducible or the product of
submanifolds M"» in E"».

The main result of Ferus is as follows.

Theorem 3.6.1. A submanifold M™ in E" is irreducible and parallel if and only if it
is an open part of a standard imbedded symmetric R-space.

The proof in [Fe 74a—c, 80] is not easy and will not be reproduced here. This theo-
rem reduces the classification of parallel submanifolds M™ in E" to the classification
of symmetric R-spaces and their standard imbeddings.

New presentations of the proof have been given in [EH 95] and very recently in the
monograph [BCO 2003], Section 3.7, where the term locally symmetric submanifold
is preferred, and this theorem is also extended to submanifolds of general space
forms, using the approach of [Tak 81]. Standard imbedded symmetric R-spaces are
considered in [BCO 2003] as orbits of s-representations.

There exist some classifications of symmetric R-spaces (see, e.g., [KNa 64, 65],
[TK 68], [Tai 68], [Ko 68]), but the information about the second fundamental forms
of their standard imbeddings is not sufficient for further study.

Some new types of parallel submanifolds in E” were studied as orbits of actions
in E™ of the isometry subgroups, which generate the Veronese or Pliicker orbits, in
particular.

Let the special orthogonal group SO(m + 1, R) actin E 3mm+3) §o that among
its orbits there are the m-dimensional Veronese orbits in concentric hyperspheres;
note that the common center of the latter is also called the center of these Veronese
orbits. It was shown in [Lu 95a] (see also the discussion in Section 9.6 of this book)

that the only parallel orbits in E2"+3) are the m-dimensional Veronese orbits,
which form two cones with a common vertex in the center, and the (I + 1)(m — [)-
dimensional Veronese—Grassmann orbits, each of which consists of the centers of the
[-dimensional totally geodesic submanifolds (they are the Veronese submanifolds) of
an m-dimensional Veronese orbit. .

Similarly, the Pliicker action of SO(p, R) in E2? (P=1 can be introduced as an
action whose orbit set contains a Pliicker orbit (i.e., a complete submanifold of normed
simple bivectors in the space of all bivectors of R” with natural Euclidean metric; see
Section 3.2). It is shown in [Lu 96b] (see also the reproduction in Section 9.3 of this
book) that the only parallel orbits of this action are the Pliicker orbits and, for even
p = 2q, the orbits (called the unitary orbits; see Section 9.3), which are the standard
imbedded symmetric spaces SO(2¢q, R)/SU (¢, C).
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Remark 3.6.2. Submanifolds with parallel second fundamental form / have also been
studied in other spaces with structural groups, different from the real space forms (see
the surveys in [Lu 2000a], Section 23, and [Ch 2000], Section 8). The results can be
summarized as follows.

For Kihler submanifolds of a complex space form of constant holomorphic sec-
tional curvature c, it was proved in [Kon 74] that if the submanifold has parallel /
and ¢ < 0, then the submanifold is totally geodesic (see also [Kon 75]). For ¢ > 0,
Nakagawa and Takagi in [NT 76] gave a full classification of the Kéhler submanifolds
with parallel / in complex projective space; note that this classification is formulated
independently of Ferus’s papers [Fe 74a—c], [Fe 80]. The special properties of com-
plex geometry made it possible to use more direct methods for this classification.
Four types of parallel submanifolds are obtained in arbitrary dimensions, in addition
to the totally geodesic ones: the complex quadrics, and the Veronese, Pliicker, and
Segre submanifolds. There are two types in special dimensions: standard imbedded
SO(10)/U (5) (complex dimension 10) and E¢/ Spin(10) x T (complex dimension
16). Some new characterizations of these six types of Kihler submanifolds were then
given in [Ros 84], [Ros 85], [Ros 86] and by Udagawa [Ud 86]. Totally real parallel
submanifolds were investigated in [Kon 75], [Na 81].

One should note that for real space forms and Riemannian submanifolds the
situation is more complicated. To the real versions of the four above-mentioned
types there can be added, for example, the Veronese—Grassmann submanifolds and
the unitary submanifolds (as standard imbedded SO(2¢, R)/ SU (¢, C) for arbitrary
q). There exist more exceptional types, in addition to E¢/ Spin(10) x T', for example,
F4/ Spin(9) (the Cayley projective plane), E7/E¢ X T, E¢/ F4 (see, e.g., [Ko 68]).

Parallel submanifolds of symmetric spaces other than real and complex space
forms were studied in [Na 80], [Ts 85a—c]; the last two papers treat submanifolds of
quaternion projective space and of the Cayley projective plane, respectively. Char-
acterizations of these submanifolds in the above-mentioned spaces by bounding of
the length squared of & were given in [CGa 89] and [CGI 90]. Parallel submanifolds
in Sasakian space forms have been investigated in [Pi 89], in Heisenberg space in
[Be 99], in symplectic affine space in [Pa 2000a, b], [PS 86], and in the real special
linear group SL(1, R) in [BeD 2002]. More information about symmetric orbits in
Riemannian and Hermitian symmetric spaces, as well as about parallel submanifolds
in complex and quaternionic space forms, concerning especially the recent works by
Naitoh, and Tsukada is given in [BCO 2003], Section 9.3 and 9.4, as well as in the pa-
pers [Os 2002] and [Bern 2003]. Recently, in [BENT 2005] the classification problem
of symmetric submanifolds in Riemannian symmetric spaces has been finished.

Parallel pseudo-Riemannian submanifolds in spacetime forms with indefinite met-
ric have also been studied in the past few years. Their study in the context of Lie
groups and symmetric spaces was developed in depth by Naitoh [Na 84] (see also
[Na 86]). Some classification problems in low codimensions were solved by Magid
[Mag 84]. The decomposition and description results of Ferus were extended to this
case by Blomstrom [Blo 85]. A detailed classification of parallel and semiparallel
timelike surfaces in a Lorentzian spacetime form was obtained in [Lu 97b].
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Remark 3.6.3. In [San 85] C. U. Sanchez introduced the notion of an extrinsic
k-symmetric submanifold in E” and gave a classification for odd k. Furthermore, in
[San 92] he proved that the extrinsic k-symmetric submanifolds are essentially char-
acterized by the property of having parallel second fundamental form with respect to
the canonical connection of k-symmetric space. This implies that every complete ex-
trinsic k-symmetric submanifold is an orbit of an s-representation (see [BCO 2003],
Remark 7.2.8).
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Semiparallel Submanifolds

4.1 The Semiparallel Condition and Its Special Cases

Since a parallel submanifold M™ of (N"(c) satisfies _Vh = 0, both sides of equa-
tion (2.3.1): V[le]h“ = Rlpklh“ i klha RY klh must be zero. The vanishing
of the left side says that the coefficients VkVIhl = h?, kil of the fourth fundamental
form V2h are symmetric with respect to the last two upper indices, and therefore via

the Peterson—-Mainardi—Codazzi identity (cf. Section 2.3) also with respect to all four
upper indices. This leads to a special class of submanifolds.

Proposition 4.1.1. For a submanifold M™ in ¢N"(c) the following conditions are
equivalent:

(1) the fourth fundamental form V*h is symmetric with respect to all its arguments;

(2) the outer fourth fundamental form V*2h is symmetric with respect to all its argu-
ments;

(3) both the equation

B
zklh -+ RJ klhtp Rﬁ klh =0 “4.1.1)
and its outer version hold;
(4) both the equation
o P a P B oo —
hiji +hl-p§2j —hijQﬂ =0, 4.1.2)

and its outer version hold.

Proof. Conditions (1) and (2) are equivalent due to Section 2.2, conditions (1) and (3)
due to (2.3.1), and conditions (3) and (4) due to (2.1.11).

One sees from (2.3.1) that condition (3) can be considered as the integrability
condition of the Pfaffian system _Vh;’;. = 0, which characterizes parallel submanifolds.
The same can be said, of course, for the other conditions stated in Proposition 4.1.1.

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI10.1007/978-0-387-49913-0_5, © Springer Science+Business Media, LLC 2009
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A submanifold M™ of ; N" (c) satisfying one of the conditions of Proposition4.1.1,
each of which is equivalent to (0.4), is said to be semiparallel.!

For the intrinsic geometry of semiparallel submanifolds, one has the following
(see [De 85)).

Proposition 4.1.2. Every semiparallel submanifold M™ of {N" (¢) is intrinsically a
semisymmetric Riemannian manifold.

Proof. The semiparallel condition (4.1.2) and the Gauss identity (2.1.7) yield, after
some calculations, the semisymmetric condition (1.6.2), written now for the inner
geometry of M, i.e.,instead of I, J,... one hasi, j,....

The converse does not hold. Every two-dimensional (pseudo-)Riemannian man-
ifold is semisymmetric (see Example 1.6.7), but every (pseudo-)Riemannian surface
M? of ¢(N"(c) is not semiparallel, as can be seen from the classification of two-
dimensional (pseudo-)Riemannian submanifolds, given for s = ¢ = 0 in [De 85],
fors =0, ¢ # 0in [Me 91], [AM 94], and for s = 1, ¢ = 0 in [Lu 97b]; see also
Chapter 6.

There are some special classes of semiparallel submanifolds.

Proposition 4.1.3. Every parallel submanifold M™ of s N" (¢) is semiparallel.

Proof. Indeed, Vh = 0 is equivalent to Vih;; = 0, and by (2.3.1) this implies the
semiparallel condition.
It is clear that the converse of this proposition is not true.

The semiparallel condition (4.1.2) is also satisfied in case the van der Waerden—
Bortolotti connection V is flat, i.e., its curvature 2-forms vanish:

Q =0, @f =o. (4.1.3)
This gives the following.
Proposition 4.1.4. Every submanifold M™ of ;N" (c) with flat ¥V is semiparallel.

For the classical case of M? in E3 this proposition implies that every developable
surface is semiparallel but not parallel in general, due to a result of V. F. Kagan [Ka
48] (see Section 3.1; in fact, among nontrivial developable surfaces in E 3, only the
round cylinders are parallel).

One more special class consists of the submanifolds with parallel third fundamen-
tal form Vh, i.e., with _Vk(_Vlh;?‘j) = 0. From (2.3.1) it then follows immediately that
(4.1.1) is satisfied. This yields the following.

! This term was introduced by J. Deprez [De 85, 86]]. In some other early papers on this class
of submanifolds, the designation semisymmetric was used instead (see [Lu 87a], [Lu 88a, b],
[Lu 89b, c], [Lu 90a, b, d, e], [Lu 91d, f], [Lu 92a], [LR 90], [LR 92], [Mi 91c]); this name
was motivated by the term symmetric used by Ferus in [Fe 80] for submanifolds with
parallel second fundamental form (see also Remark 3.5.4); in these papers, the qualification
extrinsically was understood but not explicitly stated.
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Proposition 4.1.5. Every submanifold M™ of ¢ N" (¢) with parallel third fundamental
form Vh (i.e., a 2-parallel submanifold) is semiparallel.

These submanifolds are not in general parallel. For example, the cylinder on a
Cornu spiral (clothoid) in E3 has parallel third fundamental form, but is not parallel
due to Kagan’s result cited above (this also follows from a result given below in
Section 6.8).

A submanifold M™ of {(N"(c¢) can also be considered in the outer context, i.e.,
with respect to the ambient , E"*! containing ; N”(c) (see Section 1.4). The outer
version of fundamental forms was considered in Section 2.2 above.

Proposition 4.1.6. A submanifold M™ in (N"(c) is semiparallel if and only if it is
semiparallel as a submanifold of the ambient ; E" 1.

Proof. Suppose (4.1.2) is satisfied. In the outer version, the superscript « is replaced
by o* (see Section 2.2), and the index value m + 1 must be added. Then (2.2.8) and
(2.2.9) show that the equation to be added to (4.1.2) is satisfied. The converse also
follows easily.

Theorem 4.1.7. In a space form (N" (c) with ¢ < 0, suppose M™ is a semiparallel
submanifold that is minimal (i.e., has H = 0) and which has a Euclidean first-order
osculating subspace at each point x € M™. Then M™ is totally geodesic.

Proof. 1f one replaces (2.1.11) in the semiparallel condition (4.1.2), the latter be-
comes, due to (2.1.10), a system of algebraic equations on the components of the
second fundamental form. Suppose that the tangent part of the frame adapted to M™
is orthonormal, so that g;; = €;6;;, gij = ¢;8" (no sum!); then by means of the vector
components this system can be written as

€p [(hits huip)hpj + (ks hp)hip = (hij, hpi)hip]

+c [G;Sj[khl]j + Ej(Sj[kh]],'] =0 “4.14)
(summing over p = 1,...,m). Contracting here with g’* = ¢;8, using that
L > | €h;; = H is the mean curvature vector and denoting (H, h;,) = hi | one
m i=1 P lp

obtains
€p [(mhg —€i(hi, hip)) hpj + € ((hij, hap) — (hji, hip)) hip
— € ((h,'j, hipYhip — (hij, hlp)hip)] + mc (hj[ — EijIH) =0

(summing over i and p independently). If one sets H = 0, takes the scalar product
with 4;, and then sums over / and j independently, the result is

mc(hij, hij) — €i{hij, hip) (hij, hip)

+ 2¢; ((hij, hip)hij, hip) — (hit, hip)(hij, hpj)) = 0.
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Now suppose the first-order osculating subspace is Euclidean. Then the term
having coefficient 2 is the negative of a sum of squares. Indeed, then ¢; = 1
for all i € {I,...,m}; moreover, (h;;, h;p) = Zgzmﬂhf‘jh% and (hyj, hip) =
Z'é:m 11 hl’ihﬁs ” The coefficient 2 can be affected by repeating the term while inter-

changing the roles of the summation indices « and . Then one gets — Z(hf;h?p -

hﬁ,h?p)z, summed independently over i, [, p, o, B.
Then ¢ < 0 implies that a sum of squares is < 0, and therefore all these squares
are zero, in particular, #;; = 0. Hence M™ is totally geodesic.

Remark 4.1.8. In the special case of parallel submanifolds the assertion of Theo-
rem 4.1.7 for ¢ = 0 is proved in [Fe 74b], Lemma 4, and for ¢ < 0 in [Tak 81],
Lemma 1.6, using some known identities for minimal submanifolds. In the special
case of submanifolds with parallel V4 this assertion is proved for ¢ < 0 in [Mi 83b],
Lemma 5, using an identity from [Ch 73b].

In general Theorem 4.1.7 is established for the case ¢ = 0 and s = 0 in [De 85]
using a result from [Ba 83]. In [Lu 2000a] this was extended, with a direct proof, to
the case ¢ < 0 and s = 0, and here it is now extended to hold for all s.

Remark 4.1.9. The assumptions of Theorem 4.1.7, that ¢ < 0 and that the submanifold
M™ has Euclidean first-order osculating subspace, are both essential. Indeed, it was
shown in [Fe 74c] that an irreducible 1-parallel submanifold M™ in E” belongs to a
sphere (i.e.,toan N "=1(¢) with ¢ > 0) and is minimal in the latter. On the other hand
the classification of minimal semiparallel pseudo-Riemannian (timelike) surfaces M2
in Lorentzian spacetime forms | N" (c), given in [Lu 97b], showed that these surfaces,
as a rule, are not totally geodesic.

Remark 4.1.10. In [DPV 97] it was established that a submanifold M™ in E" with
m > 3 is intrinsically semisymmetric and satisfies Chen’s equality (see [Ch 2000])
if and only if M™ is either a minimal submanifold, or else a round hypercone in
some totally geodesic subspace E™*! of E™. Together with Proposition 4.1.2 and
Theorem 4.1.7, this implies that a semiparallel M in E" with m > 3 satisfies Chen’s
equality if and only if M™ is either totally geodesic, or a round hypercone in some
totally geodesic subspace E™*! of E" (see [DPV 97], Corollary 7).

4.2 The Semiparallel Condition from the Algebraic Viewpoint

Recall that while the parallel condition Vi = 0is a system of differential equations on
the components of the second fundamental form /, the semiparallel condition (4.1.1)
is a system of purely algebraic equations on these components. It is thus a pointwise
condition (see, e.g., (4.1.4)), and therefore it can be treated in a purely algebraic way.
This was already partly done in the course of investigations of parallel submanifolds,
especially in [Fe 80], [Ba 83], [BR 83]. The possibility of using those concepts for
the study of semiparallel submanifolds was mentioned first in [De 85].
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Let V be a real (pseudo-)Euclidean vector space with scalar product (-, -), T a
(pseudo-)Euclidean subspace of V, and h : T x T — T a symmetric bilinear
map, where T is the orthogonal complement of 7 in V. Then (V, T, h) is called a
(pseudo-)Euclidean fundamental triplet (for Euclidean V see [Lu 92b]; note that in
[BR 83] the authors restricted themselves to the part (7', &), calling it the initial data).

Note that at every point x of a (pseudo-)Riemannian submanifold M™ in (N"(c)
there exists such a triplet, namely the one given by the tangent vector space T =
T, M™ of M™ in the vector space V = T, (;N"(c)) and the second fundamental form
h = hy.

Having in mind this last context, one can introduce, for a (pseudo-)Euclidean
fundamental triplet (V, T, h) and for a real constant ¢, a symmetric bilinear map
S:T xT — EndT by

(SX,VZ,W)=(h(X,Y),h(Z,W)) 4+ c(X,Y){Z, W).

Then the skew-symmetric bilinear map R : T x T — End T, defined by
R(X,Y)Z=SY,2)X —S(X, 2)Y, (4.2.1)
is called the curvature map (with the constant ¢) and satisfies
(RIX,Y)Z, W) = (h(X, W), h(Y, Z)) — (h(X, Z), h(Y, W))
+c((Y, Z)(X, W) — (X, Z)(Y, W))

(the Gauss identity) and thus

(RIX,Y)Z, W) =(R(Z, W)X, Y)=—(Z, R(X,Y)W).

For£ e T+ let Ag : T — T be the symmetric linear map defined by (AeX,Y) =
(h(X,Y), &), called the shape operator for & (cf. Section 2.1). A skew-symmetric
bilinear map R : T x T — T can be introduced by

RY(X,V)E = h(X, AsY) — h(Y, AsX),

or, equivalently, by
(RE(X, V), 1) = ([Ag, AgIX, Y).

This R is called the normal curvature map (cf. (2.1.9)).
The (pseudo-)Euclidean fundamental triplet (V, T, h) is said to be semiparallel
(with constant c) if (cf. (4.1.1))

h(R(Z1,Z2)X,Y) 4+ h(X, R(Z1, Z2)Y) — RY(Z1, Z)h(X,Y) =0.  (4.22)

These concepts can also be considered in the context of triple systems, as follows.

A real vector space T (more generally, a unitary module over a ring K) together
with a trilinearmap {} : T x T x T — T, where (X, Y, Z) — {XYZ}, is called a
Jordan triple system (see [Mey 70], [Ne 86]) if
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{(XYzZ}={ZYX]}, (4.2.3)

{(WiWAXY Z}} — (XYW WL Z}} = ({(WiW X}Y Z) — (X{Wo W Y} Z}
(4.2.4)

forall X, Y, Z, Wi, Woin T.
In case T is a (pseudo-)Euclidean vector space, if the conditions

({XYZ}, W) =(Z {YXW})

and (4.2.3) are satisfied, then T is said to be a (pseudo-)Euclidean triple system;
and if (4.2.4) is also satisfied, then it is a (pseudo-)Euclidean Jordan triple system
(cf. [Ba 83], [BR 83]).

There is another way of introducing these triple sustems. Denoting {XY Z} =
L(X,Y)Z one obtains a bilinear map L : T x T — End T. The conditions for a
Jordan triple system can then be written as

L(X,Y)Z=L(Z,Y)X,
[L(Wy, Wa), L(X, Y)] = L(L(Wi, W)X, Y) — L(X, L(W2, W)Y),
and this is (pseudo-)Euclidean if
LX,Y)" =L, X).

Proposition 4.2.1. Let (V, T, h) be a (pseudo-)Euclidean fundamental triplet. Then
L = R + S turns the vector space T into a (pseudo-)Euclidean triple system. If
(V, T, h) is a semiparallel fundamental triplet, then this triple system is a (pseu-
do-)Euclidean Jordan triple system.

Proof. The first assertion follows directly from the definitions of S and R.

From the semiparallel condition it follows after some calculation, using the Gauss
identity, that

[R(W1, W2), S(X, Y)] = S(R(Wy, W)X, Y) — S(X, R(W2, WY)
(see [Fe 80], [Ba 83], [Lu 92b]), and hence
[R(W1, W), R(X, Y)] = R(R(W1, W)X, Y) — R(X, R(W2, W)Y);

note that for a semiparallel submanifold the last equation is equivalent to its intrinsic
semisymmetricity (cf. Proposition 4.1.2). One can see now that in the previous
equation S can be replaced by L. To obtain the second assertion it remains to establish

[S(W1, Wa), L(X, Y)] = L(S(Wy, W2) X, Y) — L(X, S(W2, W)Y).

This is done in [Fe 80] (for the Euclidean case s = 0, see p. 84; the argument works
for s > 0), and in [Ba 83].
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Remark 4.2.2. There is a known construction for producing a semisimple Lie algebra
from a Jordan triple system (Koecher construction, see [Mey 70], also called the
Kantor—Koecher-Tits construction [Ne 86]). Therefore, it is possible to introduce the
theory of Lie groups into the study of semiparallel submanifolds, especially involving
the parallel ones. For the latter, the investigations of D. Ferus are most extensive;
they have been treated above in Section 3.6. The link with semiparallel submanifolds
is the topic of a subsequent section below.

Remark 4.2.3. All this can also be given in the outer version. One must replace the
ambient space V by the outer ambient space V* = V @ R (orthogonal direct sum)
and h by h*, where

K (X,Y)=h(X,Y) —xc(X,Y);

according to (2.1.6), x denotes a generating element of R with norm squared equal
to ¢! = const. Then

(SX,Y)Z, W) = (h"(X,Y), h*(Z, W)),

and all formulas from (4.2.1) and (4.2.2) remain in force after replacing i by h*.

4.3 Decomposition of Semiparallel Fundamental Triplets

Let (V, T, h) and (Vi, T1, h1) be two pseudo-Euclidean fundamental triplets. The
second one is said to be the subtriplet of the first one, if V| and T are vector subspaces
of V and T, respectively, with induced scalar product (nondegenerate symmetric
bilinear form), and if X, Y € T| then h(X,Y) = h(X,Y) € T, where TIJ- is the
orthogonal complement of 77 in V.

Let (V,,T,,h,), p € {1,...,r}, be r such subtriplets of such a (V, T, h). The
latter is their orthogonal direct sum, if V. =V & --- @ V,, T =T ®--- DT,
(orthogonal direct sums of pseudo-Euclidean vector spaces) and 7 (X |+ - -+ X, Y1+
e+ YY) =X, YD)+ he(X Y forall X, Y, €T,

The mean curvature vector of (V, T, h) is a vector H € T+, defined by (H, &) =
%(trace Ag), where m = dim T and £ is an arbitrary vector of T+ recall that the
shape operator Ag was introduced in Section 4.2.

Taking £ = H = the mean curvature vector, one gets the mean shape operator
A, which will play an important role below.

Theorem 4.3.1. Let (V, T, h) be a (pseudo-)Euclidean semiparallel fundamental
triplet, and let (V*, T, h*) be its corresponding outer triplet (see Remark 4.2.3).
Suppose that T is a Euclidean vector subspace and that the mean shape operator
Ag has r distinct eigenvalues. Then (V*, T, h*) is the orthogonal direct sum of its
subtriplets (V, Tp, h;) for p € {1,...,r}, where Ty, ..., T, are the eigenspaces
OfAH.

Moreover, each of these subtriplets is a semiparallel triplet.
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Proof. Let dimV = n, and choose an orthonormal basis in V such that ¢; € T
and e, € T+, where i, j,--- € {I,...,m}and o, B,--- € {m +1,...,n}. Then
X = ¢X,Y = ¢;Y/, and h(X,Y) = h;;X'Y/, where h;; = h(e;, e;). The
semiparallel condition (4.2.2), with 2* instead of & (see Remark 4.2.3) can be written
as in (4.1.4) above as

O [ i+ G g5, = O B, | =0, 43
p

since all €, = 1. Setting i = j and summing, one obtains

Z[( S I (l[k,hl]P)h;"p]—Z(mH*, SOk, =0, (43.2)

p,i P

where H* = % > h}; is the outer mean curvature vector. The first sum easily reduces
to zero. Consequently,

5 i, ] o

p

or, equivalently,

S [Anphi, = Anpihi, ] =0 (4.3.3)
p

here A+ is the outer mean shape operator defined by
Ap«(X)Y = (H*, i*(X,Y)) = Ag(X)Y + c(X, Y). (4.3.4)

Since Ay is a symmetric linear map on 7', which was assumed to be Euclidean,
there is an orthonormal basis of 7' for which the matrix of Ay is diagonal, i.e.,
(Ap)ij = 1idij, and consequently (Ap+);; = A78;j, where AT = A; +c. As assumed,
there are r distinct values among the eigenvalues A; denote them by A1), ..., A¢),
with multiplicities p1, ..., pr. The basic vectors e; can be renumbered so that the
first py vectors, denoted by ¢;,, refer to A(yy, . .., the last p, vectors, denoted by e;,,
refer to A¢). Then (AH)iﬂjp = A(p)di and (AH)iﬂjo =0ifp #o.

ipjp>

Substituting p = p,, g = g, (p # o) in (4.3.2) gives
Ay = Mo ppg, =0 (0 # 0).

Since here A*

) #* A(g) (p # o), this implies that

h;pq =0 (p#o). (4.3.5)

The eigenspaces of Ay and A = coincide; denote them by 7, = span{e; , }. Hence
hX,Y)=h"(X,Y)=0forX €T,,Y € T, when p # 0.

Now let us return to (4.3.1) and take the scalar product with H*. Then (4.3.2)
implies that
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[ B (Ao + (g by ) (Arodip | = 0.
P

For the eigenbasis of A g+, this reduces to
Wk i) = i i) =2 = 0.

Due to (4.3.5), these equations further reduce to (k¥ , , h* )(Az‘p) - )»’(“0)) =0 and

iokp® " Jolo
give the result
(hi k) hi,) =0 (o #0). (4.3.6)
It follows that the subspaces spam{h?‘1 i | S span{h:.‘r /r} are mutually orthogonal

in 7% and therefore can be extended, correspondingly, to the mutually orthogonal

TI*J-, ceey T,*L, which are orthogonal complements of the eigenspaces 71, ..., T in
the corresponding subspaces V", ..., V.* of V*. This completes the proof of the first
assertion.

The last assertion now follows easily, by considering the semiparallel condition
(43.1)fori =i, and j = j,, and taking into account (4.3.6).

Remark 4.3.2. The assumption in Theorem 4.3.1 that 7' is Euclidean is essential to
get the diagonal form of Ay in some orthonormal basis. The case of more general
pseudo-Euclidean T is complicated because the diagonal form of Ay is not the only
simplest form which can be obtained in a suitable orthonormal basis (see [Pe 66],
Section 9). In particular, for the case of Lorentzian 7 = | E” one has the following
four possibilities over R, explicitly given in [Mag 85]:

(1) the diagonal form diag{A1, ..., Ap};
(2) the forms that differ from the diagonal form by a special block only; for the latter
there are three possible cases:

A O O
L <A1° 8) , L ( Mo ”0) ;om0 a1
0 Mo 10 a
The proof above works only for the possibility (1), if one takes g;; = —1, g =

-+ = gmm = 1. The other possibilities need a separate investigation, which will not
be done here.

4.4 Triplets of Large Principal Codimension

Let (V, T, h) be a (pseudo-)Euclidean fundamental triplet. Then the span of 2*(X, Y)
overall X, Y e T is called the outer principal normal subspace of the outer ambient
space (cf. with Section 2.4), and its dimension is called the outer principal codimen-
sion.

For an orthonormal basis {¢;},i € {1,...,m =dim T} of T, one has h*(X, Y) =
h?‘inYf, where hf; = h*(e;, ¢;), and h; = ;. Hence the maximal value of the
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outer principal codimension is %m(m + 1), and this value is realized when all h?‘j,
1 <i < j < m, are linearly independent vectors.

Let us consider semiparallel (pseudo-)Euclidean fundamental triplets with large
outer principal codimension, starting first with the maximal case.

In general, the semiparallel condition is a system of algebraic equations on the
components of the outer second fundamental form:

D p [ e iy + e B S, = 0 W, | =0 @)
p

where €, = (ep, ) is +1 or —1 (cf. (4.3.1), where one had all €, = 1). The scalar
product (hl’.‘j, hi;) will be denoted below by H;;.‘ e

In the case of maximal outer principal codimension, the linear independence of
hf] 1 <i < j < m,implies that the coefficients before these vectors in (4.4.1) must
be zero.

Ifi = j =k =aand! = b, where a # b, then the coefficients before .4, hap,
haa, where a, b, d have distinct values, give, respectively,

HY,\ 0y =0, (4.4.2)
EGH;a,aa — 6b(3Hc>zka,bb — 2Ha*b,ab) = O, (443)
3Ha*a,bd — H;b,ad =0. 4.4.4)

Similarly, if i =k = b, j =1 = a, a # b, then the coefficients before h,, and hpq
give

;a,bh -2 a*b,ab =0, 4.4.5)

a

L;kb,tld - H*a,bd = 0 (4.4.6)
Butifi =k =a, j = b, and [ = d, then before h,, one obtains

H*a,bd - H*b,ad == 0 (4.4.7)

a a

From (4.4.3) and (4.4.5) it follows that Hj, ,, = 2€aebH:a’bb. Here the right-

hand side does not change if a and b are switched; therefore, Hy, ,, = Hp, ,,;, for
every distinct pair a, b. Denote their common value by

HY .. = 4. (4.4.8)

aa,aa

Equations (4.4.3) and (4.4.5) now give

*
eq€pH,,

bb = 2/(, (4.4.9)
€a€pHyy o =K. (4.4.10)

If m = 3, then (4.4.4) and (4.4.6) give, additionally,
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abad = Hag.aa = 0; (4.4.11)

but for m > 3 and four distinct a, b, d, f, then (4.4.1) gives, in addition,
H:b,df =0. (4.4.12)

Proposition 4.4.1. Ifa semiparallel (pseudo-) Euclidean fundamental triplet (V. T, h)
has outer principal normal subspace of maximal possible dimension, then

eiexHjj 1y = (Bikdji + 8ud ji + 2881k, (4.4.13)
with k as defined in (4.4.8).
Proof. Indeed, equation (4.4.13) simply recapitulates equations (4.4.8) to (4.4.12).

Remark 4.4.2. Substituting h;.*j = h;j —xcé;jin (4.4.1), denoting (h;;, hiy) = H;j u1,
and replacing H;;‘,kl with H;;j 1 + ¢80k, one gets from (4.4.13)

> ep [Himnphpj + Hitknphip — Hij. pixhng ]
P

+ c [er (Skgihju + 8ijhir) — e (Srihjix + 8ijhir)] = 0. (4.4.14)

The following proposition shows that for semiparallel (pseudo-)Euclidean fun-
damental triplets with Euclidean T (i.e., where all €; = 1), there is a lacuna in their
possible principal codimensions below the maximal value.

Proposition 4.4.3. There exist no semiparallel (pseudo-)Euclidean fundamental trip-
lets (V, T, h) with Euclidean T of dimension m > 3 and with Euclidean principal
normal subspace, whose principal codimension lies between the value %m(m —-D+1

and the maximal value %m(m + 1).

Proof. Suppose that the principal codimension lies between these bounds and 7
is Buclidean. Then all h;; must satisfy some linear equations, and one of these
hij&" = 0 can be put in canonical form by a suitable orthogonal transformation of

the basis {eq, .. ., e, }. After suitable renumbering, this equation can be presented as
m—1

Rm = pirhin + -+ m—1hm—1m—1 = Zﬂahuu- (4.4.15)
a=1

The lower bound for the principal codimension shows that all &;; with i # j must
be linearly independent and Ay, h22, ..., hm—1m—1 cannot be mutually collinear;
moreover none of the latter can be a linear combination of the former.

Recall that Ay is defined by (Ag X, Y) = (h(X,Y), H) (see Section 4.2), so that
for every orthonormal basis in 7 one has (Ag);; = (h;j, H).
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Let us first consider the case r = 1in Theorem 4.3.1. Then (Ag);; = A(1)d;j, or,
equivalently, (/’ll‘j, H) = )»(1)5,']'.
Hence, if one takes the scalar product of H with (4.4.15), one obtains

Ay = (Ui + -+ 4 Bi—1DAq)-

Now if A1) = 0, then (h;;, H) = 0, and therefore (H, H) = 0. Since the principal
normal subspace is assumed to be Euclidean, this implies H = 0, which implies
hij = 0, due to the argument in the proof of Theorem 4.1.7. But this conclusion
contradicts the assumption about the principal codimension. Therefore, Ay = 0 is
impossible, and hence ¢ + - - - + w;,—1 = 1 holds.

In (4.4.14), letusputi = j =k = a,l = b # a (note that here ¢, = ¢, = 1).
This gives a linear relation among h,, and the &;; with i # j; hence all coefficients
must be zero. In particular, for the coefficient of &, this implies that

3Haa,bb - 2Hab,ab - Haa,aa = 07
for every pair of distinct @ and b. Therefore, Hyy.qa = Hpb. bb, and consequently
lhl® = lthoall* =+ = lhm—im-1]* = 0.

Now take (4.4.14) withi = j = a, k = b # a, and [ = m; then the coefficient
before hp,, is

MaUZ + (up — D Haapp + peeHaa,cc + Z maHaq,aa = 0;

here the value of index c is distinct from a and b (which is possible since m > 3),
and summing is over all values d distinct from a, b, ¢ (which, of course, is possible
only if m > 3, for otherwise the range of d is empty). Here the roles of b and ¢ can
be interchanged, and hence H,y ppy = Haa.cc. As aresult Hy, pp = T forall a, b. The
last equation above now reduces to

a0+ |y pup—1]7=0.
b#a

whichdueto ) +po+- -+ wm—1 = 1 gives g (62—1) = 0for every a. Therefore,
62 — t = 0 and thus (haas haa — hpp) = 0, (hpp, haa — hpp) = 0. This leads to
|haa —hpp|l = 0, and hence to h,, = hypp forevery paira # b. This is a contradiction
to the above statement that A1y, A2, ..., hy—1m—1 are not mutually collinear. This
finishes the proof for r = 1.

Ifr > 1, then by Theorem 4.3.1, (V, T, h) is the orthogonal direct sum of its sub-
triplets and h;; = h;, j, +h;’ s, where the terms on the right-hand side are orthogonal.
Therefore, the maximal value of the principal normal codimension is

1 1 1
SO+ D) 4 S = m)on —my £+ 1) = Smm = 1) +m(l = m) +m3,

where 1 < m; < %; but m > 3 implies that this is less than %m(m — 1) 4+ 2. This
completes the proof.
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Remark 4.4.4. There is a direct connection between the result (4.4.13) of Proposi-
tion 4.4.1 and the result (3.3.4) obtained in the argument which led to Theorem 3.3.1.
These results were first obtained in [Lu 89¢c]. Propositions 4.4.1 and 4.4.3 were
derived in [Lu 92b] by purely algebraic arguments similar to those given above.

4.5 Semiparallel Submanifolds as Second-Order Envelopes of
Parallel Submanifolds

As noted in Section 4.2, the semiparallel condition is simpler than the parallel con-
dition: the first is algebraic, the second is a differential system. But from the geo-
metrical viewpoint, on the other hand, the parallel submanifolds are simpler, because
each (complete) parallel M™ is an orbit of a Lie group of isometries of ; N"(c¢), gen-
erated by the reflections in ¢ N" (c) with respect to the normal (n—m)-planes of M™.
Indeed, for every two points x and x" of such an M™, there exists an isometry of
sN"(c) that maps M™ into itself and x into x’, namely the reflection with respect to
the (n—m)-plane normal to M™ at the midpoint xq of the geodesic between x and x’.
(See Section 3.6, where this viewpoint is described in more detail.)

The aim of the present section is to show that semiparallel submanifolds can be
characterized geometrically as second-order envelopes of families of parallel sub-
manifolds. Second-order envelopes can be defined as follows (cf. [Je 77]).

Two curves A and A* in ; N" (¢) (the images of two smooth maps of some interval
of the real line R into ¢ N"(c)) are said to be first-order tangent at a common point
X, corresponding to ¢ = 0, if their tangent vectors at xo coincide. They are said to
be second-order tangent at x if, in addition, their curvature vectors i (X 0. X9 at x
coincide, where A and A* are considered as one-dimensional submanifolds, and X°
is their common unit tangent vector at xg.

Two submanifolds M and M*" with a common point x¢ in ; N" (¢) are said to be
first-order (or second-order) tangent at xg, if for every curve A through xo in M™ there
is a curve A* through the same x¢ in M*", which is first-order (resp. second-order)
tangent to A at xp.

Obviously, first-order tangency means that the tangent m-planes of these subman-
ifolds at xq coincide. For second-order tangency, the following holds.

Proposition 4.5.1. Two (pseudo-)Riemannian submanifolds M™ and M*™ of ¢ N" (¢)
are second-order tangent at a common point x if and only if their fundamental triplets
at xq coincide.

Proof. Suppose these triplets coincide at xg. Let A be a curve in M™ through xg
having arclength parameter s. The formulas in the proof of Theorem 3.5.1 show that
x(s) has unit tangent vector %x = ¢; X' of A, and its curvature vector i—ix has normal
(to M™) component h;; X' X/ (called the normal curvature vector of 1) and tangent
component d]—seiVX I (called the geodesic curvature vector of 1). It suffices now to

consider in M*" the curve A* through x( with the same unit tangent vector ¢; X’ and
with the same geodesic curvature vector at xg as A above. Since by hypothesis the /;;
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are the same for M™ and M*™ at xo and X' are also the same, the curvature vectors

of A and A*™ at x( coincide; thus these curves are second-order tangent at xo. Since

X! can be chosen arbitrarily, the two submanifolds are second-order tangent at xg.
The validity of the converse statement is clear.

Now the following definition can be given.

Suppose for every point x of a submanifold M™ of ; N"(c) there exists a subman-
ifold M*" in ¢ N"(c) that is second-order tangent to M™ at x. Then M"™ is said to be
the second-order envelope of the family of these submanifolds M*™.

Example 4.5.2. Every curve M! with nonvanishing curvature in E” is the second-
order envelope of the family of its circles of curvature. Note that a circle is a one-
dimensional parallel submanifold in some EZ C E” (see Section 3.1). Here a certain
degeneration is possible: if M! is a circle, then this family consists of the circle
itself. But in general, second-order envelopes of circles are nontrivial, i.e., they do
not reduce to a single circle.

Example 4.5.3. m-dimensional spheres in E” are parallel submanifolds. If m > 1,
there do not exist any nontrivial second-order envelopes of families of m-dimensional
spheres in E". Indeed, if M" and an m-sphere in E" are second-order tangent at a
common point, then this point is an umbilic point of M™. But it is well known that
if a submanifold in E” consists only of umbilic points, then it is a sphere or a subset
of a sphere (see Proposition 3.1.5).

Example 4.5.4. Let M be a normally flat submanifold in Euclidean space E", i.e.,
its normal connection V= is flat, or equivalently, 95 = 0 at each point. From the
last formulas of (2.1.9) and (2.1.10) for the bundle of adapted orthonormal frames,
one can see that for every pair of distinct values « and 8 the matrices (h?‘j) and (hfl)
commute and therefore can be simultaneously diagonalized by a suitable orthogonal
transformation of the frame at every point. Then

he = k28

for every value of @. In general one obtains m mutually orthogonal basis vector fields
whose integral curves are called the lines of curvature of the sumbmanifold M with
flat normal connection V. )

Suppose, furthermore, that this M™ is also locally Euclidean, i.e., that Qlj =0.
Since here ¢ = 0, the first formulas of (2.1.9) and (2.1.10) give (k;, k;) = 0 for every
pair of distinct values i, j, where k; = e,k7. Suppose further that these m mutually
orthogonal vectors, which are the curvature vectors of the lines of curvature, are
nonzero; then n > 2m. It follows that this M™ is a second-order envelope of the
tori S'(c1) x --+ x S'(cp), where the m circles S'(c1), ..., S'(cm) are the circles
of curvature at a point x € M™ of the lines of curvature of M". These circles lie on
mutually orthogonal 2-planes.

In the particular case m = 2, these tori are Clifford tori. If one family of lines
of curvature of this M2 consists of circles (e, M 2 is a canal surface in E", n > 4),
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then the family of Clifford tori, each of which second-order envelops M 2, depends
on one parameter. This family of Clifford tori reduces to M? itself if M? already is a
Clifford torus.

These examples illustrate the following general assertion.

Theorem 4.5.5. A submanifold M™ in ¢(N"(c) is semiparallel if and only if it is a
second-order envelope of parallel submanifolds.

Proof. Consider the pair consisting of a point x € ¢(N"(c) and a fundamental triplet
(V,T,h), where V.= T [({N"(c)] and T is (pseudo-)Euclidean 7 of dim 7 = m.
Let such a pairof x and (V, T, h) be called a centered fundamental triplet for ;N" (c).
Denote by ® the manifold formed by all centered triplets. For each such triplet, if
one chooses an adapted frame, having the origin at x, the first m basis vectors e;
in T, and the next n — m basis vectors e, in T, one gets a framed fundamental
triplet for ¢ N" (c). The manifold consisting of all these triplets will be denoted by W.
Local coordinates in W are obtained by taking the local coordinates (x') of the point
x € ¢N"(c), the elements of the nonsingular matrix (X [J ) that transforms the natural
basis of 9/ dx! into the basis adapted to (V, T, h) as above, and the components hf;
of h with respect to the basis just chosen.

The formulas (1.2.4), (1.4.2), and (1.4.3) hold, where now g;, = 0.

Let Wy (resp. @5) be the manifold of all framed (resp. centered) semiparallel
fundamental triplets for (N (c). Consider the following differential system on Wg:

0" =0, of —h%ol =0, dhf - hfof — h%ok +hle% = 0.

Taking exterior differentials of the left-hand sides of these equations, one sees that they
vanish, due to the equations of the same system and the equations for the semiparallel
condition. Thus the differential system is completely integrable (see the Frobenius’
theorem, second variant, in [Ste 64], also [Li 55], Section 21).

Two framed fundamental triplets are said to be equivalent if ¢ = e jA{ ,

e, = eﬁAg, with invertible basis change matrices, and hfl = Agh;?‘j A};Alj . This

equivalence defines a mapping Vs — ®g that maps the above differential system
into a well-defined completely integrable system on ®g, as can be easily seen.

It follows that for every fixed centered fundamental semiparallel triplet in ®g
there is a unique integral submanifold of this differential system, that contains the
fixed triplet and has maximal possible dimension, that is equal to the dimension of
the involutive distribution on ®g corresponding to the differential system.

The first two groups of equations of this differential system show that the integral
submanifold in ®g consists of centered fundamental triplets that belong to an m-
dimensional submanifold M*" in ¢N"(c). The last group of equations shows that
this M™*™ is a parallel submanifold.

Now let M™ be a semiparallel submanifold in ; N (c). Every fixed point x of M™
defines a centered semiparallel fundamental triplet (7 [{N" (¢)], Tx M™, hy), and the
fundamental triplet defines a parallel submanifold M*" in { N"(c), as is shown above.
By Proposition 4.5.1, the submanifolds M"™ and M*™ are second-order tangent at x,
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and hence M™ is the second-order envelope of the family of these M*", taken at all
points x of M™.

Remark 4.5.6. The fact that a centered semiparallel fundamental triplet defines a
unique parallel submanifold was proved in [BR 83] (see Theorem 3) by using an
algebraic approach (for the Riemannian case when s = 0). The proof is rather cum-
bersome, involving techniques from [Fe 80] and [Ba 83] developed for the Euclidean
case when ¢ = 0, and using certain constructions leading from Jordan triple systems
to Lie groups. The proof given here above is more direct, following the Riemannian-
case proof given in [Lu 90a] and generalizing it to the pseudo-Riemannian case
considered here.

4.6 Second-Order Envelope of Segre Submanifolds

A new interesting example, in addition to Examples 4.5.2—4.5.4, is provided by the
second-order envelope M™ of Segre submanifolds S, 4)(k), m = p+q, with variable
kin N"(c),n > m.

For such an envelope in its adapted orthonormal frame bundle O (M™, N (c)) the
expressions of dx and de; must be the same as for O (S, 4 (k), SPatm(k2)) (see the
proof of Theorem 4.5.5). In the last frame bundle, one can use the same further frame
adaption that was used in the proof of Theorem 3.2.1. Additionally, in the bundle
O(S(p.q)(k), EPIT™H1) the unit frame vector e+ 1 is specified as e,+1 = kx.

Then for the bundle of such adapted frames, there holds dx = e;, @' + ¢;,0'"?,
and due to (2.1.5)

J1 j i i
dej, = ej,0;' + e jko” + epy1ko' —cxo'!
dei, = e w” + e(i ikt + epaika — cxaw'?

i = €%, (J1i2) m+1 >

where x is now the radius vector of the point x € M™ in the outer ambient space
E™1 of N™(c). So for the submanifold geometry of M™ in N”(c), one has
a)l.(ljlkZ) = Sl.jllka)kz, a)glb) = ngkwj‘, a):."+1 = ko', a)ls =0, (4.6.1)
where pg+m+2<§&,...<n+1.
After exterior differentiation, the last two equations above give

3

i & : _ i & i & _
o' A Wyt w2 A Oy jy) = 0, o'A @G, iy T ' A W, =0  (462)

Consider first the general case where p > 1 and g > 1. Then both i and j, take

more than one value. By Cartan’s lemma wfn 41 1s a linear combination of one ®'!

and of all @/ (from the first equation 4.6.2), but also of all o' and of one /2 (from

the second equation 4.6.2). Therefore, a)fn | = 0. The same argument also works

+
for every a)i.1 ) and thus they are all zero, as well. Consequently, in this case the

envelope M™ lies in an NP9 (c).
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After exterior differentiation, the third group of equations (4.6.1) give, separately
for i; and i, that

i m+1 J2 —
dink A w +Zw(i1j2) A w2 =0,
2
Yot Aol +dink A w? =0,

The same argument just used above now gives

k = const, w;';;fl.zl) =0. (4.6.3)

The first group of equations (4.6.1) leads to

3 6 wf? +alls)! )/\w’1+Z(5”w,2 + o8 - E{lll’;))m —0. (464
1 1

Now one shows via Cartan’s lemma that a) 2 is a linear combination of only w2
Indeed, taking i; = j; in (4.6.4), one obtains

K ! W1k
202 Ao’ + Z w? Aol + Z( — o) Ao =0, (4.6.5)
L1 #iy
and thus . . .
/
=l + T v+ Wl
L1 #i)

for an arbitrary fixed value i1 and with Vllﬁl symmetric with respect to the lower
indices. Substituting this back into (4.6.5) gives

/1 i Z I ka I _
Z 2Vlllla) Aol + Vllklw A w +("')12 Aw? =0.
11y ki#l

This implies V,2 = 0.
Taking i1 # jj in (4.6.4) and substituting the above expression for a)lklz, one finds
that

Ul-]jzwi1 Awlt 4 (- )ZI]IkZZ Aol =0,
thus also Ui,jz = 0, which proves the assertion about a)f.{lz.
Here the subindices 1 and 2 are in equivalent roles; therefore a);c'2 can be expressed
in terms of w'! only. Since a) 2 4+ a) = 0, it follows that
w2 =0. (4.6.6)

1

Now putting i1 = j in (4.6.4) gives
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ky (llkz) ]2
wlz (lllz) QZZ /20)

where le = 0% i, On the other hand, le = ka and thus le — ok =

kalz = lekz = szkz = ka/z - le./2’ hence lejz =0, and so

(i1k2)
w(l:l;) a)l2 (4.6.7)

for every fixed value of i1. Here the roles of the subindices 1 and 2 can be exchanged,
giving

k k

w2 = ). (4.6.8)
Now (4.6.4) with i} # j; reduces to

(J1k2) b _ 0.
D @y A =0;
Ly #ky

therefore wél.jlll]?)) with i1 # ji and ky # I, can be expressed in terms of "2 only, and

similarly, by "1 only. Hence

WU =0 (i1 # jika # D). 4.69)

Taking the exterior derivative of (4.6.6) one concludes, via (1.6.3) and (4.6.1),
that c ' A w2 = 0, which implies ¢ = 0. Thus the particular kind of second-
order enveloping of M" considered in this case can occur only in a locally Euclidean
ambient space. The analysis of the system w172 = "1 = 0, (4.6.1), (4.6.3),
and (4.6.6)—(4.6.9) shows that this system is completely integrable and determines a
Segre submanifold S, 4) (k) in SPITPF4 (k?).

The result is a bit different if p = 1, ¢ > 1. Then i; takes only one value 1; hence
it is suitable here to use a, b, ... instead of i», jo, ..., and also m + a instead of the
index pair (1a). Equations (4.6.1) now appear as

o' =k, o)t = 8k, a)’ln'H ko', o™ ke,
] =0. (4.6.10)
From (4.6.2) it now follows by Cartan’s lemma that
“’fn+1 =y, wfn+a = yfw’. (4.6.11)

Similarly, instead of (4.6.3) one now has

dink = ko', oIl =ro®. (4.6.12)
Exterior differentiation of the equations o't = ko, 0] ** = ko' gives
2 + ko) Ao+ Y (@ — it A’ =0, (4.6.13)

b
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(wf — a),’n"i}’j) Aol — (a)if +ka?) A — 8y Za)i A =0. (4.6.14)

Cc

As in the previous case, substituting first @ = b and then a # b into the exterior
equations (4.6.14) and (4.6.13), one gets

a __ a m+a __  a
0] = —ko", w,T, =w,. (4.6.15)

Now, taking exterior derivatives of the second group of equations (4.6.12) gives
(dx — k20') A w® = 0 for all values of a; hence dk = k2w!. The first equa-
tion (4.6.12) leads to an identity, but applying the same procedure to the first group
of equations (4.6.15), and using (2.1.7) and (2.1.8), gives the result c ' A w® = 0.
Hence ¢ = 0.

Finally, taking exterior derivatives of the second group of equations (4.6.15), one

obtains

Z(lﬁ)z o A =0,
£

thus Zg(wf)2 =0, so ¥ = 0 and hence a)fnJrl = a)fHa = 0. This shows that
the whole system is completely integrable. Therefore, in this case the second-order
enveloping of M occurs only in a 2g + 2-dimensional locally Euclidean manifold,
and it is determined up to some arbitrary real constants.

It remains to describe the geometrical construction of M™ in this case. Equa-
tions (4.6.15) imply that dw' = 0; therefore, at least locally, w! = ds for some

function s on M™. For submanifolds with s = const, one has
dx = e, de, = ebe + (key + kepyi1)®;

therefore they are (m — 1)-dimensional spheres or their open subsets. The center of
such a sphere has the radius vector y = x + (K2 + k3! (ke1 + kep41). An easy
calculation shows that dy = 0, and hence all these spheres have a common center.

The orthogonal trajectories of all these concentric spheres are defined by w* = 0,
and for each of them

dx = eids, dey =keyt1ds, deys1 = —keyds.

It is easily seen that they are plane curves with curvature k. The previously derived
equation dk = k2w!, where 0! = ds, implies, for x # 0, that k = —s~ 1. Now
from the first equation (4.6.12) it follows that k = Cs~!, where C = const. Hence
all these orthogonal trajectories are congruent logarithmic spirals.

It is well known that a logarithmic spiral with polar equation p = a¥ in the
Euclidean plane has curvature k = s !tan u, where s is the arclength from the
pole, tan u = (Ina)~!, and y is the constant angle between the unit tangent vector
and the radius vector x. In this notation p = scosu and the pole has the radius
vector x + scos u(nsinu — fcos ), where t and n are the tangent and normal

unit vectors of this spiral, respectively. If one writes this radius vector in the form
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x + 52 cosz,u[eerl(s’1 tan ) — s7leil = x + (k2 + Kz)’](emﬂk + e1k), one
sees that all these logarithmic spirals have their pole at the common center of the
concentric generating (m — 1)-dimensional spheres.

An M satisfying such a geometrical construction is suitably called a logarithmic
spiral tube.

In the special case when x = 0, one has k = const, and the enveloping family of
Segre submanifolds reduces to a single S(1 ) (k).

Finally, one notes that S(; 1) (k) is atorus § (k) x S' (k) and hence the second-order
envelope is a surface M2 with flat V (see Example 4.5.4).

The results of this investigation can be summarized as follows.

Theorem 4.6.1. A semiparallel submanifold M™ in N"(c), which is a second-order
envelope of Segre submanifolds S, 4)(k) withm = p + q and variable k, is either

e a single Segre submanifold with constant k, or its open subset, in a (pq + m)-
dimensional submanifold of constant curvature k?, embedded into N"(c), or

e forp=gq =1, asurface M? with flat V, or

e forp =1, q > 1, alogarithmic spiral tube, or its open subset, in a (2q + 2)-
dimensional locally Euclidean submanifold, embedded into N" (c).

Remark 4.6.2. Observe that if p > 1 and ¢ > 1, only the first case is possible: such
an envelope is a single Segre submanifold, and the submanifold of constant curvature
k? could be N" (c) itself (for example, when n = pg +m and ¢ = k2, an SP1" (k?)),
or it could be a spherical submanifold of curvature k% in N"(c), k* > c.

In the third case, the ambient locally Euclidean submanifold can be N"(c) itself,
when n = 2¢ + 1 and ¢ = 0 (thus a E2*1), or such a submanifold N24*1(0) in
N"(c) (e.g., a horosphere in H*12(c)).

Remark 4.6.3. For the case ¢ = 0, Theorem 4.6.1 was previously established in [Lu
91a]. Now it is extended here to the case ¢ # 0.

4.7 A New Approach to Veronese Submanifolds

An m-dimensional Veronese submanifold in ;N"(c) C »E"t! was introduced in
Section 3.3 as a not totally umbilic submanifold, which lies in its first-order outer
osculating subspace of maximal possible dimension %m(m +3),sothatn + 1 =
%m(m + 3), and, moreover, all its inner isometries are induced by the isometries of
sN"(c) (see Theorem 3.3.1). Such a submanifold has either a positive or negative
definite inner metric and is characterized by the relation (3.3.4), where s« is its
constant curvature, and ¢ = =+1.

Note that (3.3.4) is a special case of (4.4.13). This leads one to consider semipar-
allel submanifolds M™ in {N"(c) C 5 E"*!, whose first-order outer normal subspace
is of maximal possible dimension %m(m + 1) at every point x € M™.

Proposition 4.4.1 implies that (4.4.13) holds for these submanifolds, where, as
one recalls, Hi’;’kl = (h;.*j, h%;). The first formulas (2.1.9) and (2.1.10) now imply

Q] = sikw’ A @’ (no sum!), where « is a function on the submanifold.
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From the first formula (2.1.8) it follows by exterior differentiation that
dQl,j :wf.‘/\Q,{—Qf/\w,{

(the Bianchi identity; cf. (1.3.5)). Substituting into this the above expression for Qlj s

denoting dx = kro® and noting that due to (2.1.2) sjwij + 8,‘0); = 0, one obtains

Ykt Aol Awl =0. If m = 2, i.e., if the submanifold is a surface, then this is

an identity. But if m > 2, then the last equality implies xx = 0 and thus k¥ = const.
As a result, the following proposition can be stated.

Proposition 4.7.1. If a semiparallel submanifold M™ of dimension m > 3 in {N"(c)
has first-order outer normal subspace of maximal possible dimension %m (m+1), then
it is intrinsically a (pseudo-)Riemannian space of constant curvature and (4.4.13)
holds, where k is a constant.

Suppose now that this submanifold lies in its first-order outer osculating subspace,
the dimension of which is, of course, %m(m + 3).

A consequence from (4.4.13) is that all (h;kj , h¥,) are constants on this submanifold
M™. Differentiating these expressions and using (3.1.2), where eahf‘j « = hijix belong
now to the first-order outer normal subspace span{h;‘7 o) atafixed point x € M " one
obtains after some calculations

(hijp, hZﬁ + (h?j, hiip) = 0.

Recall that due to (2.2.3), the iy, are symmetric with respect to their indices. There-
fore,

(hijp, hi)) = —(hkap, 1) = —(hipt, b)) = (hijis h,).

This shows that every index of the first triplet can be exchanged by every index of
the second pair. Hence

(hijp, hig) = (huap, hi) = —(hijp, h),

and so (h;jp, hi;) = 0. Therefore, every h;j, is orthogonal to all /};.

Suppose now that the first-order outer osculating subspace containing the sub-
manifold M™ has a regular metric, i.e., is (pseudo-)Euclidean. Then the last assertion
implies that /;;, = O for all values of i, j, p. (Recall that a (pseudo-)Riemannian
submanifold M in (N"(c), whose first-order osculating subspaces have constant
dimension and regular metric, is said to be regular; see Section 2.4.)

The result can be formulated as follows.

Theorem 4.7.2. If a semiparallel regular (pseudo-)Riemannian submanifold M™ of
dimension m > 3 in (N"(c) lies in its first-order osculating subspace of maximal
possible dimension %m(m + 3), then M™ is a parallel submanifold, has constant
curvature, and satisfies equation (4.4.13).
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A parallel submanifold fitting this Theorem 4.7.2 is called (especially if it is
complete) a (general) Veronese submanifold. The Veronese submanifolds of The-
orem 3.3.1 are the special cases with positively or negatively definite inner metric.
Recall that for the latter all of their inner isometries are induced by the isometries of
the ambient space.

Remark 4.7.3. In algebraic geometry (see [Sha 88], Chapter I.4) the Veronese map v,
between projective spaces means the following:

1
. ! 3
V21 P s P2 (ug, o u) = Vi), vij = ui,

where 0 < i, j < m. Ifthereal projective space P™ (resp. P %”’(’”H)) is considered as

1
the manifold of one-dimensional vector subspaces of R"t! (resp. of R2 (" +Dm+2)y

then v, can be considered as a map R”*+! — Rz D042 After putting a (pseu-
do-)Euclidean metric on R”*! this P can also be interpreted as a ; ™ (c) or s H™ (c)
with antipodal points identified (see Section 1.4). In this metric version, Veronese
submanifolds were considered, e.g., in [Blo 86]. As mentioned above, the submani-
folds of Theorem 3.3.1 are the special cases for s = 0 or s = m.

Note that for s = 0 and m = 2, Veronese surfaces were first studied in [Bor 28],
and then for m > 2 in [Bla 53], [So 61] (see also [It 75]).

In [Lu 62] it was shown for a minimal surface in N*(c) that if either (i) the
Gaussian curvature or (ii) the area of the normal curvature ellipse is constant, then
this surface is a Veronese surface in S*(c). In [Br 85] it was shown that a minimal
surface with Gaussian curvature % in §”(1) is a Veronese surface in S*(1).

A Veronese submanifold can be also characterized by the second standard immer-
sion of an m-dimensional sphere into a %m(3m + 1)-dimensional sphere (see, e.g.,
[CW 71]).

Remark 4.7.4. Theorem 4.7.2 was first derived in [Lu 89c] for the case s = ¢ = 0 and
then in [Lu 96a] for the general case (see also [Lu 2000a], Chapter 19, for the case
s = 0, ¢ # 0). Meanwhile the same result was established for surfaces in a space
form in [As 93] and [AM 94].

Remark 4.7.5. In connection with Proposition 4.7.1, the question arises whether there
exist submanifolds fitting this proposition, but not Theorem 4.7.2 (i.e., not Veronese
submanifolds). This question will be given a positive answer in Section 9.7: there
exist such submanifolds, and they are second-order envelopes of families of congruent
Veronese submanifolds (see Theorem 9.7.1 and Proposition 9.7.2).
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Normally Flat Semiparallel Submanifolds

One of the main problems in the theory of semiparallel submanifolds M in N"(c)
is how to classify all of them. Up to now, this classification problem has been solved
only in certain particular cases. For an arbitrary dimension m, it has been done only
for normally flat submanifolds: for the case ¢ = 0, when N"(0) = E" is a Euclidean
space, in [Lu 89b], [Lu 90d, e], [Lu 91d, f] (see also [Ri 88], [Lu2000a], [Li 2001]);
and for the case ¢ # 0, partly in [DN 93].

5.1 Principal Curvature Vectors and the Semiparallel Condition

A submanifold M™ in N"(c) is said to be normally flat if its normal connection V+
is flat, i.e., the curvature 2-forms 95 of V1 vanish: 95 =0.
From (2.1.7) and (2.1.8) it then follows that every pair of matrices ||h;?‘/. || and

||h;3j || (@ # B) commute, and therefore they can all be simultaneously diagonalized
by a suitable change of orthonormal basis in 7x M" at an arbitrary point x € M™.
Then hf‘J = k{*8;;, or, in vector form, h;; = k;8;;. The vectors ki, ..., k;, are called
the principal curvature vectors of the normally flat submanifold M™ in N"(c); they
are the natural generalizations of the principal curvatures of a hypersurface M"~! in
N"(c). The outer principal curvature vectors are defined as k' = k; — xc, and they
are the principal curvature vectors of M as a submanifold of , "' . Due to (1.6.2),
(2.1.1)-(2.1.3), (2.4.1), (2.2.2), and (2.2.3) the following equations hold:

m m
dx = Ze,-a)i, de; = Zejw{ +kfo, (5.1.1)
Ze, (k. kol + Kio' + ) Lijo, (5.1.2)
J#i
_ _ A
(kf — kD! =Lijo' + Lo’ +) " Ejo, i #j, (5.1.3)
I#£i

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_6, © Springer SciencetBusiness Media, LLC 2009
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where K; = hji;, Lij = h;ij (i # j), Eiji = hiji (i, j, [ have three distinct values)
and summing occurs only in terms containing the summation sign »_; moreover,
(5.1.2) and (5.1.3) remain valid when k;, k; are put in place of k', k* respectively.

Theorem 5.1.1. A normally flat submanifold M™ in N" (¢) is semiparallel if and only
if its outer principal curvature vectors are either equal or pairwise orthogonal.

Proof. In the above specialized frame bundle, (2.1.10) and (2.1.11) give

Q =~k ko' Ao, Qf =0 (5.1.4)

thus the semiparallel condition (4.1.2) reduces to

(k] — k;-‘)(k,*, kf) =0. (5.1.5)

The assertion now follows immediately.

Lemma 5.1.2. For a normally flat semiparallel M™ in N" (c) the coefficients E;j; in
(5.1.3) are zero. If this M™ has r distinct principal curvature vectors kyy, . .., k¢,
and k) corresponds to the directions of the tangent basis vectors e;,, then

Liyj, =0, Liyj. =p)je ko) = kr)s &7 = 1(0)j 0" = A(yip@”™,  (5.1.6)

dkyy = (kip)* D ej,0 + Ko + ) Lijjol (5.1.7)
Jp J#ip
(Kiy. ki) = Aoy, (k). (5.1.8)

where p =t arein{l, ..., r}and (k ))2 (k(p)) +c.
If k() is nonsimple, then Ki, = O

Proof. Formulae (5.1.3) can contain Ej;j; only if m > 2, and directly imply that
Ei,j,1 = 0. Due to symmetry, Ejj; is zero if any two of 7, j, / lead to the same k). It
follows thatif r = 1 orr = 2, then all E;j; are zero. For r > 2, consider E; picly with
three distinct p, 7, ¢. From (5.1.3) it follows that (k( ) (T))llE, »jel, and, similarly,
(k(p) (w))llE,p vic = Eiyjil,- Thus Ei,j1, = 0 due to Theorem 5.1.1, and hence
all E;j; are zero.

Equations (5.1.7) follow from (5.1.2) by using the identity (kz‘p), kz‘r)> = 0 for
p # T, which is a consequence of (5.1.5). To obtain (5.1.8) one has to differentiate
this identity.

If k(p) is simple, then i, takes only one value. If k(,) is nonsimple, then k;, =
k.,-p = Kk(p),ip # Jp»and from (5.1.2) it follows that Ki,=K;, =0 and Lijy=Lj,.
Now (5.1.3) reduces to (5.1.6). This concludes the proof.

It is interesting that for the class of semiparallel submanifolds in a space form
N"(c) there exist other conditions that imply normally flatness.

The first-order subspace span{h;;} C TXJ-M ™ of a submanifold M™ in N"(c),
introduced in Section 2.4, is called the principal normal subspace; its dimension is
called the principal codimension of such an M'™ (cf. Section 4.4) and is often denoted
by m.
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Proposition 5.1.3. If a semiparallel submanifold M™ in N"(c) has principal codi-
mension my < 2 and nonzero mean curvature vector H # 0, then this M™ is
normally flat.

Proof. If m; = 0, then h = 0 and M™ is totally geodesic, hence with flat V. If
my = 1, the orthonormal frame bundle adapted to M™ can be adapted further so that
hij = h;’;+lem+1 and thus hfj =0for& € {m—+2,...,n}. Dueto (2.1.9)—(2.1.11)

all 95 =0, thus V% is again flat.

If m; = 2, the adaption can be chosen so that only H”*! and H”*2 can be
NONZEro; Moreover, Q:Zﬁ = —Q:’"J; The consequence (4.3.2) of the semiparallel
condition (4.1.2) reduces to

m+2om+1 _ ggm+1laom+2 _
H Qm+2 =H Qerl =0.

If H # 0 here, then szﬁﬁ = 0, and V= is indeed flat, as was asserted.

Remark 5.1.4. If H = 0 for a semiparallel submanifold M™ in N"(c), then in the
case ¢ < 0 this M™ is totally geodesic, due to Theorem 4.1.7, and thus has flat vi.
But in the case ¢ > 0 there exist semiparallel M in N"*(c) = S"(c) with H = 0,
nonflat VL, and m1 = 2. An example is the Veronese surface M Zin S4(l), which is
a minimal surface of S4(1), has m; = 2, and nonflat V- (see Sections 3.3 and 6.3).

Remark 5.1.5. If one considers the distribution defined for a fixed value of p, with
nonsimple k(,), by ot =0 ( % p), from (5.1.6) it follows that this distribution
is a foliation (due to the Frobenius theorem, second version). The leaves of this
foliation are called the curvature surfaces (see [Re 76, 79], [Ch 2000], Section 3.7);
for a nonsimple k(,) this is of dimension > 2. Then, due to Lemma 5.1.2, K; , = 0,
and from (5.1.7) it follows that the corresponding principal curvature vector k() is
parallel with respect to the normal connection along its curvature surface (cf. [DN 93],
Lemma 2.2, where it is also stated that this curvature surface is totally umbilical and
spherical).

5.2 Normally Flat Parallel Submanifolds

To study normally flat semiparallel submanifolds, let us first consider normally flat
parallel submanifolds. According to Theorem 4.5.5, every semiparallel submanifold
is a second-order envelope of parallel submanifolds, and obviously is normally flat if
and only if the latter are normally flat.

Normally flat parallel submanifolds in Euclidean space have been investigated in
[Wa 73] and [Sak 73], where it was shown that such a submanifold is either a product
of several spheres and, possibly, a Euclidean subspace, or else an open part of such a
product.

Generally, a submanifold M™ in , E" is said to be a product of submanifolds M"»
ing E" (p=1,...,r)if
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G M" =M™ x---x M™,
(ii) o E" = 45 E™ x --- x 4 E™, where the product components on the right are
pairwise totally orthogonal.

Recall that in Section 3.6 a submanifold in Euclidean space was called reducible
if it is decomposable into a product; otherwise it was called irreducible. Now these
terms can also be used for submanifolds in pseudo-Euclidean space, and also in space
forms, considering their standard models in pseudo-Euclidean spaces.

The following gives a generalization of the results cited above to the case of
normally flat submanifolds in space forms (see also [Lu 2000a]).

Let M™ be a normally flat parallel submanifold in N"(c). Then (5.1.1)-(5.1.3)
hold, where E;;; = 0 due to Lemma 5.1.2, and also K; = L;; = 0, because M™ is
parallel. From (5.1.6) it follows that A(,) ;, = 0 and thus a){; =0(p # 7). It follows
that the distribution of subspaces T, = span{e;, } in the tangent vector spaces of M""
is a foliation for every fixed value of p. Indeed, this distribution is defined by the
differential system w/* = 0 (r # p), but due to (1.4.3) and (2.1.3) do’ = o' A &];

thus now dw’t = o't A wlj; ; hence this system is totally integrable (see the Frobenius’
theorem, second version, in [Ste 64]) and hence determines a foliation. For a leaf of
this foliation, (5.1.1) and (5.1.2) imply

dei, = ) ej,0 + ko', dki, = —(k(,)* D ej. (5.2.1)
2 i

It follows that this leaf is a parallel submanifold M:,"” and lies in ;, E"», spanned by a

point x € M;n" and vectors ¢; kfp). For every pair of distinct p and o these vectors
are orthogonal; thus the above-considered normally flat parallel submanifold M™ is
a product of parallel submanifolds M;nﬂ ,pe{l,....r}

Here the following concept can be used. A submanifold M™ in N"(c) is said to
be a spherical submanifold, if in (2.1.7) h;-"j = H*g;; and V*H* =0, ie., if M
with m > 1 is totally umbilic or totally geodesic, and thus normally flat parallel (see
Proposition 3.1.2), but for m = 1 this M is a plane curve of constant curvature (see
[DN 93], [Lu 2000a]).

Ifc > 0,i.e., N'(c) is E" or §"(c), a spherical submanifold is a sphere or a circle
(or their limit cases: a plane or a straight line). If ¢ < 0 and thus N"(c) is H"(¢),
a spherical submanifold is a sphere or a horosphere, or an equidistant submanifold,
including the one-dimensional cases: circle, horocircle, or equidistant curve (or their
limit cases); cf. Remark 3.1.6.

Proposition 5.2.1. A normally flat parallel submanifold M™ in N" (c) is a product of
spherical submanifolds, or an open part of such a product.

Such an M™ has flat V (and thus flat V) if and only if every product component is
one-dimensional, except possibly the plane (if ¢ = 0) and the horosphere (if ¢ < 0).

Proof. The first assertion summarizes the preceding analysis.
The second assertion follows from the fact that due to (5.1.4)
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"[ j . .
Q=0 (p#1), Q= — (ki) P’ Aw, (5.2.2)

where (k ))2 = (k(p))2 + ¢ (see Lemma 5.1.2). Therefore, V is flat if and only
if either (k{, ))2 # 0 and i, takes only one value, or ¢ = k(,) = 0, or ¢ < 0 and
2 —

k( o TC= 0.

Proposition 5.2.2. An irreducible normally flat parallel submanifold M™ in N"(c)
(i.e., a spherical submanifold) that is not a plane or straight line (if c = 0), or a
horosphere or circle (ifc < 0), is, in the geometry of s E" ', a sphere (in casem = 1,
a circle) or its open part.

Proof. For such an M™ the formulas above can be used, without the subscripts p.
Therefore, dx = e;o', de; = ejo! + k*' and due to (5.2.1) dk* = —(k*)?e;f
From here d(k*)? = 2(k*, dk*) = 0, thus (k*)? is a constant, which is nonzero
except for the two excluded submanifolds. It follows that M™ belongs to an (m + 1)-
dimensional plane in , E"*!, which is spanned by the point x and vectors e;, k*. The
point of this plane with radius vector y = x + [|k*||72k* is a fixed point because
dy = 0; recall here that ||k*||?> = (k*)? is a nonzero constant, and therefore ||y — x|
is also a nonzero constant.

The exceptional case, when (k)2 =k*4+c=0andeitherk =c=0,0rc <0
and k2 = —c, leads to the two excluded submanifolds.

Example 5.2.3. Consider the Pliicker submanifold ;; G>? (r) as an example. Accord-
ing to Theorem 3.2.3 this is a parallel submanifold. As is seen from (3.2.6), (3.2.7),

and (3.2.9), its normal unit vectors are %x = E12) and Eyyy), and thus 0&12] = —%9”,

121 _ _1pi
0~ =—70"

Olu

_ 1 - _
w] = ( 8“’9” +5w9 ) Oy = — (8507 —850"). (5.2.3)
r
Let us compute the normal curvature 2-forms. Obviously @Hg]] = 0. Further-
more,

®[12] - Oﬁv] A 915)12] + eg:v] A 9122] =0,

[uv]

as is easy to check. But @l[wg]] are not zero in general. Only for p = 4, where

u, v, w, y can take only the values 3 and 4, does one have @gﬂ = 0. Thus G2’4(r)
is four-dimensional, parallel normally flat, and thus a product of two two-dimensional
spherical submanifolds; if / = k = 0, then it is a product of two spheres.

Remark 5.2.4. Proposition 5.2.1 was first proved in the special case of normally flat
parallel submanifolds of Euclidean space: for hypersurfaces in [SW 69], and more
generally in [Wa 73] and [Sak 73] (see also [YI 71]). Here the spherical submanifolds
are open parts of spheres or circles (except perhaps one, which can be a plane).
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5.3 Adapted Frame Bundle for a Second-Order Envelope

A general normally flat semiparallel submanifold M™ in N"(c) is a second-order
envelope of parallel submanifolds with flat V-, described in Theorem 5.2.1 as product
submanifolds. This implies that such an M™ also has a generalized product structure,
called the warped product structure. For Riemannian manifolds the concept of warped
product was introduced in [Kr 57], [BiO’N 69] (see also [Hie 79], and [N6 96]). In
the investigation of normally flat semiparallel submanifolds this concept was used in
[Lu 91d, f] and [DN 93].

As preparation, the orthonormal frame bundle is further adapted to the normally
flat semiparallel M™ in N"(c), considering this M as a second-order envelope of
the normally flat parallel submanifolds described in Proposition 5.2.1.

Here the notation for indices will be specified as follows. From now on, let p
denote only those values for which kz‘p) is nonzero with non-zero (k:‘p))2 having the
multiplicity v, > 1; likewise for 7, etc.

These indices refer to the v,-dimensional components of the parallel product; let
theirrange be {1, ..., p}. Here ¢;, are tangent and k(*p) is normal to such a component
in, E"tL

The values of p (in the old sense of Lemma 5.1.2), for which k;‘p) is nonzero and
has multiplicity 1, refer to the one-dimensional components of the parallel product.
Let the number of such components be g and let them be denoted by subscripts a,
b,... intherange {v+1,...,v + g}, where v = v| + --- + v,. Here ¢, is tangent
and k normal to one of these components in , E"*.

For the case ¢ = 0, set p = 0 as the value of p for which k7 ) = k(,) = 0. Due to
(5.2.2), it refers to the plane component of the parallel product in E". Let the indices
io, jo take valuesin{v+¢g +1,..., v+ g + vy = m}, where vy is the dimension of
this component.

Now due to Lemma 5.1.2, K; , = K, = 0, and therefore (5.1.8) implies that

Aoy, = Mayi, = Moyi, =0 (5.3.1)
for every pair of distinct p and t. Hence, due to (5.1.6),

L jyi, = Lji, = Lj.i, =0, (5.3.2)

Jrip

{ = hpaw”, o =0. (5.3.3)

W) = hpjp@’. @ i

The Euclidean case, when ¢ = 0, has been analysed in [Lu 91d, f], where the
ranges of indices a, b, . .. and i, jo, . . . are joined by introducing the indices u, v, . ..
running through {v + 1, ..., m}. Moreover, the parts of the orthonormal frames
normal to M™ at arbitrary x € M™ are specified so that e, are collinear with
k(p), and the succeeding e, p+q*, With a* = a — v running through {1, ..., ¢}, are
collinear to k(). Then k() = kpepn+p and k() = K€ ptar- The remaining frame
vectors normal to M"™ are denoted by e.

The non-Euclidean case was treated in [DN 93] by a somewhat different method,
not using the orthonormal frame bundle O (M™, N"(c)). The frame-bundle method
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will now be also extended to the case of ¢ # 0, allowing more detail to be added to
the results of [DN 93].

Suppose first that ¢ > 0, i.e., consider a normally flat semiparallel submanifold
M™ in E" or in §"(c) C E"*!. Then this M", together with the adapted frame
bundle introduced above, is defined by the following Pfaffian system (note that in
S"(c) the range of iy is empty, and thus vy = 0):

wm+p zwm+p+a* — C()E _ 0’ (534)
w;l;+‘[ — K,O(S;wip» w;n-l—‘[ — O, w;’Z+P+a* — 0’ wZI+P+a* — Ka(sgwa’ (535)
o =awf =0, (5.3.6)

Ip

where the left-hand sides contain coefficients from the formulas (1.4.2), and the
ranges of indices are as indicated above.

Exterior differentiation and the use of (1.4.3) and Cartan’s lemma lead to the
following equations:

w,j; =0 (p#71), o = M@, (5.3.7)
b = kayla® —ipyfa®, @ = Ao, (5.3.8)
wﬁiz =0 (p#71), a)Zinga* = —Kaicp_l)»(p)aa)a, a)iH_p =0, (539
wﬁiﬁiﬁi = Kayf o — kpylad, wilerJru* =gt (5.3.10)
dicp =Kp Y A", dia = Va0 +Ka Y ha)ig@”- (5.3.11)

u io

Note that here equations (5.3.7) coincide with (5.3.3), and those of (5.3.8) are the
remaining part of (5.1.6), using the notation yab =K, lk(a)b; moreover, exterior dif-
ferentiation of a);”ﬂ’ th=0 gives Ay« = 0. Equations (5.3.9)—(5.3.11) follow from
(5.1.2) (with k; instead of k;“) by replacing k(p) = kpem4p and k) = Kalmipta*s
moreover, @5 = /ca’lKg and ¥, = K"HPHO

In the case ¢ < 0, when N"(c) = H"(c), there is the possibility that kz‘o) # 0.
Since the other p + g outer principal curvature vectors are orthogonal to this k;"o),

they all have positive scalar squares in 1 E"+!. Then, in addition to k() = kpem-p.
k() = Ka€m+p+a, the next two normal frame vectors e,y and e+ 12, with m* =
m + p + ¢, can be chosen so that both are orthogonal to all e+, and e, p+4, both
have zero scalar squares, their scalar productis 1, and kZ‘O) = Koem*+1. The remaining
frame vectors ez normal to M"™ in | E n+1 constitute an orthonormal set, and they span
a subspace orthogonal to all the previous ones.

Here equations (5.3.4)—(5.3.6) remain the same, but we add

P o AN 0, (5.3.12)

* * * * * :
o™ +1 — " +1 m*+2 m*+2 — O, o™ +1 — K()C()ZO, (5313)

ip a ip u io
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where the range of & is now {m* +3,...,n+ 1}.
Moreover, exterior differentiation of the equations

(ers, emr41) = (er+, epm*42) = (€mr 41, €mr+1) = (em*42, emr2) =0,

and (ey+41, ey*42) = 1, with I* in the range {1, ..., n + 1} of I, except for m* + 1
and m* + 2, yields
Wp oy = of P Opeg1 = wﬁ:ﬁ = “):Z:I; = “’Z::i} + ‘“ZZIE =0,
in addition to the usual w{: + wfz =0.
Equations (5.3.7) also remain the same. In (5.3.8) the last group of equations
becomes w.} = AMayig@® — )\(o)aa)io, but in (5.3.9) the last equations have to be
replaced by

ol = —kor g0, @ =y, = 0. (5.3.14)
In (5.3.10) the last group becomes
41 —1 prm*+1 42 ~1
a),’ZJ:;Jra =k, 'KI" Tt w,’ﬁﬁ;w = Kaky A(0)a®”, a)i_i_p_m:O,
(5.3.15)
but (5.3.11) has to be complemented by
dg = ko(@ T1 + uo”) + K" ok, (5.3.16)

5.4 Second-Order Envelope as Warped Product

Now it is possible to realize the program announced at the beginning of the previous
section.
Exterior differentiation applied to equations (5.3.7) gives

D rowhou =0 (0 #1),  digu = Appu(@ + Apuo"). (.4.1)
u

Let the value p be fixed and consider the distribution defined on M™ by o't =0
(t # p), ®* = 0. Due to (5.3.7) and (5.3.11) do's = w/t A (a)’j; + 8’].’rd Inky),
do" = o’ A 0%, hence this distribution is a foliation. For each leaf M ;” , one has
dx = e;,0” (p fixed); and on M™ itself, equations (5.3.5)—(5.3.7) imply that

dei, = ejpwi]; + o' (Z Apyeu + kfp)) . (5.4.2)
u

Hence each leaf M ;’) is a totally umbilic submanifold with outer mean curvature
vector
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HY =" hipueu +ki,. (5.4.3)
u

Comparison of (5.4.2) with (2.1.7) shows that h?‘pjp = H;‘S Since v, > 1,

this implies that each leaf M;p is a spherical submanifold (see Section 5.2). As
follows from (5.2.2), it is intrinsically a Riemannian manifold of constant curvature
(H;)“)2 (here (H;)“)2 is in the role of (kz‘p))2).

A consequence from (5.4.1) is that H; and H; are orthogonal for every pair of

tplp*

distinct p and 7. Therefore, the subspaces in , E”*! that contain the leaves M ;p and
M_" passing through a point x € M™ are totally orthogonal.
From (5.4.3) it follows, due to (2.1.3), (2.1.5), (5.4.1), and (5.3.11), that

dHY = H )" — (H)?e;, 0", (5.4.4)

where (H¥)? = (H}, H}) =), x%mﬁ(k;*p))z and thus d (H)* = 2(H})? k(o).

If ¢ > 0, then each (H;)2 > 0; but if ¢ < 0, this need not hold. Suppose now
that (H ;,“)2 # 0, for both cases of ¢. Note that in { E”*!, among mutually orthogonal
vectors with nonzero scalar squares, only one of the squares is negative, while all
others are positive.

Let us denote r, = ||H;)“||’], where ||H;;|| = /(H;‘)z. From (5.4.2) and (5.4.3)

it follows that every leaf M ;” is, in the geometry of , E**!, a sphere with radius o
and normal unit vector n, = r, H;, possibly an imaginary unit, for one value of p,
in the case ¢ < 0 (also see Remark 3.1.6 and Proposition 5.2.2).

It turns out that all these spheres which go through a point x € M™ lie on a

(v + p — 1)-dimensional sphere in , E"T!, whose radius is r = ‘/rlz 4.+ rg
and whose center has the radius vector y = x + riny + ...rpn, (recall that here
V=11 + -+ vp).

Indeed, it can be deduced that

drp = rpua)“, dnp = —rp_leipa)ip, (5.4.5)
where 7, = —7pA(p)u, and therefore
dy = fuo", dr =r"" errpua)”, (5.4.6)
P

where f, = e, + > p Toullp. For the foliation on M™ defined by w" = 0, one has
dy = 0, dr = 0. This proves the assertion above.
Note also that (5.3.13) and (5.4.3) imply that d («,r,) = 0.

Now (5.4.2)isde;, =ej, a);-/;f + 7, 'n,@'. From this and from (5.4.5) it follows

that the subspaces that contain the spherical leaves M ;’) for a fixed value p are
parallel in , E n+l pecause span{e; ool o) isinvariant on M™, and these subspaces are
orthogonal for different values of p, as was shown above.

Further, let us consider the submanifold in , E”1! that is described by the centers
of the (v + p — 1)-dimensional spheres containing the leaves through an x € M™.
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From (5.4.6) it follows that this is a (g + vg)-dimensional submanifold B’”,, where
m' = q + vy, and f, are its tangent vectors. A straightforward computation shows
that (f,,n,) = 0 and, using (5.3.5) and (5.3.13), that

dfu = fowl + Y Sukiy o + Y 80kl . (54.7)
a

io

The submanifold B™ lies in an (n—v— p)-dimensional subspace of ; E n+1 which
is orthogonal to all the subspaces containing the leaves M ;” . This can be deduced from
(5.4.2)~(5.4.7) by starting with the identities (dy, ¢;,) = 0, (dy, n,) = 0 and deriving
successively (d?y, e,) =0, (d?y, ny) =05 (d3y, ei,) =0, (d3y, np) =0,....

Aleaf M,", which is a spherical submanifold of constant curvature ¢, = (H;‘)2 =
r, 2, will be denoted below by Sphy! (c,). Forc, > Oitisasphere S,’ (c,), forc, < 0
an equidistant submanifold H ,‘;" (cp).

The properties established above for a normally flat semiparallel M motivate
the following general concept.

Consider a smooth fibre bundle immersed in a space ; E"*! so that

(1) the base manifold is immersed as a smooth submanifold B™ in an n’-dimensional
subspace of , E"+1,

(2) every fibre is immersed as a product Sph'f1 (c1) x --- X Sph;" (cp) of spherical
submanifolds in an (n — n’)-dimensional subspace, which is totally orthogonal
to this n’-dimensional subspace and goes through the point y € B™ which is y
the center of the (v* + p — 1)-dimensional sphere containing this product; here
n—n'=v+p,m—m =v,

(3) for every fixed value p € {I,..., p} the subspaces which span Sph;" (cp) at
different points of B" are parallel to each other.

Then this immersed fibre bundle is said to be a warped product submanifold, de-
noted by
B"™ %y, Sph{'(1) Xy, -+ Xy, Sphyy (1),

which is, more specifically, either
Bm/ X, Srl(l) Xpy oo X, S;p(l),
or, for ¢ < 0 possibly

Bm, Xry Hlvl(_l) Xry ng(l) Xry o0 Xrp S;p(l)’

. . . . . . /
where r; is pure imaginary and 2, . .., r, are real positive functions on B™ .
Here rq, ..., rp are called the warping functions; recall that r, = ( /cp)_1 is the

radius of the sphere in , E"*!, which contains the spherical leaf Sphf,” (cp).
It remains to consider the exceptional case, when ¢ < 0 and (H ;‘)2 = ( for some

value of p. There can only be one such value. Indeed, if also (HT*)2 = 0 for t # p,

then (k(,), k(;)) = 0and 3, A(pyuh(yu = 0 (see (5.4.1)) imply that (H7, HY) = 0.
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In {E"! two vectors with zero scalar square can be orthogonal only if they are
collinear, but for k?p) = k() — cx and k:r) = k() — cx this is possible only if they
are equal, which is excluded here.

For this single value p, the corresponding spherical leaf is intrinsically of constant

curvature (H ;)“)2 = 0, thus locally Euclidean, but extrinsically it is a horosphere of

a hyperbolic space form realized as the standard model in | E"*!. The subspaces of
1 E"t1 which contain these horospheres are also parallel, and orthogonal to such sub-
spaces for the other spherical leaves, as was shown above. Each of these horospheres
is an orthogonal submanifold of straight lines in the direction of H ;‘ with (H ;‘)2 =0,
which by (5.4.4) are parallel in its subspace (in hyperbolic geometry and also in the
geometry in | E”T1). The only difference from the general case above is that all
horospheres are mutually congruent; therefore, no warping function is needed.

As a result, the submanifold M™ is simply the product of a warped product,
described above, and a horosphere.

Recall that a submanifold in , E"*! is said to be irreducible if it is not a product
of submanifolds of lower dimension (see Section 3.6).

From the preceding analysis above, the geometric structure of an irreducible
normally flat semiparallel submanifold M in N"(c¢) can be described as follows.

Theorem 5.4.1. Let M™ in N"(c) be an irreducible normally flat semiparallel sub-
manifold with nonzero principal curvature vectors kg, ..., kpyq of multiplicities
vi>1,...,v,>landvpy) = =vp1y = 1. Then M™ is either

* ahorosphere,ifc <0, p=1,q =0, and (kzkl))2 = 0 for the only outer principal
curvature vector kzkl) # 0, or
e awarped product submanifold, described above, withp < m' = m—v;—- - “—Vp,
satisfying the following conditions:
(1) B™ is intrinsically locally Euclidean and with flat V-, i.e., with flat V.
(2) The warping functions r1, ..., rp are, with respect to some local affine co-
ordinates in B"™, nonconstant linear functions having mutually orthogonal
gradients.

Proof. The assertions concerning the horosphere and the warped product submanifold
were obtained above, except for the inequality p < m’ and the conditions (1) and (2).

To prove (1), let us consider the formulas (5.4.7). It is seen that B is normally
flat with outer curvature vectors kz‘a), which are mutually orthogonal. Therefore, due
to (5.1.4), B™ is indeed locally Euclidean, and hence has flat V.

To prove (2), letus consider (5.4.5), where r,,, = —r, (). Consider the covector
field on the locally Euclidean B™ having the components r,, (p fixed) with respect
to the moving frame {y; f,} on B™ . Its covariant derivative is defined as V'rpu =
drpu — rpyw,. An easy computation using (5.4.1) and (5.4.5) shows that V'r,, = 0.
This verifies the assertion in (2) about the linearity of r,. The assertion about the
orthogonality of their gradients follows from the first equation (5.4.1).
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Also the inequality p < m’ follows, because in the contrary case, there would be
more than m" mutually orthogonal nonzero vectors ), A(,yu€y in the m’-dimensional
linear span of all the vectors e,,.

Finally, for an irreducible normally flat semiparallel M in E", none of the
warping functions rq, ..., r, can be constant. Indeed, if 7, = const, then r,, = 0

and (o), = 0; hence (5.3.9) and (5.3.11) imply ! = wp b7 = 0, but this implies
that the submanifold M™ is the product of a sphere $"(c,) and of the remaining

warped product, i.e., it is not irreducible. This finishes the proof.

Remark 5.4.2. Forthe case c = 0,1i.e.,is when M isin E", the base submanifold B
is extrinsically the envelope of a ¢-parameter family of m’-dimensional subspaces
E™ in E".

Indeed, consider on B™ the distribution defined by w* = 0, where a runs through
{fv+1, ..., v+qg}. From(5.3.7) and (5.3.8) itfollows that this distribution is a foliation
whose leaves have, due to (5.4.6), the tangent vectors f;,. From (5.4.7) it follows in
the case ¢ = 0, when k;‘o) = 0, that along each of these leaves, (5.3.8) implies that

dfa =0, dfiy = fjyw),

and hence these leaves are vg-dimensional planes in E” and, moreover, the tangent
subspace of B"™ spanned by f; is invariant along each leaf.

Conversely, if a warped product submanifold B™ x r SUT() Xy -+ X, §Y7(1) in
E" satisfies the above conditions, then it is an irreducible normally flat semiparallel
submanifold, as was shown in [Lu 91d], [Lu 91f].

Remark 5.4.3. In the special case when p = 0, the normally flat semiparallel M"
in N"(c) reduces to B™ with m' = m, i.e., has flat van der Waerden—Bortolotti
connection V.

In the case ¢ = 0 and g # 0, this M™ is the envelope of a g-parameter family of
m-dimensional planes in E”. This kind of M" in E" was studied in [Lu 87b].

In the case ¢ # 0 (or ¢ = 0 and vy = 0), this M has m distinct orthogonal
nonzero outer principal curvature vector fields. They consist of the curvature vectors
of the lines of curvature of M"™, which form an orthogonal holonomic conjugate net
on M™. Such types of submanifolds M were investigated by E. Cartan in [Ca 19]
and they are called submanifolds of Cartan type, or, following [Che 47], Cartan
varieties (see also [AG 93], Chapter 3).

Remark 5.4.4. Normally flat semiparallel submanifolds M™ in space forms N"(c) as
warped product submanifolds were studied in [DN 93], mostly for ¢ # 0. Theo-
rem 5.4.1 contains some of the results obtained there.

5.5 Semiparallel Submanifolds of Principal Codimension 1

All semiparallel submanifolds M in N"(c) whose principal codimension is 1 are
normally flat, as follows from the proof of Proposition 5.1.3. For such M™, the
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orthonormal frame bundle O (M™, N"(c)) can be adapted further so that the first
normal frame vector e,,41 at arbitrary x € M™ belongs to the one-dimensional prin-
cipal normal subspace of M at x. Then k; = k;e;,;+1 and the semiparallel condition
(5.1.5) reduces to (k; — k) (kikj +c) = 0, i.e., every two principal curvatures «; and
K j are either equal or their product is —c.

The simplest case is a curve M !, which is always semiparallel, namely with flat
V, and there there is only one k1.

If m > 1 and there are two or more principal curvatures, it follows from the above
that they can have only two distinct values. Indeed, if three among them, with indices
i, j, k, are distinct, then k;«x; = ik = —c, thus k; (k; — k) = 0 and hence «; = 0.
This is possible only if ¢ = 0, but then « jxx = 0 leads to a contradiction. Therefore,

K= =Ky =K £, Kyl ==Ky = —Ck
for some natural number s, 0 < s < m.

Let us suppose first that ¢ = 0, i.e., that N"(c) is the Euclidean space E”. Here

s = 0is impossible, for principal codimension 1. Therefore, either

(1) s=1,or
2) 1 <s<m,or
3) s =m.

In the first subcase, when s = 1, M is defined by the differential system

"t = f =0, w'I"H :le’ w£n+l ... =w,’1$“ :wl_s =0,
where i runs through {1, ..., m} and & through {m + 2, ..., n}. By exterior differ-

entiation, this system leads to

wio = )‘iowl» wfn-H = @fwl, dk = Yo' +K)»iowi°v
where ig runs through {2, ..., m} and the notation in (5.3.8), (5.3.10), (5.3.11) has
been simplified by writing A;, = A(1);,. Here the distribution defined on M™ by

! = 0 is a foliation, for whose leaves there holds de;, = ejoa)ijé). Therefore, these
leaves are (m — 1)-dimensional planes, and thus M™ in E" is generated by a one-
parameter family of these generator planes. Since now

i +1 1
dey = ejyw) + epp0f'" = Zeio)»io +Kemyr |0,

io

the tangent vector e is constant along each of these plane generators. This means
that the tangent m-dimensional plane of M" depends only on one parameter and thus
M'™ is the envelope of the one-parameter family of these tangent planes.

In the second subcase, when 1 < s < m, the submanifold M™ is defined by
m+1 _ & & 0

=W =W =

a)erl — a)é — 0, wm+l — Ka)ll, !
0 3 0]

i
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where iy, etc., run through {1, ..., s} and io, etc., through {s +1, ..., m}. The system
above leads via exterior differentiation to
dlnk = Ajow-jo, a)ljlo = )»jowi', “)51+1 =0,
and then to .
dhjy =Y iy (@) + 1) (5.5.1)
ko

(cf. (5.3.11), (5.3.7), (5.3.9), (5.4.1)), where the notation has been simplified by
putting A j, = A1), It follows that

dx =ej0', de; = eja)l.j +emy1k8ij0’,  deyy = —kej .

Hence, M™ lies in the (m + 1)-dimensional subspace E™+! c E”, spanned at the
point x € M™ by the vectors e;, ¢,,+1, and thus M™ is a hypersurface.

Moreover, the vector [ = > i Ajoej, 1s invariant at each point x € M™, because
dl = Pe;, @' + (1 j,w’).

Let us suppose first that [ # 0. Then the frame at each x can be specified so
that es41 is collinear to /. Hence A;y1 # O, )Li(/) = 0, where i(’), etc., run through

{s +2,...,m}. This implies wljl‘) = 0, and due to (5.5.1), the equation wj‘ﬂrl =0

0
holds.

Now considering the distributions on M” defined by w'! = «’T! = 0 and by
w'o = 0, one can see that both are foliations. For the leaves of the first of them,

k . .
one has de j, = ex, a)j?; thus the leaves are parallel (m — s — 1)-dimensional planes
0
in Em+L
For the leaves of the second foliation, orthogonal to the first one, one has

+1

dx = e + e dei = ej 0]l + (ex1hsi1 Femp10,  (5.5.2)

desy1 = — Agy1e,0",  deyy = —kej ' (5.5.3)

This implies that every leaf is contained in the (s + 2)-dimensional plane at the point
x spanned by the vectors ey, ..., es4] and e;,,+1, and are thus totally orthogonal to
the plane leaves of the first foliation. Moreover, d (x + )\;:1 es+1) = 0. It follows that

there is a fixed point with radius vector z = x + )\.;_:1€S+1 . Therefore, the leaf consists
of straight lines with direction vectors e, passing through this point z; hence the
leaf is a cone. Orthogonal sections of the generator lines of this cone are the integral
manifolds of the totally integrable equation w’*! = 0. They are totally umbilic and
therefore are s-dimensional spheres or their open subsets. Consequently, these leaves
are round hypercones C**! in (s + 2)-dimensional planes. Hence M™ is a product
submanifold CS*! x E"=s~1in Em+1,

The case [ = 0 can be considered as the limit of cases where / tends to the zero
vector, and thus Ay tends to 0. Thus the limit case of the round cone C s+l s the
round cylinder S° x El and C5t! x E™=5~! tends to $° x E™~¥,
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Finally, in the third subcase when s = m, the submanifold M™ in E" is totally
umbilic, thus a sphere S™ or its open subset.
The following theorem summarizes the above results.

Theorem 5.5.1. A semiparallel submanifold M™ with principal codimension 1 in
Euclidean space E" is either

e the envelope of a one-parameter family of m-dimensional planes, or

 a hypersurface which is a product C5*t' x E™=5=1 of an (s + 1)-dimensional
round cone and an (m — s — 1)-dimensional plane, or a product §° x E™5, or

e asphere 8™, or an open subset of one of the above.

Remark 5.5.2. In the first subcase, Theorem 4.5.5 and the results presented in Re-
mark 5.2.4 imply that such an M" is a second-order envelope of round cylinders
S x E™=1 If m = 1 this is a curve.

In the second subcase, M is the second-order envelope of round cylinders
S¥ x EMS,

Now let ¢ # 0, i.e., let N"(c) be a non-Euclidean space form. Denoting here
A = —ck !, the differential system which defines the above-considered semiparallel
submanifold M™ in N"(c) is

" = of =0, a);']’+1 = ko', a)l’.t’+1 = kwi,, Wt = 0, (5.5.4)

where i’ runs through {s + 1, ..., m}, « # 0, and kA + ¢ = 0; hence also A # 0.

3
m+

M™ lies in an N"*!(¢) which is spanned by x, all ¢;, and e,,41, and therefore is a
hypersurface.

Here the simplest case is s = 1 and m = 2. This gives a semiparallel surface
M?in N3 (c) with principal curvatures « and A, and zero Gaussian curvature, due to
kA +c =0(see,e.g., (5.1.4)).

Suppose now s = m — 1 > 1. Then i’ takes only one value m, and exterior
differentiation leads from (5.5.4) to

Exterior differentiation of the last equations implies that @, ., = 0. Hence

de =Yao™, (kK — )L)a):.’ll =y’ + xio",  di= Xilwil +co™,  (5.5.5)
where kA 4 ¢ = 0 gives by differentiation that y;, =0, ¢ = —xx 1. Hence
dk = Yo", o' =y, (5.5.6)

where ¥* = ¥k (k2 4 ¢)~!; note that here x> + ¢ # 0, because otherwise k = /—¢
and then A = \/—c = k, which is impossible here (it would imply s = m, which will
be considered below).

The first equation (5.5.6) implies via exterior differentiation that dy A @™ = 0,
whence dy = ™. The next two equations imply dy* = (*)?™, due to (1.3.9)
(where now grx = é1k).
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Since due to (5.5.6), do™ = w'! /\a)l’.’: = 0, there exists (at least locally) a function
t on M™ such that ™ = dt. Now the equation for {* can be integrated and gives

Y* = — 1, by suitable choice of the initial value of ¢. Therefore, ¢ = —%J[C and
so the first equation (5.5.6) is
d(k?+¢) dt
2. —2—.
K“+c¢ t
This implies
kKr=kt™? —c, (5.5.7)

where k is a constant.

As is seen from (5.5.4) and (5.5.6), the submanifolds of M" defined by t = const
are all totally umbilic with mean curvature vector e, V* + e+ 1.

The curves of M™ defined by o' =0@G =1,...,m — 1) are orthogonal
trajectories of the family of these totally umbilic submanifolds. For each of them,

dx = e,dt, de, = —(CI(ilem_H +cx)dt, depy1 = CKilemdl.

Here ¢ is the arclength parameter of this trajectory, whose principal normal in the
geometry of N"+1(c) is the unit vector e,, 1, which is orthogonal to M™. Hence the
trajectory is a geodesic line of M™. At the same time it is also a line of curvature of
M™ and belongs to a plane N2(c), spanned at x by the vectors e, (tangent) and e,, 4|
(normal). Considering an (m — 1)-parameter family of the planes of these geodesic
lines of curvature, if one wants to find the envelope of this family, one has to find the
points with radius vectors y = x + ¢,y + e,,41y™ 1!, having the property that dy
belongs to the same plane. Since that component in the expression of dy which cannot
belong to this plane, is (1 — ¥ *y™ —ky" ) (e1w! +- - -+ e,_10™ 1), for the above
points one must have 1 — ¥*y™ — ky™+! = 0. Hence, all planes of the geodesic
lines of curvature intersect in the straight line whose equation was just obtained.

It is easy to see that the centers of the totally umbilic leaves satisfy this equation
and therefore lie on this straight line. Therefore, in this case the hypersurface M™ is
invariant with respect to the isometries of N”*1(¢), leaving this straight line fixed,
and hence is a rotation hypersurface in N1 (c).

It remains to describe the profile curve, the geodesic line of curvature. From
the above equations it follows that the geodesic curvature of this curve in M™ is
kg = —ck ™. Then (5.5.7) implies that the natural equation of the profile curve in
the geometry of N 2(¢) is

ct
Vk—ct?

Now let s > 1 and m — s > 1. Then it is better to denote the index i’ in (5.5.4)
by i3, as in Section 5.3; note that here « and A play the roles of «(1) and () of that
section.

Equations (5.5.4) imply via exterior differentiation that

Ky = (5.5.8)

di A @' + (A —/c)a);‘2 A @l =0, ()L—K)Zw;lz A& +dr A w2 =0.

i
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Here the indices i and j, both take more than one value. Therefore, due to Cartan’s
lemma, dx = kj,w’?,d\ = A;; @', whence

i i j
A — K)a)j2 =Kjo'l + Ao,

But here kA = —c leads to kj, = A;; = 0, so that ¥ and A are constants, and a)i}2 =0
(cf. (5.3.7) and (5.3.11), where the range of « is now empty). Therefore,

o ki PN R ko * o
dejy = epyw; + ko', dej, = e + koo,

Wlilere k(i) = kemt1 — cx and ki) = Aepy1 — cx. Here (k(}), ki) = ki +c=0
an
dkzkl) = —(K2 + c)eilwi‘, dk&) = —(A2 + c)ejza)h.

Hence M™ is a product of an s-dimensional spherical submanifold and an (m — s)-
dimensional spherical submanifold. Both are parallel submanifolds, and thus M™ is
also parallel.
Finally, let s = m. Then M™ is totally umbilic, hence spherical and parallel.
The preceding results can be summarized as follows.

Theorem 5.5.3. A semiparallel submanifold M™ with principal codimension 1 in a
non-Euclidean space form N"(c) is either

e acurve M 1, or
e a hypersurface in N+ (c) € N"™(c), which is either
— a surface M? with zero Gaussian curvature in N° (¢), or
— a rotation hypersurface whose profile curve has natural equation (5.5.8), or
— aparallel hypersurface, which is either spherical or a product of two spherical
hypersurfaces of lower dimensions, or
— an open subset of one of the above.

Remark 5.5.4. The essential part of this theorem was proved for hypersurfaces in
[Di 91b]. The proof given here is more direct and starts from a more general as-
sumption. Also the case of a parallel hypersurface is studied here in more detail. The
explicit parametric equations of the profile curves were derived at the same time in
[Di 91b] for all particular cases.

5.6 Semiparallel Submanifolds of Principal Codimension 2 in
Euclidean Space

It follows from Proposition 5.1.3 that a semiparallel submanifold M™ of principal
codimension 2 and with nonzero mean curvature vector H in N"(c) is normally flat.
Here the hypothesis about H is essential only if ¢ > 0, because for ¢ < 0 the identity
H = 0leads by Theorem 4.1.7 to zero principal codimension, and thus is impossible
in this case.
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In the present section the case ¢ = 0 will be considered, and thus N"(0) = E" isa
Euclidean space. A semiparallel M™ with principal codimension 2 is normally flat in
this case. Since span{k, ..., k;;} now has dimension 2, only two principal curvature
vectors can be nonzero and distinct, and therefore also orthogonal (see Section 5.1).

They are either (i) both with multiplicities > 1, or (ii) one of multiplicity > 1,
the other simple, or (iii) both simple.

In subcase (i), the range of indices a, b, . .. is empty, and p takes only two values
1 and 2, using the notation introduced in Section 5.3. Therefore, only equations
(5.3.7), (5.3.9) and the first equations of (5.3.11) work here, where u = jp. It follows
that do's = w/e A 9;.‘7 , where 6" = @” + 8 )\.(p)ko(l)ko. Hence the distribution on

) o Jp Jp Jp
M™ defined by 0'! = w2 = 0 is a foliation, whose leaves have the tangent vectors
ej,. It follows from (5.3.5)—(5.3.7) that along a leaf de;;, = e jOwi](()); hence every leaf
is a plane in E".

On the other hand, it follows from (5.4.1) that the vectors [(p) = >, A(p)u€u are
orthogonal and satisfy the equation dl(,) = [(p)(A(p)u@") — l(zp) (ei, w'r). Therefore,
their directions are fixed on each of these plane leaves.

If both [(,) are zero, then A (), = 0. Due to (5.3.11), both «,, are constants; and
dueto(5.3.7,) “)?p = 0. Then it follows from (5.3.5) that M is a product submanifold
SV x §V2 x EMTVITV2,

If both /(,,) are nonzero, then the orthonormal frame bundle can be adapted further
to M™ so that among the basis vectors ¢;, the last two e, and e,, are collinear with
(1) and [(3), respectively. Then A1), = Aym = A = 2Qm—1 = 0, Aym—1 =
A # 0,and A2y = A2 # 0, where u’, v/, ... run through {vi + v, +1,...,m —2}.
Now equations (5.3.7) imply
J2 u' m u' m—1 0,

m—1 _ i] m __ j2,
i i i J2 J2 w; = Mo, wjz_)‘zw ’

W 0

moreover, equations (5.4.1) imply that

w;:f_l =w, =, =0, di = Mo dag =A™,
Therefore, the distributions defined on M™ by w'! = w2 = ™! = " =0,
then by w2 = 0" = @™ = 0, and then by »'! = " = ™~ = 0 are foliations.

Their leaves have the tangent vectors e,/, then ¢;,, ¢;,—1, and then e ,, e;,, respectively.
’
Here de,s = ey w,,, whence

dej, = ekla)f,l + oM (Mem—1 +K1ems1),  dem—1 = —hie; @',
and then
dej, = e1, 0 + 07 Oaem + Kaemy2),  dew = —doej0™;
moreover, (5.3.9) implies de;,+1 = —/qel-la)"' and dey 12 = —K2ej, w2,

It follows that M™ is contained in an E"2, spanned at the point x by the vectors
€1, .-y €m, em+1, €m+2,and the leaves of the three foliations above are parallel planes
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in E™+2 with totally orthogonal vector subspaces. The leaves of the first foliation are
parallel (m — v; — v» — 2)-dimensional planes. And, for the leaves of the other two
foliations, equations (5.5.2) and (5.5.3) can be used to obtain the conclusion that M™
is a product C"1 1 x €2+ 5 Em=vi—2=2 in E"+2 where the first two components
are round cones.

Finally, if one of /(,) is zero and the other nonzero, then one gets the limit case
where one of these round cones tends to the round cylinder. This finishes the analysis
of subcase (i).

In subcase (ii), the indices p and a each take only one value, namely 1 and vy 41,
respectively. Thus M™ is, according to the remark at the beginning of Section 5.3, a
second-order envelope of the product submanifolds S”! x S! x E”~V1—1  Equations
(5.3.7)—(5.3.11) reduce to

a)}l1 = A(])uwil, a)é0 = )\,‘Oa)a, (5.6.1)
ot = = kak ] R, w,iH =0, w,iHJra =gfw?, (5.6.2)
dk; =K Z)\(l)uwu, drg = Yo + Kk, Z)\ioa)io, (5.6.3)
u io
where the notation is simplified by introducing X;, = A(4);,. In the argument which

led to Theorem 5.4.1 above, one has in the current case (ii)) p = g = 1, v = vy,
and m" = vy +1 = m — v. Hence this theorem implies that M™ is a warped
product submanifold B™ x,S" (1) with locally Euclidean B m" and nonconstant linear
warping function r; moreover, B™ is the envelope of a one-parameter family of m’-
dimensional planes in E”.

Such an M can be described in more detail as follows. Due to (5.3.5), (5.3.6),
and (5.6.1), one has

dej, = ejlw;-/]l + (Z Alyu€u + Klem+l) o', (5.6.4)
u
de, = — A(])aeilwi‘ + Zkioeio + Kalmt1+a | @, (5.6.5)
io
dejy = — )‘(l)ioeilwi1 — digea@” + ejoa);{())- (5.6.6)

Due to (5.6.1), the distribution defined on M™ by w'! = 0is a foliation. Equations
(5.6.5) and (5.6.6) imply that its leaves are envelopes of one-parameter families of
m’-dimensional planes, like B" .

Also the distribution determined on M™ by w© = 0 is a foliation. On each of
its leaves, the system @ = 0 defines a family of v-dimensional spheres SV. Along
each of these spheres, dA(), = A(l)ak(l)iowio, due to (5.4.1) and (5.6.1); and if
Ahya # 0, then d(x — )‘(_Saea) = 0, i.e., the point with radius vector x — )L(_liaea
is fixed. Therefore, the tangent lines to a leaf in the direction of e, at all points of
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such a sphere S¥ generate a round cone with vertex at this fixed point. There exists
a sphere SV+! which is tangent to this cone and to the above-considered leaf along
this sphere S”. If A(1), = 0, then instead of the cone there is a round cylinder, and a
sphere SV*! with the properties mentioned above exists as before. Consequently, the
leaf is the envelope of the one-parameter family of spheres S**!, and therefore it can
be considered a canal submanifold. Moreover, the characteristic spheres SV in this
leaf lie in parallel (v 4 1)-dimensional planes, as follows from (5.6.5), due to (5.4.1)
and (5.6.1)—(5.6.3). Since the radius r of S" is a nonconstant linear function on B'"/,
this canal submanifold can be considered a warped cone.

Finally, consider the distribution defined on M"™ by the equation w® = 0. Since
(5.6.1) implies dw® = v A kiowio, this distribution is also a foliation. For its leaves,
equations (5.6.4) and (5.6.6) reduce to

dejy = ejol' + Hio'",  dejy = —hmyigei o + ejpo)).
For Hf =Y, M1yueu + Kiem+1, it follows from (5.4.4) that d H}' = H;A(1y;y0™ —
(Hl*)ze,-la)il. These formulas show that every leaf is a hypersurface M”~! of an
m-dimensional plane, which is described in Theorem 5.5.1 as its middle case, i.e., is
a product C'*+! x E™~=2 (or its limiting case S x E™~V~1),

It remains to study subcase (iii) of the case ¢ = 0. Then p = 0 and ¢ = 2,
and thus the range of indices i, is empty and a, etc., run through {1, 2}. Equations
(5.3.5)—(5.3.8) reduce to

wrln+1 — o', w;n+2 = kpe?,
m+l _ om+l _ om+2 _ om+2 & &
w,  =w " =) =0 =0, =0, =0,
2 2 1 1 2 io 1 io 2
W] =KIY[® — Ky, 07, O =A1)i® , ©F =A2)j®" .

Therefore,
R N 2 - o
dejy = — (e1 )iy + eak2)i,w”) + €jo®j; s
dey = eyt + Zeiok(l)io +Kiemil | @',
io

2 2
—ejw + Zeio)»(z);o + Kk2epmy2 | ©°.

io

des

The equations o' = @* = 0 define on M™ a foliation whose leaves are (m — 2)-

dimensional planes in E", along which ¢ and e, are constant vectors. Hence M™ is
the envelope of a two-parameter family of m-dimensional planes. Moreover, since
now Q2 = w¢ A w2 =0, this M™ has flat V and hence is locally Euclidean. Recall
also that V-1 is flat, which, all together implies that V is flat.

The above results can be summarized as follows.
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Theorem 5.6.1. A semiparallel submanifold M™ with principal codimension 2 in
Euclidean space E™ is either

e a product submanifold C"'+1 x CV2t1 x Em=—vi—=v2=2 iy Em+2 « E" where the
first two components are round cones of dimension > 2 with point-vertex (each
of these two could also be a round cylinder), or

e a warped product submanifold B™ x, SV(1), v > 1, m =m — v, where B™
is the envelope of a one-parameter family of m’-dimensional planes in E", hence
locally Euclidean, and r is a nonconstant linear function, or

e the envelope of a two-parameter family of m-dimensional planes, which has flat
vV, or

* an open subset of one of the above.

Remark 5.6.2. Semiparallel submanifolds M in E m+2 were classified in [Lu 88b].
The preceding theorem generalizes those results to the case of semiparallel M with
principal codimension 2 in E".

Note that for the submanifolds B" X, SY(1) of the middle class, more detailed
information is given in the analysis above about the behavior of the fibre spheres
S (r~2) along the base submanifold B™:in every generating (m’—1)-plane, thereis a
direction in which they generate round cones, and in the other directions they generate
round cylinders, and along the orthogonal trajectories of these plane generators, they
generate canal submanifolds, which are warped cones.

5.7 Normally Flat Semiparallel Submanifolds of Principal
Codimension 2 in Non-Euclidean Space Forms

As seen above, a semiparallel submanifold M"™ of principal codimension 2 in a non-
Euclidean space form N"(c) must be normally flat if ¢ < 0, but not if ¢ > 0 (cf.
Proposition 5.1.3 and Remark 5.1.4). Therefore, in order to include the case ¢ > 0
in this section, normal flatness has to be assumed explicitly.

So let M™ be a normally flat semiparallel submanifold with principal codimen-
sion 2 in N"(c). Among its distinct principal curvature vectors k(jy, ..., k¢ at least
one must be nonzero; and by renumbering if needed, k() # 0. The orthonormal
frame bundle O (M™, N"(c)) can be adapted so that

kay = ki1emy1, k@) = Kalm+1 + Halm+2,

where a, b, ... run through {2, ..., r} and k1 # 0.

Due to (5.1.5), for every value of a there holds (k(1), k()) + ¢ = k1kq + ¢ = 0;
thus k1(k, — kp) = 0, if a # b. It follows that ko = --- = k, = k, where k # 0,
due to ¢ # 0; and hence k] = —ck L. Moreover, (k(ay, kpy) = K2+ Hallp +¢ =0,
for a # b. Here at least one i, must be nonzero, because otherwise if all u, = 0,
one has k = /—c and thus also k; = +/—c, which implies k(1) = - - - = k), which
is impossible here. So, assume that p» # O (further renumbering if needed). Now
na(ig — p) = 0, if the indices 2, a, and b are distinct, which implies u3 = -+ =



94 5 Normally Flat Semiparallel Submanifolds

Wy = # 0; but this leads to k3 = --- = k,, which is possible only for r = 3.
Therefore, u3 = —M_l (k% + ¢) and thus
ki= —ck emir, k@) = kemi1 — Hemia,
k) =Kemy1 + 1 (k7 + ©)ema. (5.7.1)

All this shows that the submanifold M™ satisfying the current hypotheses is de-
fined by the following differential system:

wm-i—l :wm+2 — wé — O,

a);'l’+1 = —ck tol, a);'zl""l = kw2, a);;’"H = Kk, (5.7.2)
a);'l”r2 =0, a)Z’Jr2 = po'?, w;';Jrz =—n"'k? + )", (5.7.3)
0 =0f =, =0, (5.7.4)
where & runs through {m + 3, ..., n}.

By exterior differentiation of (5.7.4), it follows that

3

Dt

Ao’ =0, [KwiH_l + ;La)EH_Z] Ao’ =0,
[Ka)fnJrl - ,u_l(fc2 + c)wan] Ao =0.

Due to Cartan’s lemma

a)fn_i_1 = Ubw', Ka)an + /'wan+2 = Viw?,
I{a)fn_H - ,u_l(fcz + c)a)fn+2 = Wéaw'.

£

1> ONE obtains

Eliminating wfn o and then substituting the expression of
/(;L_l(/cz + /L2 + Ut = ,u_l(ic2 +oVE = uWs =0,

because w'!, w2, and ™ are linearly independent. Here x> 4+ ¢ # 0 and «2 +
w? + ¢ # 0, because k2 + ¢ = 0 would lead to k; = ko and k2 + % + ¢ = 0 to
ko = k3, which are both impossible here. Therefore, Ut = VE = W& =0, and
hence a)fn 4= a)?n 4o = 0. Consequently, the submanifold M™ is contained in an
N"2(c) c N™(c).

Further let us use the notation introduced in Section 5.3. '

Firstlet p = 0, i.e., let k1), k(2), k(3) be simple ki, k2, k3. Due to (5.1.4), Qlj =
—((ki, kj) + c)o' A @/, where now i, j are in {1, 2, 3}. From (5.7.1) one can easily
deduce that all Qlj are zero, thus the submanifold M3 of N° (¢), considered in this
case, has flat van der Waerden—Bortolotti connection V.

An analysis of the above exterior system by means of Cartan’s theory (see [Ca 45],
[Fin 48], [Gri 83], [GJ 87], [BCGGG 91]) shows that this M3 in N°(c) does exist



5.7 Normally Flat Semiparallel Submanifolds of Principal Codimension 2 95

and depends on six real holomorphic functions of one real argument. Indeed, in six
exterior equations there are six secondary 1-forms: dk, du, wé, w%, w%, a)i, and after
applying Cartan’s lemma, it turns out that Cartan’s test is satisfied.

From (5.7.1) it is seen that k] = k; — xc are three nonzero mutually orthogonal
outer curvature vectors for this M3 in , E®; therefore the outer principal codimension
of M3 is 3. Hence this M3 is a Cartan variety (see Remark 5.4.3).

If k(1 is nonsimple with multiplicity v > 1, but k() and k(3 are simple k>, k3,
then in Theorem 5.4.1 p=1,m=v+2,m' = 2.

If k(1) and k(2 are nonsimple with multiplicities v; and vy, but k(3) is simple k3,
then in this theorem p =2, m =v; + v, + l and m’ = 1.

If all k1), k2), k(3) are nonsimple, then p = 3, m = vi + vy +v3, m’ = 0, and
M™ lies in an (m + 2)-dimensional sphere of , E”13 as the product Sph?l (c1) x
Sphy?(c2) x Sphy*(c2) in N™F2(c).

Recall that Theorem 5.4.1 describes only the irreducible normally flat M™. For
the complete classification of the normally flat semiparallel M™ of principal codi-
mension 2, the requisite product submanifolds must also be added.

The results of all these considerations can be summarized as follows.

Theorem 5.7.1. A normally flat semiparallel submanifold M™ with principal codi-
mension 2 in a non-Euclidean space form N"(c) is either

o an M3 with flat ¥V in an N>(c) C N"(c), which is a Cartan variety, or

 a warped product submanifold B x, Sphmfz(l) withm > 3 inan N"2(¢c) C
N"(c), where B? is a surface with flat V and r is a linear warping function on
it, or

» a warped product submanifold B X Sph (1) X, Sph*?(1), where m = vy +
w+1>4,inan Nm+2(c) C N"™(c); here Bl is a curve, and ry and ry are some
linear warping functions on it, or

e a product Sph'l)l (c1) x Sph;2 (c2) % Sph;3 (c2), where m = vi + vy +v3 > 5, in
an N"t2(¢) € N"(c), or

e aproduct of one of these i -dimensional submanifolds above and a totally geodesic
N™=(¢), where 3 < < m, or

* a product of two semiparallel hypersurfaces, described in Theorem 5.5.3.
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Semiparallel Surfaces

In this chapter semiparallel submanifolds of dimension 2 (surfaces) in space and in
spacetime forms ¢N"(c), s > 0, will be considered. With respect to the dimension
of the submanifold, this is the simplest nontrivial case, because all submanifolds of
dimension 1 (curves) are trivially semiparallel, namely, with flat V; see Proposi-
tion 4.1.4.

The inner metric of M2 is assumed to be regular, i.e., either Riemannian or pseudo-
Riemannian. The surface is said to be, respectively, spacelike or timelike, using terms
familiar from relativity theory. All semiparallel surfaces M? with regular metric in
s N (c) will be classified and geometrically described.

6.1 Semiparallel Spacelike Surfaces

Deprez in his paper [De 85], where the concept of semiparallel submanifold M™ in
Euclidean E" was introduced, also gave a classification of these submanifolds for
dimension m = 2, i.e., of semiparallel surfaces M 2in E".

In this section this classification is extended to semiparallel spacelike surfaces M?
(i.e., with Riemannian inner metric) in ; N" (c), under some supplementary regularity
assumptions (see [Lu 99a]l).

The tangent frame vectors in the orthonormal frame bundle adapted to such an
M? transform according to

el =ejcosg+ersing, €)= —e;sing + e cos@. (6.1.1)

Substitution into dx = e;w' leads to

1 1

’ 2
W =w CosSY —w

/ . 2 1/ . 2/
sing, " =w sing + " cosy; (6.1.2)
1 A preliminary partial version of this extension was given in two master’s theses [Ri 94] and
[Fil 95] written under the author’s supervision; the main results of the second thesis were
published in [Saf 2001] (under a new name after marriage).

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0 7, © Springer Science+Business Media, LLC 2009
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hence for h;j@' @’ the transformation formulas are

1 1 .

hyy = E(h“ + h2) + E(h“ — h22) cos2¢ + hip sin2p, (6.1.3)
1

hyy = 5(hzz — hy1)sin2¢ + hyp cos2¢, (6.1.4)
1 1 .

hoyryr = E(h” + hao) + E(hzz — h11)cos2¢ — hyp sin2¢. (6.1.5)

Setting %(hn —hp2) = A, h1p = B and recalling that %(hn + hop) = H is the mean
curvature vector (see Section 2.4), one obtains

A" = Acos2¢p + Bsin2¢p, B = —Asin2¢+ Bcos2¢p, H =H. (6.1.6)

Hence span{A, B} is an invariant subspace and H an invariant vector in the first-
order normal subspace span{h 1, h12, h2o} = span{A, B, H} at every point x € M2
moreover,

1
(A', B'Y = (A, B) cosd¢ + E(B2 — A?) sin4g. 6.1.7)

From here it follows that there exists a ¢o such that (A’, B’) = 0; then o + 5
gives the same result, but with the roles of A" and B’ interchanged.

Suppose that this transformation has been done, i.e., suppose (A, B) = 0.

Moreover, assume M2 is regular, in the sense that its first-order normal subspaces
span{A, B, H} have the same dimension m | and also the subspaces span{A, B} have
the same dimension mq; here, of course, 0 < m; < 3 and 0 < mg < min{2, m}.
In general, M? is a union of closures of its regular open subsets, and one can restrict
attention to one of these sets.

In the most general case m; = 3 and mo = 2. Then the bundle of frames,
orthonormal in its tangent part {e1, e2}, can be adapted further so that

A =kes, B=les, H=oae3+ Pes+ yes. (6.1.8)
Then

hiy =aez + (B+k)es+yes, hip=les, hyp =aez+ (B —k)es+ yes,

thus
v} =ao', ol=B+bo', o =yo'+l?, o =0, (6.1.9)
0} =a0’, o}=B-ko? oy=Ilo'+ye?, =0, (6.1.10)

where &, , ... run through {6, ..., n}.

In this general case akl # 0. But the formulas (6.1.8)—(6.1.10) also hold in
the special degenerate cases, which are listed in rows (b)—(f) of Table 6.1.1, where
in the last column the corresponding conditions are given, together with simplifica-
tions achievable by suitable adaption of the frame; only one possibility is shown,
considering that A and B are interchangeable.
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Table 6.1.1.

my mg Condition
(a) 3 2 akl #0
(b) 2 2 a=0, kl#0
(c) 2 1 =0, ok#0*
(d) 1 1 a=y=1=0, k#0
(e) 1 0 k=1=0, o#0"
®) 0 0 k=1l=H=0

*By further adaption of the frame, one can make y = 0.
**One can make 8 =y = 0.

For the last two subcases of the table, the surface M2 can be characterized imme-
diately. Indeed, in subcase (f) 4;; = 0, thus M Zis totally geodesic, and in subcase
(e) hjj = Hé;j, thus M 2is totally umbilic (see Proposition 3.1.2).

6.2 The Case of Regular Metrics

Assume now that span{A, B, H} and span{A, B} both have regular metrics. Then in
(6.1.8), (eq, ep) = gap = €adap (a,b--- € {3,4,5}), where every ¢, is either 1 or
—1. Moreover, (¢4, es) = gqa¢ = 0, and due to (2.1.9),

Q= — Q) = (e4k® + &s1> — H> — 0)o' A 0, (6.2.1)
Q) = —2e4klo’ Ao?, Qi =2eskio’ A @ (6.2.2)
all other Qlj , 95 are zero.

The semiparallel condition (4.1.2) reduces to a system whose only essential equa-
tions are

esykl =0, (6.2.3)
I[e4k(2k + B) + e51> — H? — ] = 0, (6.2.4)
llesk(2k — B) + &5l — H*> —¢] = 0, (6.2.5)
klesk® +2e5l> — H> — ¢] = 0. (6.2.6)

In subcases (a) and (b) of the table, one has kI # 0. Then the first equation above
yields y = 0, the middle two imply 8 = 0 and 2e4k> 4 e51> = H? + ¢, and the last
gives cak?® + 2es1?> = H? + ¢; hence e4k? = 512, and thus &4 = 5.

This yields

ca=es=¢c==%1, k*=1>, H?>=ga’=3sk>—c; (6.2.7)
moreover, one can make k = [ # 0 by replacing e5 by —es if needed. Then due
to (6.2.7),
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Q= —ek’o' Ae?, Q) = Q= 2ek%0! A2, (6.2.8)

i.e., the Gaussian curvature of M2 is K = ¢k2.

In case (b) one has H = 0, i.e., M? is a minimal surface, and due to (6.2.7)
this is possible only if ¢ # 0 and & = sign c. Moreover, ¢ < 0 is not possible here,
because then due to Theorem 4.1.7 this minimal M2 would be totally geodesic, which
contradicts k =1 # 0.

The normal curvature vector of M? is defined as 4(X, X), with | X || = 1 (see, e.g.,
[SchStr35], B. II, Section 10). For X = ey, onehas hy/v = H+ A cos 2¢+ B sin 2¢,
due to (6.1.3). For subcases (a) and (b), it reduces to

hyy = ez + k(eq cos2¢ + e5sin 2¢), (6.2.9)

and therefore the normal curvature vector has constant scalar square 4¢k”> — ¢ at
every point x € M2, ie., M?isan isotropic surface (cf. O’Neill [O’N 65]); moreover
H?> =3K —c.

In particular, if s = 0, i.e., for a semiparallel M 2in N (c),onehasez =¢e =1,
and one can make o = +/3k% — ¢, by replacing e3 by —es3, if needed.

For subcases (c) and (d), e4k* — H?> — ¢ = 0, and hence SZ% =0, QZ = QZ =0;
ie., M?%is locally Euclidean and has flat normal connection V-1 and thus flat V.

Recall that in subcase (e), M? is totally umbilic, and in subcase (f), totally
geodesic.

The above analysis can be summarized as follows.

Theorem 6.2.1. Let M? be a semiparallel surface, obtained by an isometric immer-
sion of a two-dimensional Riemannian manifold into ; N" (¢) such that the regularity
assumptions are satisfied. Then it can be characterized for subcases (a)—(f) of Ta-
ble 6.1.1 as follows:

(a) M?is isotropic (cf. O’Neill [O’N 65]),n > 5, the first-order normal subspace
of M? is three-dimensional and has definite metric (positive or negative), and
moreover, H?>=3K —cat every point x € M2;

(b) M? is a minimal isotropic surface of Gaussian curvature K = %c > 0;

(c), (d) M? has flat V;

(e) M? is totally umbilic;

® M? is totally geodesic.

Note that due to Proposition 3.1.2, the totally umbilic M? of subcase (e) is a
parallel surface, as is the totally geodesic M? of subcase (f).

For the geometric description of the semiparallel surfaces of subcases (c) and (d),
Theorem 4.5.5 can be used, according to which every semiparallel submanifold is a
second-order envelope of parallel submanifolds. It remains to describe the parallel
surfaces of subcases (c) and (d), i.e., with flat V.

For these surfaces / = y = 0; therefore, (6.1.9) and (6.1.10) give

hy=hy=a, hi,=0, hjy=B+k hyp=p—k #r,=0#n}=0,
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where p € {5,...,n}. Now the parallel condition (3.1.1) reduces to the following
essential equations:

Thus for these parallel surfaces one has
dx = ejo' + er0?, dey =hiw!, dey = i,

where h}, = ae3 + (B +k)es — cx, h}, = ae3 + (B — k)eq — cx. Since for subcases
(c) and (d) e4k* — H? = 0, it follows that g4 (k* — B2) — ea> = 0; hence

dhi, = _(th)zelwl, dhy, = —(h;2)2eza)2

with constant (h“fl)2 and (h;z)z. Therefore, each such parallel surface is a product of
two plane curves of constant curvature, defined by ' = 0 and »? = 0.

The result can be formulated as follows (cf. Theorem 3.6.1 and Examples 4.5.2
and 4.5.4).

Proposition 6.2.2. The only parallel spacelike curves in ¢ N" (c) are the plane curves
of constant curvature. Every surface of Theorem 6.2.1 which has flat V but is not
totally geodesic, is a second-order envelope of products of such curves.

A more detailed description of the isotropic semiparallel surfaces of subcases (a)
and (b) will be given in the next section.

Remark 6.2.3. The subspace span{A, B} has a good geometric interpretation. At a
pointx € M 2_consider the normal curvature vectors h(X, X), for all tangent vectors
X with || X|| = 1; their endpoints describe the normal curvature indicatrix (see
[SchStr 35], Vol. II, Section 12). Due to (6.1.8), the indicatrix is generally an ellipse
whose plane has direction span{A, B} and goes through the endpoint of the vector
H, with startpoint placed at x; it could also be a degenerate form of such an ellipse
(a line segment, if m| = 1, or a point, if m; = 0). The adaptation (6.1.8) means that
e4 and es are directed along the axes of symmetry of this ellipse with semiaxes k and
[ (see [Ca 60]).

For subcases (a) and (b), this ellipse is a circle, and this characterizes the isotropic
surfaces, if this holds at every point x € M?.

Remark 6.2.4. If c = 0 and s = 0, then Theorem 6.2.1 reduces to a result of Deprez
[De 85]; the proof given above is more direct, and it also covers the general case of
c#0ands > 0.

6.3 Veronese Surfaces

The most general and also most interesting case in Theorem 6.2.1 is, of course,
subcase (a). Note that in all other subcases the semiparallel surface M 2 has inner
metric of constant curvature.
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This subcase (a) can be characterized by the property that the first-order osculating
subspace of the surface M? has maximal possible dimension 5 at every point x € M?.
If s =0,1i.e.,if e3 = ¢ = 1, the following assertion holds.

Proposition 6.3.1. If a semiparallel surface M? in N"(c) belongs to subcase (a) of
Theorem 6.2.1 and lies in an N°(c¢) C N"(c), then it is a parallel surface and lies in
a four-dimensional space form.

Proof. For such an M 2 equations (6.1.9) and (6.1.10) reduce to

w? =oca)l, a)‘ll = ka)l, a)? = ka)z, a)f =0, (6.3.1)
w% = ota)z, a)‘z1 = —sz, a)g = ka)], a)g =0, (6.3.2)

where a = +/3k? — c. Taking exterior derivatives and applying the structure equa-
tions and Cartan’s lemma, one gets

1 1
—Edlnk:k1w1+k2a)2, —(Zw%—wi):—kza)l—}-kla)z, (6.3.3)

;{%_klw — kya?, 3kw3—k2a) + ko, (6.3.4)
o o
—of + o) =plo' + pie’.  —of —of = pio' +pie’.  (635)

k k

a)g = pga)1 + pga)z. (6.3.6)

The same procedure applied to the equations in the first two rows above leads to

1
dk) = k2w12 + [,ok% — ak12 + %(4711 — 712)] w

1
okiky + —m3 | @?, (6.3.7)
12
2 1 1
dky = — kiwy — | pkika + EJ‘B
2 2 1 2
+ | pky —oky + %(4712 —m) | o, (6.3.8)
where
o= i01—2(2812 5¢), o= iorz(zzkz —5¢)
10 ’ 10 ’
@ =3a"2(5k* — 0),
and

Tl =PIP3 — P32 =PaPs —P3, T3 = PiPs — P2p3; (6.3.9)
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here p, = egpg (a €{1,2,3,4}), and p,py = ggnpg pZ are scalar products.

If this M? lies in an N7(c), the set of values of & is empty. Then (6.3.7) and
(6.3.8) can be used (in general they are useful also for n > 5, below) after exterior
differentiation to obtain

ki[50a* + 3(252k + 215¢) (k} + k)1 =0; i =1,2.

Here either ki = k» = 0, and thus £k = const, or else [...] = 0. It turns out that
this last case also leads to k = const. Indeed, by direct calculation, d (k% + k%) =
ko (k% + k%)dk; applying the hypothesis [...] = 0 and taking derivatives, one gets
P(k)dk = 0, where P (k) is a quartic polynomial in k with constant coefficients and
leading term 23 - 32 . 511k%.

Hence (6.3.3), (6.3.4) reduce to

k =const, wj=w;=2w —w]=0. (6.3.10)

The differential system consisting of » =0t = =0, (6.3.1), (6.3.2) (for
n = 5), and (6.3.10) is totally integrable, since an easy computation shows that
the covariant equations obtained by exterior differentiation are satisfied due to the
equations of the same system. Hence the surface M? lies in N°(c¢) and depends on
some arbitrary constants.

Since from (6.3.1), (6.3.2)

3 . 4 4 4 .
hi; =adij; by =—hy =k, hj;=0;
hy=h3 =0, hi,=k 63.11)

substitution into (2.2.2) shows immediately that _Vh;?‘j = 0, i.e., the surface M? is
parallel.
For such an M2, dx = elo! + eza)z,

de| = eza)% + k(esw' + esw®) + H o',

dey = — ela)% + k(—es® + esw') + H o2, (6.3.12)
where H* = —cx + ae3, and
dey = — k(ela)l — eza)z) + Zesw%,
des = — k(ej0* + eqw') — 2es07, (6.3.13)
dH* = — (H")?(e10" + e20?), (6.3.14)
where (H*)? = ¢ + o? = const. Now the point in » E° with radius vector z =
x + ﬁH * is a fixed point, because dz = 0; and 7 — x has constant length 3k2.

This ends the proof.
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Remark 6.3.2. In the case ¢ = 0 Proposition 6.3.1 reduces to the main result (for
m = 2) of [Lu 89c], which was reproduced afterwards in [Lu 99a]. Here the hypoth-
esis ¢ = 0 implies considerable simplifications: p = %, o = %, ¢ = 5; see the
proof of Proposition 2 in [Lu 99a], where the case s > 0 was also treated. For the last
case from (6.2.7) with ¢ = 0, it follows that e3 = &, so that only s = 3 is possible.
An extension to the case ¢ # 0 (and s = 0) was then given in [Me 91], [AM 94],
where the proof for subcase ¢ < 0 is indirect and uses a classical result of Bel-
trami about differential parameters of a surface. The proof given here is taken from

[Lu 2000a]; it is more direct and does not depend on the sign of c.
The converse to Proposition 6.3.1 also holds.

Proposition 6.3.3. If a semiparallel surface M* in N"(c) belongs to subcase (a) of
Theorem 6.2.1 and is parallel, then it lies in a four-dimensional space form.

Proof. From (6.3.1, (6.3.2) it follows that (6.3.11) and hfj = 0 hold. Substituting
this into the parallel condition (3.1.1) gives dk = 0} = w3 = o] — 20} = 0.
Therefore, (6.3.12)—(6.3.14) hold and give the asserted conclusion, as in the proof of
Proposition 6.3.1 above.

The situation is also similar for subcase (b).

Proposition 6.3.4. If a semiparallel surface M? in N"(c) belongs to subcase (b) of
Theorem 6.2.1 and lies in an N*(c) C N"(c), then it is parallel.

Proof. In subcase (b), « = 0, and thus due to (6.2.7), k=1 = %c = const # 0.
Now (6.1.9) and (6.1.10) reduce to

Here the outer equations can be joined together into a)‘f> = a)g’
{3,6,...,n}.

= 0, where ¢ €

If this M? lies in an N*(c), the set of values ¢ is empty and these outer equations
disappear. The remaining equations lead after exterior differentiation to the single
condition Zw% - a)i = 0, which by exterior differentiation gives an identity. Hence
this surface M?> which is contained in N*(c) depends on some arbitrary constants.

Now ht, = h3, = h3, = 0, h}, = —h3, = h3, = k = const, and substitution
into (2.2.2) shows immediately that _Vh?;. = 0, i.e., the surface M? is parallel, as
asserted.

Remark 6.3.5. In subcase (b), for H* one has H* = —cx, where ¢ = 3k% > 0. Now
considering the surface M 2 in the outer version, and using in £ n+1 the frame bundle
introduced in Section 1.4 and adapted to M 2 then x = —ﬁenﬂ, and therefore

H* = \/Een+1 = k\/§€n+1.
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For the surface M2 of Proposition 6.3.4, the formulas (6.3.12) and (6.3.13) can
be used. Here the first of them are

de) = ero} + k(esw' + esw?) + kv/3ep 10!,
der = — ela)f + k(—e4w2 + esa)l) + kx/ge,,+1a)2.

They show that the situation is the same as in Proposition 6.3.1 for ¢ = 0, except that
the subscript n + 1 must be replaced by the subscript 3, which is unrestricted here.
The conclusion is that subcase (b) can be subsumed under (a) by replacing the
ambient space form by its outer Euclidean space.
Note that the situation above was analysed already in [Lu 89c]; see Remark 6.3.2.

Using the results of [Blo 86], one can give a full characterization of the above-
considered parallel surface M2, when it is complete and connected. Namely, in [Blo
86] there is shown, in particular, that if a parallel complete connected Riemannian M 2
in E" or (E™ (s > 0) is planar geodesic (i.e., each of its geodesics lies in a 2-plane
of E" or (E"), then this M 2 is a Veronese surface, a surface homothetic to the image
of the isometric Veronese immersion

xe§? 1 CR3—>L(x-5(—I3)es0(3)
3 J6 ’
where s0(3) = {A € s1(3,R) |'A = A} with (A, B) = tr(A, B) in R, or

x € H? (—l> CcR > L(x K+ 1) € 50(1,2)
3 1 \/6 s s
where *x ='xI 7 and so(1,2) = {A € sI(3,R) | [1 2" Al » = A} with (A, B)
—tr AB in 3R>. The image of SZ(%) is minimal in $*(1) and the image of H2( —
is minimal in 2H4(—1).
This leads to the following.

22

Corollary 6.3.6. A semiparallel complete connected surface M* which satisfies the
conditions of Proposition 6.3.1 or 6.3.4 is a Veronese surface.

Indeed, it remains to show that this M? is planar geodesic.

The differential equation a)% = y1o' + yrw? determines, for every initial condi-
tion, a frame field on M? for which y is the geodesic curvature of the curve defined by
®? = 0. Let this curve be a geodesic, i.e., let y; = 0. Since for this curve dx = ¢ !,
de; = (kes + H") ', d(kes + H*) = —[k* + (H*)*]ej", due to (6.3.12)—(6.3.14),
the curve lies in a 2-plane spanned at the point x by vectors ey, keq + H*.

The case of Proposition 6.3.4 is then already covered as a special case, as men-

tioned in Remark 6.3.5.

Remark 6.3.7. The geodesic curve just considered has curvature \/k% + (H*)2, which
is a constant 2k. Hence it is a circle.

Note that these Veronese surfaces are the same as in case (2) of Theorem 3.3.1
form = 2.
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6.4 Second-Order Envelopes of Veronese Surfaces

The results of the preceding section make it possible to interpret the semiparallel
surfaces of the most general subcase (a) of Theorem 6.2.1 as second-order envelopes
of Veronese surfaces, via Proposition 4.5.1. Due to (6.2.8) the Gaussian curvature
of Veronese surfaces is K = ek?. Here K is constant for each separate Veronese
surface, but it could vary for the different members of the envelope. The question
then arises, what is the nature of the function K on such an envelope?

This problem will be investigated here in the (pseudo-)Euclidean space ;E", i.e
supposing that ¢ = 0. Recall thatin E° the envelope reduces, due to Proposition 6.3.1,
to a single Veronese surface. In E° there exist nonparallel second-order envelopes of
congruent Veronese surfaces, as was shown in [Ri 91]. Afterwards in [Lu 96a], the
same was shown for SE6 (and in {N°(c)), where s is 0, 3, or 4, and in [Lu 99a] also
for such envelopes of noncongruent Veronese surfaces.

The most general result, established in [Lu 99a], is the following.

Theorem 6.4.1. In (E there exist holomorphic semiparallel surfaces, depending on
one holomorphic function of two real arguments, which are second-order envelopes
of Veronese surfaces (here necessarily s € {0, 3, 4, 5}). Each two-dimensional holo-
morphic Riemannian manifold M 2 can be immersed isometrically into (E' as such
a surface.

Proof. To equations (6.3.7), (6.3.8) four equations are to be added, which follow
from (6.3.5), (6.3.6) by exterior differentiation:

8p; —3pswt =qjo' +q30° — (p} +6p3)0. (6.4.1)
5p5 + (P} — 2P0} = g5 0" +g50? + GBps — 2p5)0, (6.4.2)
5ps — (p —2p5)et = g50' + g5 + (Bps —2p5)0, (6.4.3)
8p; + 35w = qi0" + g’ — (p§ — 6p3)0, (6.4.4)

where 8p;, = dpg + pio] and ¥ = kjo' + kao? = —3dInk.

The differential system consisting of the equations 0’ = o* = @® = f =0,
(6.3.1)—(6.3.8), (6.4.1)—(6.4.4) is not (yet) involutive; therefore, exterior differentia-
tion must be used once more. Most of these equations give identities, except (6.3.7),
(6.3.8), (6.4.1)—(6.4.4).

The last four groups yield the following covariant exterior equations:

65 + (45 +645)91 A o' +165 + (45 + 645)01 A w? =0, (6.4.5)
105 — 3g5 —245)91 A ' +165 — Bq5 —2¢5)P1 A =0, (6.4.6)
105 — Bq5 — 2691 Ao +16; — Bqf —2¢5)91 A w? =0, (6.4.7)

05 + (g5 + 60591 A o' + 165 + (¢f +645)91 A w? =0, (6.4.8)
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with secondary forms 05 = dqg + qg wf, - rf w%, where

ri=4q5, 15 =3¢5—q), r3=20q;—q), ry=4q5—3, r5=—4q.

Equations (6.3.7) and (6.3.8), if treated similarly, do not give exterior equations,
but reduce to two algebraic equations
b |2+ et + 1) + £ 29m, +24m5)
: 25 TR 50 :

1 1 2 1
okems — 357 + 572~ R ( )

ko 112+ 2 e 112 + £ 24my +29
2 +—256( T+ 2)+—50( 71 + 297m7)

1 1 2 1
ks — — L s — —m31 =0, 6.4.10
oK1 = 3572 + 5712~ 1573 ( )

where k1, k> and 7, 7o, 3 are given by (6.3.3) and (6.3.9), respectively, and

T =P2g4 + P4d2 — 2p3q3 — 3k1 Q1,712 = Pags + Pads — 2p3q4 — 2k2 01,
721 =P3q1 + P143 — 2p2q2 — 2k1 02, 722 = P3q2 + P194 — 2p2q3 — 2k2 02,
731 =P4aq1 + P194 — P3q2 — P2q3 — 2k1 O3,

732 =P4q2 + P15 — P34z — P2qs — 2k2 03,

Q1 =2p1p3 + p2ps — 3p3 — 3p3 — P3.

Q2 =pip3 + 2p2ps — 3p3 — 3p3 — P1.

Q3 =Pp1p4 + 2p3p4 + 2p1p2 + 3p2ps.

After differentiation, these algebraic relations (6.4.9), (6.4.10) lead to a system of
two linear equations, which relate to each other the secondary forms 95 of the exterior
system (6.4.5)—(6.48), the form w% and the basic forms o', w?. The dependence on
the latter two will be indicated indirectly below by (mod w!, w?). Writing the scalar
products componentwise, using ez e, = €gdg,, these linear equations are as follows:

> el8p36; — (16p5 +7p)65 + 8pf +9p)e5 +3p36; — 5pi65]+ St
3

= 0(mod 0, ?), (6.4.11)

> ecl8p505 — (16p5 +7p5)0; + 8p +9p3)65 +3p365 — 5p3671+ S0
&

= 0(mod ', w?), (6.4.12)

where S1 and S, are some nonzero polynomials of &, ki, k; and of the components
of pa, qp.
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The investigation of the Pfaffian system defining the above semiparallel surfaces
M? is reduced now to the study of the system of covariant exterior equations (6.4.5)—
(6.4.8) and of the last two linear equations for the secondary forms 05 and the new
secondary form a)f

Let n = 7. Then £ takes values in {6, 7}. Provided 64p$p$ — 25p%p$ # 0, one
can solve the linear system (6.4.11), (6.4.12) with respect to 0]6 and 956, and obtain
(mod l, a)z) their expressions as linear combinations of 926 , 936 , Qf , 917, e, 957 , and
a)%, where the coefficients are some rational functions of the coefficients on the right-
hand sides of (6.3.3)—-(6.3.6), (6.4.1)—(6.4.4).

These expressions are then substituted into the four exterior equations (6.4.5)—
(6.4.8). After that, the latter contain nine secondary forms a)%, 926, 9?, 92, 917 s 957 .
The 8 x 9 matrix of the corresponding polar system (for some values u!, u* of ',
®?) has an 8 x 8-determinant with a zero block and therefore equal to the product of
two 4 x 4-determinants, both nonzero in general. For instance, one of them is

u w2 0 o0
0 u' u? o0
0 0 u' u?|” (u1)4
0 0 0 u

Thus the first Cartan character is s; = 8. It follows that the second Cartan character
is 5o = 1, and hence s; + 2s» = 10.

It suffices to show that the general integral element of the above system with basis
o', w? depends on 10 independent parameters. Then the Cartan criterion is satisfied
(see [Ca 45], Section 85) or, equvalently, equality holds in Cartan’s test inequality
(see [BCGGG 91], p. 140). To show this, Cartan’s lemma is applied to the exterior
equations (6.4.5)—(6.4.8) for basis o', w?. Since & takes the two values 6 and 7, this
gives 12 new coefficients before o', w*inthe expressions of 495 e 955 . Substituting
the latter into (6.4.11), (6.4.12) gives two expressions for w% as linear combinations
of !, w?. These expressions must be equal, thus there are two linear dependencies
among these new coefficients. Therefore, the number of independent coefficients is
actually 10.

The first assertion of Theorem 6.4.1 is hence true.

To verify the second assertion of Theorem 6.4.1, one has to observe that the above
system does not set any condition on the Gaussian curvature K = ek of the two-
dimensional Riemannian space M 2 to be immersed. Indeed, this system involves
conditions only on the quantities determining the immersion.

6.5 The Case of a Singular Metric

For a spacelike M? in {N"(c) with s > 0 the metric regularity conditions of Sec-
tion 6.2 may not necessarily be satisfied. In this section it is assumed that the first-
order normal subspace span{h;;} = span{A, B, H} has constant dimension n; on
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M2, 1 <m 1 < 3, and at every point x € M2, it belongs to a three-dimensional
subspace of the normal space Tle 2, with Lorentz metric, and that the subspace
span{A, B} has constant dimension mg, | < mg < 2; moreover, at least one of the
spaces span{A, B, H} and span{A, B} has singular metric.

For the subspaces of a Lorentz space, especially for the one-dimensional ones,
terminology familiar from relativity theory will be used. If such a one-dimensional
subspace is spanned by the vector e # 0 and e > 0,ore? < 0,ore? =0, then
it is called, respectively, spacelike, or timelike (the regular case), or lightlike (the
singular case).

6.5.1 The subcases where span{A, B} has singular metric

Let us consider first the general case, where m| = 3, my = 2, supposing here that
the three-dimensional span{A, B, H} is Lorentzian, thus regular, and that the two-
dimensional span{A, B} has singular metric (which does not vanish completely, due
tomgy = 2).

Recall that the tangent part {e;, e} of the orthonormal frame can be chosen so
that (A, B) = 0, and here A, B can be interchanged (see Section 6.1). Singularity of
the metric on span{A, B} leads to (A, A)(B, B) = 0, where only one factor can be
zero, since this metric does not vanish completely.

One may assume (B, B) =0, (A, A) # 0.

The part of the frame in the Lorentzian first-order normal subspace can be adapted
so that (6.1.8) holds as before, only now this part is no longer orthonormal but must
satisfy the conditions

(ea, es) = (es, e5) = 0; (6.5.1)

moreover, e3 and e4 can be chosen so that
(e3,e4) = (e3,e3) =0, (e, eq) = (e3,e5) = 1. (6.5.2)

Note that e3 and e5 may be replaced by Ae3 and A~ !es, respectively, for every A # 0.
This leads to H% = B2 + 2ay.
The formulas (6.1.9), (6.1.10) hold as well, but now due to (1.2.4),

w 0, a)% = —w,, a)fl = —w (6.5.3)

w l [

[0)

[SYUSEEN S Y )
|

)

o=~} @ =~
3.
) 3

AR =

a)g =0, w]=-o03, a)g‘ =0, o=-o (6.5.4)

where i € {1, 2}. Therefore, due to (6.1.9), (6.1.10), and (2.1.8),
—Q =0 =K - H* —c)o' Ao?, —Q}=Q) = 2klw' Ae*;  (6.5.5)
the remaining QZJ s 95 are zero.

The semiparallel condition (4.1.2) reduces to a system whose only essential equa-
tions are
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kla =0, (6.5.6)
k(k* — H> —¢) =0,
1QK> + kB — H> —¢) =0,
1Q2k* —kB — H?> —¢) =0, (6.5.7)
where the last equation can be replaced by
kig = 0. (6.5.8)

In the general subcase above, with m| = 3, mg = 2, one has okl # 0 in (6.1.8)
(see (a) in Table 6.1.1). Comparing with (6.5.6) gives the following.

Proposition 6.5.1. There exists no semiparallel spacelike surface M? in {N" (c) with
three-dimensional Lorentzian first-order normal subspace, whose normal curvature
indicatrix spans a two-dimensional plane with singular metric.

Next, let span{A, B} be two-dimensional and have singular metric, as before, but
let span{A, B, H} coincide with it. This is subcase (b) of Table 6.1.1, thus ¢ = 0,
kl # 0. Here equation (6.5.8) gives B = 0, and the previous equations lead to
k* — H? — ¢ = 2k* — H?> — ¢ = 0, which are impossible for k # 0. This implies the
following.

Proposition 6.5.2. There exists no semiparallel spacelike surface M?* in ¢N"™(c)
whose normal curvature indicatrix spans a two-dimensional plane which coincides
with the two-dimensional first-order normal subspace and has singular metric.

Now let span{A, B} be one dimensional, i.e., myp = 1, and have singular metric.
Then (A, B) = A% = B? = 0, and (6.1.7) shows that (A’, B’) = 0 independently
of ¢; thus the tangent part of the adapted frame is free, and it can be used to make
A’ = 0 according to the first equation (6.1.6). Having done this, one can use the
above frame with (6.1.8) and k = 0. This implies B # 0, since my = 1, and thus
I # 0. Therefore, the semiparallel conditions (6.5.6)—(6.5.7) reduce here to a single
condition H? 4+ ¢ = 0 (which is equivalent to 82 + 2ay + ¢ = 0). All this implies,
via (6.5.5), that all Q7, Qb are zero, i.e., the surface M2 has flat V.

More detailed geometrical description of these M? can be given by considering
the corresponding parallel surfaces. This will be done for the special case ¢ = 0,
i.e., in (pseudo-)Euclidean space ¢E". Then H 2 = 0 and hence both B and H are
lightlike.

Let span{A, B, H} = span{B, H} be two dimensional. Then m; = 2 and one
gets subcase (c) of Table 6.1.1. The lightlike B and H are noncollinear here, and
hence span{B, H} has regular metric. Since A = 0, the frame vector e4 is now free,
together with ez, which can be taken collinear to nonzero H. This gives o # 0,
B=y=0.

The parallel condition (4.1.2) reduces to the following essential equations:

= a)g1 =w; = a)i = a)i =0, (6.5.9)



6.5 The Case of a Singular Metric 111
dl =1}, do=—aw; (6.5.10)
therefore d(«/) = 0. Due to these equations, and also due to (6.5.3), (6.5.4),

dx = ela)1 + eza)z,
— 1 2 __ 1 2
dei =aezw + lesw” = Ho' + Bw?,
_ 2 1 _ 2 1
der =aezw” + lesw = Ho” + Bw',

dH = — (al)(e1o” + exw"), dB = —(al)dx;

therefore the parallel surface M2 is contained in a four-dimensional Lorentz space
1E4 C sE™, spanned at the point x by vectors e, e, H, and B. Moreover, for
20 = x + (al)~! B, one has dzy = 0; hence the point with radius vector zg is a fixed
point. Duetox = zo— (al)~'B and (B, B) = 0, the surface M? lies on the light cone
C3 C | E* with vertex at this fixed point. Note that span{A, B} = span B is directed
along a generator line through x of this cone C3 and the mean curvature vector H is
parallel to a different generator line.

Lastly, let span{B, H} be one-dimensional. Then m; = 1 and one gets subcase
(d) of Table 6.1.1. Hence one has « = = 0 in (6.1.8).

The parallel condition (4.1.2) now reduces to the following essential equations:

Lol A5 )

3_ 4 _ &
w (1)5—(1)5—(1)5—0»

dy = —yei, dl=-lws;

hence for yl 1 = j one has dh = 0. Due to these equations, and also due to (6.5.3),
(6.5.4),

dx = ela)] + eza)z,

dey :l(ha)1 +a)2)e5, der = l(a)1 +ha)2)65, d(les) = 0.

Therefore, the parallel surface M 2 is contained in a three-dimensional semi-Euclidean
space, spanned at the point x € M? by vectors e1, e, and les, the latter being constant
with zero length squared.

Here dw! = dw? = 0, and at least locally o' = dul, v? = du®. Consequently,
e] = X1, ey = X3, where subscripts on the vector x denote partial derivatives with
respect to the variables u', u?. Further, x;; = xon = yes = H, x;p = les = B,
X111 = X112 = X122 = X220 = 0, where H = hB, h = const, and B is a constant
vector with zero length squared. Therefore, this parallel M? can be represented by
the equation

2

1
X = E[h(ul)2 + h(uz)2 + 2u1u2]B + clu1 + czuz,

where ¢ and ¢; are constant vectors, noncollinear like x| and x». (Note that here the
absolute term has been made zero by exchanging the initial point).
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Thus with respect to affine coordinates ul, u?, v in the three-dimensional semi-
Euclidean space with basis vectors ¢, ¢3 and %B, the parallel surface M? has the
equation

v =hlw"H? + @>?] + 2u'u?

and therefore is a paraboloid, elliptic or hyperbolic. Note that the basis vector along
the v-axis has zero length squared and therefore has singular direction of the semi-
regular metric of the semi-Euclidean space containing the paraboloid. The same
direction is singular also for the paraboloid as a quadric surface.

6.5.2 The subcases where span{A, B} has regular metric

In this case, span{A, B, H} must have singular metric. Here, too, only the case ¢ = 0
will be considered.

Consider first the subcase with mo = 2. Then m must be 3. Therefore, subcase
(b) is impossible, and only (a) can occur. Taking the frame vectors e3, e4, and e5 so
that (6.1.8) holds, it follows that (e3, e3) = (e3, e4) = (e3, e5) = 0, and, as before,
(eq, e4) = &4, (es, e5) = &5, {e4, es) = 0. Here one needs to choose one of the next
frame vectors, e.g., eg, so that (es, eg) = (e5,e5) = (e, €¢6) = 0. It can also be
assumed that (e3, eg) = 1, which requires that n > 6. If n > 6 then the remaining
frame vectors ez can be chosen to make an orthonormal basis.

After differentiation, these conditions on the frame vectors give

a)l3 = — a)i(’ =0, a)i = —840)?, a)ls = —e5a)l~5, a)é = —a)?,
a)gt = a)g =0, 84wg = —85(1)2, a)g = —wg,
a)i = — 84a)g, a)g = —850)2, a)g = —840)3‘, a)g = —Esa)g.

An easy calculation shows that for the curvature 2-forms, the formulas (6.2.1), (6.2.2)
hold with only the difference that now, due to €3 = 0, one has H 2= 84/32 + &5 yz.

The semiparallel condition (4.1.2) reduces to the same system as in Section 6.2,
and yields similarly 8 = y = 0; thus H> = 0, which implies 2e4k? + e5/> =
cak? 4 2e512 = 0. This is in contradiction with kI # 0 and €465 # 0. Therefore,
subcases (a) and (b) are impossible here.

Now consider subcase (c¢) of Table 6.1.1, where mg = 1 and m; = 2. Itis
assumed here in subsection 6.5.2 that the one-dimensional span{A, B} has regular
metric (i.e., space- or timelike) and that the two-dimensional span{A, B, H} has
singular metric. Thus the one-dimensional regular span{A, B} is spacelike, where A
and B are collinear vectors. Making, as before, (A, B) = 0 with interchangeable A
and B, one can get B = 0 and use the above frame with (6.1.8) and/ = 0, « # 0;
but now g3 = 0, &4 = 1, and thus H? = ,32. Moreover, one can make y = 0.

Now the semiparallel conditions of Section 6.1 can be used, and they give a single
essential equation k? — H? = 0, which implies /32 = k% and QZJ = Qg =0,ie, V
is flat and either 8 = k or 8 = —k.
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For a geometrical description of a semiparallel M2 in this subcase, the correspond-
ing parallel surfaces can be considered. By Theorem 4.5.5, a semiparallel surface
M? is the second-order envelope of these surfaces.

First set B = k. Then the parallel condition (4.1.2) reduces to the following
essential equations:

2_ 4 _ 3 _ £ _ £ _
o] =wy =wy =w, =w; =0,

dk=0, da=—aw;.

These equations imply via (6.5.3), (6.5.4) that

dx = ela)1 + eng,

dey = (H + A", dey = (H — A)o?,
d(H + A) = — 2k)’ei0', d(H—A)=0.

Here H+ A = ae3+2kes has aconstant length 2k, and H — A = «e3 is a constant
lightlike vector. It is seen that the integral curves of w* = 0 are the congruent circles
S1(2k) of curvature 2k on parallel Euclidean 2-planes, spanned by the spacelike
vectors e; and H + A. For the integral curves of ! = 0, at least locally w? = ds and
x = ep, X = ae3 = const, and hence these curves are congruent parabolas on parallel
singular (i.e., semi-Euclidean) 2-planes, spanned by the spacelike e and lightlike
constant «es; the axes of these parabolas go in direction of this constant lightlike
vector. The parallel surface is a translation surface of these circles and parabolas.

The other possibility is that k = — 8. The result is the same, only the roles of the
circles and parabolas are interchanged.

Subcase (d) of Table 6.1.1, where m| = mo = 1, is impossible here 6.5.2, because
here in Section 6.5, it is assumed that span{A, B} and span{A, B, H} do not both have
regular metric.

Summarizing the investigations in Section 6.5, the following theorem can be
stated.

Theorem 6.5.1. If a semiparallel Riemannian surface M? in sN™(c), s > 0, has its
first-order normal subspaces span{A, B, H} contained at every point x € M?* in a
three-dimensional subspace with Lorentz metric in the normal space TxJ-M 2 and at
least one of the subspaces span{A, B, H} and span{A, B} (the latter spanned by the
normal curvature indicatrix) has singular metric, then M*

e s either totally umbilic or totally geodesic, or
e has flat V and is a second-order envelope of parallel surfaces, each of which is,
in the case ¢ = 0, either
(1) a surface on alight cone C3 in Minkowski space, such that its normal curvature
indicatrix is a segment of a generator of C3 and its mean curvature vector is
directed along another generator, or
(2) a paraboloid in three-dimensional semi-Euclidean space, such that the sin-
gular direction of this paraboloid (as a quadric surface) is singular also for
the metric of the space, or
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(3) a translation surface of circles and parabolas, the latter on parallel semi-
Euclidean planes, whose singular direction coincides with the direction of
diameters of the parabolas.

Remark 6.5.2. Here the question arises: Do there exist nontrivial second-order en-
velopes of the parallel surfaces (1), (2), or (3), which do not reduce to a single parallel
surface? This problem was treated in [Saf 2001] and solved affirmatively.

6.6 Semiparallel Timelike Surfaces in Lorentz Spacetime Forms

Let M? be a semiparallel timelike surface in a Lorentz spacetime form | N (c). The
aim is now to classify and describe geometrically all such M? (see [Lu 97b]).

The frame bundle adapted to such an M 2 (see Section 2.1) will be used here, so
that the tangent part {eq, e} of the frame is orthonormal,with g1 = —1, go» = 1,
g12 = 0, and therefore due to (1.2.4) one has

w}:a)%zo, W, = 7.
This part can be transformed according to
e} = ¢ei(e1coshg + exsinhp), €} = e2(e; sinh ¢ + ez cosh ),

22
where e = ¢35 = 1.

Similar to Section 6.1, this leads to a),l2 = €] 82(wf + d¢) and
. 1 .
hi = 5(/111 —hyp) + E(h“ + h22) cosh 29 + hy; sinh 2¢,
/ 1 .
hi, =¢162 E(hu+h22)51nh2g0+hlzcosh2<p ,

1 1 .
= E(—hu + h) + E(h” + h22) cosh2¢ + hya sin 2¢.

Denoting %(hll 4+ hyy) = A, h1p = B, and %(—h“ + hyy) = H, one obtains
A’ = Acosh2¢ + Bsinh2¢, B’ =egje[Asinh2¢ + Bceosh2¢l, H = H.

Hence, as in Section 6.1 at each point x € M?, span{A, B} is an invariant subspace
and H is an invariant vector (the mean curvature vector) in the first-order normal
subspace span{h1, h12, h2o} = span{A, B, H}; moreover,

1
(A", By = &162 |:(A, B) cosh 4¢ + E(A2 + B?)sinh 44 . (6.6.1)
Here a special case can be distinguished, where A = B = 0. Then —h1; = hy2,

hi2 =0,1ie., h;jj = Hg;j, and the surface M?is totally umbilic (if H # 0) or totally
geodesic (if H = 0) (see Section 2.4), thus it is parallel (see Proposition 3.1.2).
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Recall that in the general situation of Section 6.1 there always existed a transfor-
mation giving (A’, B’) = 0. In this section, this is not the case for timelike surfaces,
since —1 < tanh4¢ < 1. Therefore, one has the principal case, when this can be
done, and the exceptional case, when this is impossible, i.e., when the right-hand side
of (6.6.1) is never zero.

The corresponding criterion follows from the inequality

(A, B)* < ;‘(A2 + B2, (6.6.2)

which can be deduced in the following way. Since span{A, B} now lies in a Euclidean
vector subspace, normal to timelike M 2 in 1N"(c) with Lorentz metric, one has
(A, B)> < A%. B%. On the other hand, since (a*> — b?)? > 0 for any two real numbers
a and b, one also has 4a%b? < (a2 + bz)z.

The exceptional case is where equality holds in (6.6.2), and both sides are nonzero.
It turns out that this is equivalent to A = ¢ B # 0, where ¢ is either 1 or —1. Indeed,
let (A, B)? = L(A% + B%)? # 0. Since (A, B) = ||A| - | B| - cosa, this gives
cosla = }1()» + 271+ 2), where A = [|A||> - | B||"2, which in turn implies that
A2 —2(2cos?a — 1)A + 1 = 0 has a real root, whence cosoe = +1 and A = 1. The
converse is obvious.

6.6.1 The principal case

In this case A # ¢B, and by a suitable transformation one can get (A, B) = 0.
Let m; and m( be defined as in Section 6.1. In general the orthonormal frame
bundle can be adapted so that (6.1.8) holds, except that now

1 1
A= E(hll +hw), H= 5(—/111 + h).
Thus instead of (6.1.9), (6.1.10), one now has

a):—ota)l, w?:(k—ﬁ)a)l, w?:—y(o]—i—la)z,

2

W, =aw”’, wé:(k—i—ﬂ)wz, wg:lwl-i-ywz’

W =W

therefore instead of (6.2.1) and (6.2.2) now

QR =Q =(c -+ +H)o' Ao?, —Qf=Q] =2%kio' Ao*; (6.63)

here H? = «? + B2 + y? and all other Q{, Qg are zero.

The particular subcases of the table are the same as in Section 6.1, with the only
difference that here the orthogonal vectors A and B are not interchangable. Therefore,
(c) must be further divided into subsubcases (¢1) with k > 0, [ = 0, where one can
getao = 0, y # 0; and (¢p) with k = 0, [ > 0, where one can make ¢« = 0
B # 0. Likewise, subcase (d) is to be divided into (d;) and (d»), which differ from

the previous ones only by y = 0 and 8 = 0, respectively.
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The semiparallel condition (4.1.2) reduces to a system whose only essential equa-
tions are

kly =0,

k(c — k> +21*> + H*) =0,

I(c —2k> + 1> + kB + H») =0,
l(c—2k>+1>—kB+ H* =0,

where the last one can be replaced by
ki = 0.

In general, when m| = 3, mo = 2 and thus kl > 0, this system leads to contra-
diction, because then 8 =y =0, c — k> + 21> + a®> = ¢ —2k* + > + &> = 0 and
these last two equations give k> + 1> = 0.

In the particular case (b) m; = mo = 2, when o« = 0, the same contradiction
occurs.

In conclusion, the following assertion can be formulated.

Proposition 6.6.1. In subcases (a) and (b) of Table 6.1.1, there are no semiparallel
timelike surfaces M?* in | N"(c).

In the particular cases (c) and (d), when either k > O and [ = 0, or else k = 0
and [ > 0, the above system gives either ¢ — k> + H> = 0, or ¢ + 1> + H> = 0,
respectively.

Due to (6.6.3), Q% =0, Qg = 0 for both these subcases, i.e., V is flat.

In the first subcase one can make « = 0, and thus k2 — g2 = ¢ + y2. Then
hiy = (k—pBles —vyes, hip=0, hyp=(k+ples+ yes. (6.6.4)

Let us consider the corresponding parallel surface. Then the condition (3.1.1)
must be satisfied and leads to

dk=df=dy =} =w]=w; =wi =) =wi =0, Eci6,...,n.

Hence for this parallel surface

dx = ela)l + eza)z,

dey = [kes + (cx — H)o',  dey = [kes — (cx — H)]w?,
dlkes + (cx — H)]| =2k(k — Berw', dlkes — (cx — H)] = —=2k(k + B)erw?,
where the vectors in square brackets are orthogonal due to k* — (¢ + H?) = 0

(see above). It follows that this parallel surface either lies in a 1E4, 2E4, orin a
semipseudo-Euclidean 4-space, spanned at the point x by the mutually orthogonal
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vectors ey, €2, €4, cX — yes, where (cx — ye5)2 =c+ )/2 =k% - ,32 is either (1)
positive, (2) negative, or (3) zero, respectively; here d(cx — yes) = (¢ + yz)dx.
In cases (1) and (2), it can be seen that the surface is a product of two plane curves
of constant curvature. Moreover, the point with radius vector
2y—1
)

z=x—(c+vy (cx — yes)

is a fixed point zg in | E* or 2 E4, since dz = 0. Since (x — z0)> = (c + y?)~!, the
distance between x and z is a constant, c¢g. Hence this parallel surface belongs to an
183(co) C 1E*ortoan 1 H3(co) C 2E*.

In case (3), where ¢ + y2 =k - ,32 = 0, and thus ¢ < 0, the vector cx — yes
is a constant vector with zero length squared, orthogonal to other vectors of the 4-
space. Thus the latter is semipseudo-Euclidean. Here either (31) k — 8 = 0, or (35)
k+p=0.

In subcase (31), when k — 8 = 0, one has

dey = (cx — yes)w', dey = [—(cx — yes) + 2keq]w?,

where cx — yes = pj is, in this case, a constant vector with zero length squared.
Here a)f = 0 implies that, at least locally, o' = du', * = du?®. For the u'-
curves ﬁ = ey, (dd:—lx)z = pi; therefore, x = %pl(ul)2 + pou' + p3, where
P2, p3 are also constant vectors, and hence these curves are congruent parabolas
on parallel semipseudo-Euclidean 2-planes which differ only by translations. Since
d[—(cx—yes)+2kes] = —4k?eydu?, the u-curves are congruent circles of curvature
2k on the parallel planes EZ spanned at x, by e2, —(cx — yes) + 2ke4, and are thus
orthogonal to the 2-planes of these parabolas. Hence the parallel surface here is a
product of such a parabola and such a circle.

In the second subcase (3;), where k + 8 = 0, the roles of the parabola and circle
are interchanged.

The semiparallel surface M 2 of the first subcase withk > 0,1 = o = 0, k*— ,32 =
¢ + y2, is a second-order envelope of these parallel products or translation surfaces.
Its h is diagonalizable, thus its set of lines of curvature is enveloped by the generating
plane curves of these parallel surfaces. Using the Cartan—Kéhler theory of Pfaffian
systems, it can be shown that these semiparallel surfaces (c) exist, depend on 2(n —2)
arbitrary real functions of one argument, and are nonparallel in general (see [Lu 97b]).

In the other subcase with k = 0,/ > 0, one can also make « = 0, and thus

c+1?+ p%+ y? =0, whence ¢ < 0. Then
—h11 = hyp = Bes + yes, hip =les. (6.6.5)
The parallel condition (3.1.1) now reduces to
dl=dp =dy = 0} =] = o =t =0.
Hence for this parallel surface

dx = ela)] + eza)z,
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dei = (cx — eg)o' + (—yo' +1o)es,
dery = — (cx — ,3e4)w2 + (o' + ya)z)e5,
d(cx — Bes) = (c + BPdx, des = (—yo' +1v e — (o' + yo?)es.

It is seen that this parallel surface lies in a o E*, spanned at the point x by mutually

orthogonal vectors ey, e, cx — Bey, es with e% = —1,(cx—Bey)* = —(1*>+y?) < 0.
The point with radius vector z = x — (¢ + B2 N(ex — Bey) is a fixed point zg,
since dz = 0. Since (x — 2)> = —(I> + y?)~!, the distance between x and z is

an imaginary constant i (1> + yz)_%. Hence the parallel surface here belongs to an
1H3(c*) CLE*.

The asymptotic lines of this surface, with respect to the projective structure in
LH3(c*), are defined by a)l(—ya)1 +10?) + o' + ya)z) = 0 or, for general
y # 0, by

[ =2+ )" +yo®lll +/12 + y?)o' + yo*] = 0.
The tangent vectors of these curves are

ef=yer — (I —/I>+yHer,

= —yer+ i+ ?+ydHer

and they are linearly independent if y # 0. For these vectors

def = c*x*[yo' + (= \J2+y))0’ 1 + es\ /12 + y2 [ — 2+ yD)o' + yo?],
des = — *x*yo! + U+ + y)0? ]+ o5y + 201 +/2 + y2)o! +yo?],

where x* = x — z. On the asymptotic lines of the first family,

dx* =y~ leto!, def = —y7l(el)? Fxto!,
and on the asymptotic lines of the second family,

dx* =y~ leso!, des = —y7l(e})? cfxto!,

where (e)? = 211 — /I + y2) < 0, (¢5)? = 21(1 + /1> + y?) > 0. It s seen that
these asymptotic lines are geodesics of | H3(c*), i.e., straight lines of the projective
structure of | H3(c*). Hence the parallel surface here is projectively a quadric. From
point of view of the metric in | H3(c*), it is an orbit of a 2-parametric subgroup of
isometries of | H3(c*).

In case (d) of Table 6.1.1, when y = 0, the asymptotic lines are defined by
2Iw'w? = 0; they are geodesics of | H 3(c*) too; note that here ¢* = c¢. Therefore,
the result is the same: the parallel surface is projectively a quadric. Moreover, since
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these asymptotic lines are orthogonal at each point of the surface, the latter is a
minimal surface of | H3(c).

For all values of y, the semiparallel surface M? here is a second-order envelope
of these parallel surfaces. It is unique up to 2(n — 2) arbitrary real functions of one
argument, and in general is nonparallel (see [Lu 97b]).

The results of this analysis can be summarized as follows.

Theorem 6.6.2. A semiparallel timelike surface M? of principal case in a Lorentz
space-time form 1 N" (c) is the union of the closures of its open subsets, each of which
is either

(1) a special subcase, i.e., a totally geodesic or umbilic surface, or
(2) has flat V and either
(2a) is a second-order envelope of parallel surfaces in 1E", 18" (c), or 1 H"(¢),
and each such surface either
(2a) lies in an 1S3(co) c1E*orinan 1H3(c0) C 2E* and is a product of
two plane curves of constant curvature in 1 E* or o E*, respectively, or
(2a") lies in a semipseudo-Euclidean 4-space and is the product surface of
a parabola with imaginary arclength and diameters in null direction,
and of a circle S'(¢) in a plane E?, orthogonal to the 2-plane of this
parabola, or
(2b) is a second-order envelope in | H"(c) of parallel surfaces, each of which
is projectively a ruled quadric in some { H>(c*), generated by geodesics of
1 H3(c*), one family having real arclength, and the other family, imaginary
arclength.

Remark 6.6.3. There is a subcase of (2b) satisfying (6.6.5), where on each of the
parallel ruled quadrics, two generating families of geodesics are orthogonal to each
other at each point. It follows that M 2 is a minimal surface of | H" (c).

Note that the surfaces of (2a) satisfying (6.6.4) are minimal, i.e., 8 = y = 0, iff
hi1 = hy = /ceq, h1o = 0. Then the surface is totally umbilic in 15" (c).

6.6.2 The exceptional case

The exceptional case is characterized by A = ¢B # 0. Then A’ = ee1e2 B’ for every
¢ and by a suitable choice of €] and &7 (replacing e; by —e; and e by —e3, if needed)
one can make A" = B’. So, one may suppose that A = B # 0.

Here always my = 1. In general, m| = 2 and the normal basis vectors e3 and e4
can be chosen so that

1 1
A=B= §(h11+h22) =hip=kesy, a>0, H= 5(—h11+h22) = ae3t+Peq;
then
hiy = —ae3 + (k — Bles, hip =kes, hyp =ae3+ (k+ Bes

and
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w? = — awl, w? = (k — ,B)a)] + sz, a)f =0, (6.6.6)
a)g = aw?, w§ = ko' + (k + Bo?, wf =0, (6.6.7)

where p € {5, ...,n}. Hence Q% = (¢ + o + B! A &?, Qg = 0, and all other
95 = 0, thus V= is flat.

The semiparallel condition (4.1.2) reduces to a single equation k(c4+a>+82) = 0,
thus to ¢ + a2 + ,32 = 0. Consequently, V is also flat, and it follows that ¢ < 0.

In general ¢ < 0 and the semiparallel surface in this case lies in 1 H" (¢).

Due to the Pfaffian system above,

dx = ela)l + eza)2,
de; = cxaol + eza)f — ote3a)1 + eq[(k — /3)60l + kw2],
der = — cxaw® + elw% + Ol€3a)2 + e4[ka)1 + (k + ,B)wz];

thus the curves with w?> = —w!, considered in » E"*! are straight lines in null

(or lightlike) directions, since for these curves dx = (e; — e, d(eg — er) =
—(er — ez)w%, (e1 — 62)2 = 0. Hence this semiparallel surface in L E" s a ruled
surface with generators in null directions, and it lies in { H" (¢). Using the Cartan—
Kihler theory of Pfaffian systems, it can be proved that this surface exists uniquely
up to the choice of 2n — 5 real functions of one argument (see [Lu 97b]).

For the corresponding parallel surface, the following equations have to be added:

do = dp = v = dk — 2ke; = f = 0] = 0.

Let B # 0. This parallel surface belongs to a o E*, spanned at x by mutually
orthogonal vectors eq, e, e4, cx — ez, with e% =—1, e% = e% =1, (cx —ae3)? =
c+a?2=-p%2<0.

Since d(cx — ae3) = (¢ + ozz)dx = —ﬂzdx, the point with radius vector z =
x+B72(cx —aes) is a fixed point zq for this parallel surface, at the constant imaginary
distance i|8|~! from x. Hence this surface lies in a | H>(c*), where ¢* = —f2.

Its asymptotic lines with respect to the projective structure of | H3(c*) are defined
by hijwiwj =0, i.e., by

(@' + 0?)[(k — Bo' + (k + p)w*] = 0.

One family consists of straight lines in null directions of e; — e>, considered above.
A curve of the other family has tangent vector (k + B)e; — (k — f)e> with length
squared —4kfB # 0, and is noncollinear to e; — e;. Moreover,

dl(k + Bler — (k — Blez] = —B*(x — 2)0 + [(k + Ble1 — (k — Blez]w],

where § = 2a (0! — a)z). Hence these curves are geodesics of | H 3 (c*), i.e., straight
lines of the projective structure of | H3(c*), and so the parallel surface is projectively
a quadric.
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The semiparallel surface M 2 of the exceptional case with m; = 2, mg = 1, and
B # 0in | H"(c) is a second-order envelope of these parallel surfaces.

There is another subcase withm| = 2, mg = 1, namely the subcase where § = 0,
o # 0. Then ¢ + o? = 0, thus ¢ = —a? < 0, and so da = 0.

A semiparallel surface belonging to this subcase is defined by equations (6.6.6)
and (6.6.7) with 8 = 0. Here the treatment can be simplified considerably.

Recall that Q% = 0, thus da)% = 0, and therefore, at least locally, w% = dy.
Now the transformation of the tangent part {e;, e»} of the frame in the adapted frame
bundle (see the introduction of Section 6.6) will be applied. This transformation leads
to a)/l2 = w% + dg, and then to a)/l2 =d( + ¢). Taking ¢ = —/, one gets a)/lz =0,
and it may thus be assumed that w% =0.

For this surface M2 one has dx = ejo! + exw?,

dey = (cx — ae3)a)] + ke4(a)1 + a)z), dey = —(cx — ae3)a)2 + ke4(a)] + a)z),

where do' = dw? = 0, due to a)% = 0, and at least locally o' =du', o* = du?.
Denoting ¢} = e1 + e2, € = e1 — €2, 2du = du' + du?,2dv = du' — du® one
obtains
dx = ejdu + ebdv, de| = 4kesdu + 2(cx — ae3)dv,
(6.6.8)
del, = 2(cx — ae3)du.

It is seen that for the curves with u = const one has dx = e5dv, de, = 0, (€5)* = 0;
thus these curves are straight lines, and hence the semiparallel M 2 is a ruled surface
with generators in null directions. Using the Cartan—Kéhler theory, it can be proved
that an M? of this subcase exists, and is given uniquely up to 2n — 3 real functions
of one variable (see [Lu 97b]).

Here equations (6.6.8) can be partly integrated. Indeed, here ¢ = x, and ¢}, = x,
are the partial derivatives of x. From the last equation it is seen that x,, = 0. Thus
xy = y(u); hence x = y(u)v + z(u). Further, x, = y'(u)v + z’(u) and

Xup = ¥ (1) = 2(cx — aes). (6.6.9)

The integration can be continued for the corresponding parallel surfaces. In fact,
(3.1.1) in addition to (6.6.6) and (6.6.7) implies

dk =0, wé‘:—wi:wé’:wfzo (pef{5,...,n});

thus d(cx — ae3) = 0, since ¢ + o? = 0, and dey = 2ke’2du. Now from (6.6.7),
Xuuy = y"(u) = 0; hence y(u) = piu + pa, where p; and p, are some constant
vectors.

Further, x,, = 4kes, Xy = 8k*x, = 8k*y(u). This implies that 7/ =
8k%(p1u + p»); therefore,

1 1 1
x = (piu+ p2)v + 8k? (ﬁmu“ + 61?2143 + §p3u2 + pau + Ps) ., (6.6.10)

where p3, ps4 and ps are additional constant vectors.
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From here x — 8k%ps = &\ p1 + &2 + £3p3 + E4p4, Where & = uv + $k2u*,
£ = v+ 3k%u3, & = 4k%u?, and & = 8k*u satisfy the equations 2&,&4 — (£3)% —
16k%E; = 0, (£4)% — 16k*&3 = 0. Hence the surface is contained in H{ (r), thus
(x,x) = % is satisfied identically with respect to u and v. It follows that the matrix
of (py, py), . ¥ €{1,---, 5} is

0O 0 0 0 «
0O 0 0 —« O
0O 0 « 0 O
0O —« 0 0 O
k 0 0 0 A,
where & = (64ck?)~! and « is a nonzero real number. Therefore, Ply--.,P51sa

basis of » E°, which contains | H* (c) as a standard model. The equations above show
that the parallel M? is an algebraic surface in this case, namely, the intersection of
two quadrics.

The semiparallel surface M? of the present subcase is a second-order envelope of
these parallel algebraic ruled surfaces.

Now consider the particular subcase with m; = mo = 1, which is characterized
by o = 0.

First suppose B # 0. The geometry of the corresponding semiparallel surface
M? is the same as above, its codimension and degree of arbitrariness are reduced
substantially. Namely, in its Pfaffian system now w{ = wh ‘=0, p €{3,5, ...,n},

/ !
which gives by exterior differentiation that 0] A 0] = @} A} = 0, and hence

wf/ = 0, because a)‘lt and a)‘zL are linearly independent since (k — B)(k + B) — k2 =
—B% # 0. It follows that this M? lies in an | H3(c); and it exists, uniquely up to
one real function of one variable (see [Lu 97b]). Furthermore, it is a second-order
envelope of the corresponding parallel surfaces, which are projective quadrics in
1H3(¢), and it is a ruled surface with generators in null directions.

Finally, let « = 8 = 0. Then ¢ = 0, and hence this timelike semiparallel surface
M? of the exceptional case lies in | E"; and since now H = 0, it is a minimal surface.
Equations (6.6.8) now reduce to

dx = €jdu + ebdv, de| = 4kesdu, dej =0.

Here x, = e’2 = po is a constant vector; hence the curves with u = const on this
M? are parallel straight lines of null direction, so M? is a cylinder. Moreover, now
x = pov + q(u), thus x, = €| = ¢'(u), and hence x,,, = 4key = q".

For a corresponding parallel surface, des = 2ke’2du (see above), which implies
q" = 8k*pyg, and thus ¢ = %kzpou3 + %pluz + pau + p3, where pi, pa, p3 are
some constant vectors. Consequently, this parallel cylindrical surface is given by

_ 423y, 1 >
X = po v+§ku +§p1u + pau + ps.
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Here v + %k2u3 = a = const gives a family of congruent parabolas, and hence the
parallel surface is a parabolic cylinder with generators in a null direction.
The semiparallel M? of this subcase is a second-order envelope of such cylinders.
The results of the analysis for this case can be summarized as follows.

Theorem 6.6.4. A semiparallel timelike surface M? of exceptional case in a Lorentz
spacetime form 1 N" (¢) is the union of the closures of its open subsets, each of which is

(i) a ruled surface with flat V and with generators in null directions, lying in | H" (¢),
and is a second-order envelope of parallel surfaces, each of which is either
* aquadric in some VH3 (™), or
e an algebraic surface, defined by (6.6.10) (intersection of two quadrics) in
some 1H4(c), or
(i) a cylindrical surface in | E" with generators in null direction, which is a second-
order envelope of parabolic cylinders, each contained in some 1 E>.

Remark 6.6.5. As shown for the parallel parabolic cylinder above, each of them con-
tains a family of congruent parabolas defined by v + %kzu?’ = a = const. Similarly,
on the parallel algebraic ruled surfaces defined by (6.6.8), a simple algebraic curve
can be indicated. Namely, adding to (6.6.8) the equation v + %u3 = 0 leads to

x = k*(pou® + 4p3u® + 8pau + 8ps), and thus to a cubic curve.

Remark 6.6.6. As is noted above, the semiparallel timelike cylindrical surfaces M 2
in 1 E" of Theorem 6.6.4 are minimal surfaces. They are not the only semiparallel
minimal timelike surfaces in | N (c) which are not totally geodesic, as seen from
Remark 6.6.3.

These minimal semiparallel timelike surfaces can be considered as objects of
geometrical string theory, which plays an important role in theoretical particle physics
and cosmology.

The fact that a timelike surface with flat ¥ in | E is minimal iff it is a cylinder
with lightlike generators, was proved in [Va 91] (see also [VAW 90]). Corresponding
surfaces in | E” were considered in [Mag 84]. (In some of those references, minimal
timelike surfaces are called maximal or extremal.)

6.7 Spacelike 2-Parallel Surfaces

Among semiparallel surfaces M? in a space form N”(c), a special class consists of
2-parallel surfaces (see Proposition 4.1.5), which will be studied in this section.
First, consider 2-parallel curves; their product surfaces are special cases of space-
like 2-parallel surfaces.
A plane curve in a space form N"(c) is called a clothoid, or Cornu spiral, if its
natural equation is k = as, for some constant a.

Proposition 6.7.1. A 2-parallel curve in N"(c) is a Cornu spiral, either on a plane
N2(c) € N™(c) or on a totally umbilic surface N*(c*) of N"(c).
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Proof. For a curve dx = ela) ; if e is a unit vector, then o' = ds, where s is
the arclength parameter. Now (2.4.1) reduces to de; = h1 1ds, since w} = 0; then
h*l‘1 = h11 — cx, and for a 2-parallel curve k11 # 0. Taking the unit vector e to lie
in the normal subspace, so that 11; = kje;, one obtains dey = (kjex — cx)ds, where
ky is the curvature of the curve, moreover w% = kids. Further, (3.1.2) reduces to
dhyy = —k?eids + hids, where dhyy = d(kiex) = exdki + ki(—wle) + wSeq),
and for a 2-parallel curve, h11; # 0. Therefore,

W2 dky J
= —, se, = wle,,
111 ds 111 4 2°p
where p € {3,...,n}. In general the part e3, ..., e, of the orthonormal frame can

be chosen so that hfnep = kikpe3 for some k. Then
3 4
hiy = kikz,  hij=---= h'1111 =0.
The 2-parallel condition _Vh‘i"j 0= 0, where
c ! ! ! B
Vh;?‘jk = h?}ka)i + hf‘lka)j + hf‘ﬂwk - hijkw%,
then reduces to

d%k; d(kiky) — dky
— ki k? =0, — 4+ —kr=0, kikksz =0, 6.7.1
T2 ik I + 75 1koks ( )

where at least one of and k1ky is nonzero, because Vi # 0.

Ifky #0, 40 2 o k> = 0, then f;s"l = 0, and thus k| = as + b with constant
a # 0and b. The origin of s can be chosen so that » = 0. Hence the curve has the
natural equations k; = as, k = 0 and is a Cornu spiral on a plane of N"(c).

If k1ky # 0O, then k3 = 0. Hence the curve lies in a three-dimensional subspace
N3(¢) € N"(c). The middle equation (6.7.1) is %k;l = —Z%krl and yields
kr = qkfz, where ¢ = const # 0. Substitution into the first equation (6.7.1)
gives ‘Zkzl = q2k1_3; thus k; = +/As? + 2Bs + C with constants A, B, C satisfying
AC — B? = q . A suitable choice of the origin of s makes B = 0, so that

ki =vVAs2+C, k=qki% ¢*>=AC.

Hence g = ¢+/AC, where ¢ is | or —1. Now a straightforward computation shows
that in , E* the point with radius vector

1 A
x0=x+k1 e t¢ 6593

is a fixed point, since dxg = 0. Moreover (xo — x)? = C~! = const. Therefore, this
curve lies on a sphere, whose unit normal vectoris n = k1 (W Cey+en/Ases). Thus
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the geodesic unit normal vector of this curve on the sphere is n, = kl_1 (—evAser +

v/ Ce3z). Now % = kjey has the geodesic normal component —&+/Asng. Thus the
geodesic curvature of the curve is k, = as, where @ = —¢&+/A is a constant. Hence

the curve is a Cornu spiral on a sphere in , E*, which intersects N> (c) along a totally
umbilic surface N2(c¢*). This finishes the proof.

Now consider 2-parallel surfaces.

Theorem 6.7.2. Each 2-parallel surface M? in N"(c) has flat V and is either

e a product of 2-parallel or parallel curves, at least one of which is 2-parallel, or

e a surface in a three-dimensional totally umbilic N3(c*), generated by the
geodesics of N3(¢*) which go in directions of the binormals of a curve in N3(c*)
with geodesic curvature kg = as, and with constant geodesic torsion kg = \/c.

The last surface is often called the B-scroll of this curve, following [DaN 81].

Proof. Since 2-parallel surfaces are semiparallel, Theorem 6.2.1 can be used, but with
subcases (e) and (f) omitted, because totally umbilic surfaces and totally geodesic
surfaces are parallel and therefore not 2-parallel.

It can be shown that in subcases (a) and (b), the surface also reduces to a parallel
one, namely to a Veronese surface.

Due to Remark 6.3.5 it suffices to analyse subcase (a) since it also encompasses (b).

Then (6.3.11) holds, and hfj = 0. Substitution into (2.2.3), considering (2.2.2),
gives the following system of nine equations for superscripts o = 3, 4, 5:

da =koi + b3 o' + hi,0?,

0=kwl + h}po' + hlyo?,
do = — w3 + hipo' + hyo’,
dk = — awi + hij o' + hijo?,
0= —kQw} — w}) + hijpo' + hiyno?,
—dk = — (xa)§ + hdl'zza)l + h;‘nwz,

0=kQw?} — w3) — aw3 + hij o' + 3,0,
0= —kQw} — w}) — aw] + hipo' + hino?,
5 1 5 2

Here dk, a)g, a)g, and Zw% — a)g can be eliminated and, since ! and w? are linearly

independent, this leads to the following 10 relations on the components of VA:
4 4 5 4 4 5
Ry =l =2h1p,  hip = hyp = hip,

4 _ g5 5 4 45 5
2hi = hip —hiy, 2hin = hyyy = hip,
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k(hm 122) O‘(hm h?zz)’ k(h?IZ + hgzz) = —O‘(h?lz - hgzz)»
k() + M) = — 20y, k(hyj, + h3yy) = —2ahiy,,
ki3, =a(hiy + hiy).  3khiy = a(hiy, + hyy).

The 2-parallel condition implies via (2.2.6) that hl i = 0, and thus (2.2.7) gives
Qo hl k= = 0, or, more explicitly,

ht 2+ S 2+ e — Q% = 0. (6.7.2)
Then (2.1.9), together with (6.3.1) and (6.3.2), imply @} = —k*0! A 0* # 0,

Q3 =0, Q5 = Qf =0 (where £ € {6, ..., n}); therefore from (6.7.2) hiy = 0.
Now the above 10 relations imply that h k= h ik = = 0. Moreover, since QS
Qf = Q5 = 0, then (6.7.2) implies /1, = 0. As aresult, all h, = 0, thus Vi = 0,
Hence the surface is parallel; due to Proposition 3.1.7, it lies in an N°(c); and due to
Proposition 6.3.1 and Corollary 6.3.6, it is a Veronese surface, i.e., not 2-parallel.
So it remains to study the surfaces of subcases (c) and (d), with the additional
2-parallel condition. Recall that for these, V is flat, i.e., Q? = 525 = 0; that proves

the first assertion.
For subcase (¢), [ = 0, ak # 0, and one can make y = 0. Therefore,

Wy =hy=a. hl, =0, ki =p+k hly=0. hi=p—k hj=hi =0,
where & € {6, ..., n}. Substitution into (2.2.3), using (2.2.2), gives

3

hllz_h 22—h =" 22—h112—h§22—0
2ka? = hijpo + hiyo?, (6.7.3)
da= (B + ki +hijo', do= (B —koj+hipo?,
aa)g + B+ k)a)f = hf”a)l, aa)3 + (B - k)a)4 = h222w

where p € {5,6, ..., n}. From here, in particular,

2

2koy = —hij o' + h3pe®,  2kel = k0" — 1D, (6.7.4)

Recall that for a semiparallel M 2 in E", in subcase (c) it follows from (6.2.6) that
k> — H?> —c=0,ie., (B+k)(B —k)+a’®+c = 0. After differentiation, this gives

(B =kt 4+ (B +)h3y = — ahdy,. (6.7.6)
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Now apply the 2-parallel condition _Vhf‘j . = 0. In particular, V/3}, = 0 and
Vh?zz = 0 reduce to
3 44 3 .4 3 44 3 .4
hinhin =0,  hyphiyy =0, hiyhiy = hyshis,
which by (6.7.3) and (6.7.4) is equivalent to

2 4
wjwy = 0.

Similarly VA, = 0 and VA{,, = 0 imply wiw) = 0, which all together means that
wiw§ =0.

Here the case a)% = 0 gives the first case of Theorem 6.7.2. Indeed, here 15 = 0,
and by (6.7.3), h112 = h122 = 0. Hence for this surface

dx = ejo' + er0?, dey =hijw!, dey = i,
where the vectors
hi =ae3+ (B+kles —cx, hy =ae3+ (B —k)es —cx

are orthogonal since (h},, h3,) = o>+ B> —k>+c=0.
For these vectors, (3.1.2) and (3.1.3) imply

dnty = (hin — er (b, B!, dhdy = (haos — ex(hly, Iy ).

Differentiation of the last relation gives (h111, h3,) = (h},, h222) = 0.
For h; i, a formula anologous to (3.1.2) holds, but with an additional lower index.
Here the 2-parallel condition means that eah?‘j « = 0, and therefore

dhin = —er(hi, i)oo', dhan = —ex(ha, i)’

This implies that the surface is a product of curves defined by > = 0 and ' = 0,
and therefore is at least 2-parallel. This proves the first part of Theorem 6.7.2.

It remains to study the case a)ﬁ‘ = 0, where, in particular, @3 = 0. Then h?] P =
hfj « = 0, due to (6.7.3) and (6.7.4). This must be substituted into all the formulas
above. In particular, do = 0, so that « = const.

It turns out that if ,32 — k% = 0, then the situation is the same as before. Indeed, if
B+k = 0, this implies 4},, = h{,, = 0, and by (6.7.6) also 13,, = 0; hence w} = 0.
If B — k = 0, one just has to interchange the roles of the lower indices 1 and 2.

So, assume now that 82 — k2 # 0; then o® 4+ ¢ # 0. From (6.7.5) and (6.7.6) it
follows that there exist some functions A and p such that

Wy =AB+k), hlp=—-AB -k, hiy=wB+k), hip=—nB—k.

The above expressions for d(8 + k), d(f — k) and Zka)]2 now imply
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dB+k) _dB—k
B+k — B—k

2kt = u(B + ko' — 1B — ko

=o' + /w)z,

Substitution into _Vhfj . = 0 gives

A (B =k +up*B+k) =0,

k—3p
2k

k+3
Ao + sz), du = ——'B,u(kwl + uwz). (6.7.7)

dr =
2k

Multiplying the first of the preceding equations by g 4+ k = B gives A>C? = u?B?,
where C? = o? + c. Thus there exists a function ¥ such that

A=2kBC 'y, u=2key, e==I;

hence
w? =Y (eBw' + Cw?).
Substitution into (6.7.7) gives
4y " 2C 3B\ ,
=g — — — | oy;
B c !

moreover
dB =¢C7'(B* + C*)w?.

Recall that the M? in N"(¢) with the specialized orthonormal frame field chosen
above satisfies the Pfaffian equations

=wt=0"=0 (p=5,6...,n),

o _ p_ 4_p_ p_
o) =w; =0, wy=w;=w, =0,

where, as one recalls, « is a constant.

Adding the three previous equations to these equations, one obtains a Pfaffian
system which is totally integrable, as is easy to check via Frobenius’ theorem (e.g.,
its second version in [Ste 64]).

To obtain a geometrical description of the surface M2 defined by this system, one
starts with the case @ = 0. Then C? = ¢, and M? belongs to an $3(c). Its asymptotic
lines are defined by h?j.a)"wj =0, 1i.e., by (Bw")? — (Cw?)? = 0. The frame in the
tangent plane can be rotated so as to obtain new basis vectors

fi=B'(Veer —eBey).  fo= B (eB + Jcey),

where B, = ~/B2 + ¢. Thendx = f10' + f»,6%, where



6.7 Spacelike 2-Parallel Surfaces 129
1 —1 1 2 2 -1 1 2
0 =B, (Vew' —eBw?), 0% = B (¢Bw + Jew).
Since dB. = ¢ B(/c)™! Bca)%, an easy computation shows that
dfi = —cx0' + e/ces0?, dfs = —cx 0> + (e/c 0" +2H, 0)es,

where H. = 4 (B — %) is the mean curvature in spherical geometry.

The asymptotic lines, defined by 9% = 0, are geodesics of S3(c), due to
dx = f10', dfy = —cx6' . Their orthogonal trajectories are defined by 8! = 0
and for them

dx = 0%, dfs = —cx6% +2H.e36°%, dezs = —(e/cfi + 2H, f>)6°.

It is seen that in spherical geometry, the trajectory has unit tangent vector f>, unit
principal normal and binormal vectors e3 and fi, respectively, curvature k. = 2H,,
and torsion k. = —e&4/c, which is a constant.

For the curvature of this trajectory one has that dk, = p62, where p =
8(ﬁ)_1w3_233. Due to the above equations, dp = 0, so that p = const. Since
6?2 is the differential of the arclength parameter s. of a trajectory, it follows that
‘;—ISCZ = p = const. Therefore, k. = ps. + g, where ¢ is a constant, and by suitably
choosing the origin of s, one gets k. = ps.. This proves the theorem in the special
case o = 0.

The general case o« # 0 can be reduced to the previous one. Recall that « is a
constant; moreover wf = 0. Therefore, z = x + ot_le4 is a constant vector, since
dz = 0.

Let ¢ # 0. The point in , E"T! with radius vector z is a fixed point. Hence
the surface M? lies in the intersection of the standard model of N”(c¢) with the n-
dimensional hypersphere of real radius (y/a)~! around this point. Here (z,z) =
C?(ca®)~! is nonzero since C2? # 0, and has the same sign as c. It follows that the
above intersection is an (n — 1)-dimensional sphere in N”(c¢) containing M 2 this
gives the desired reduction.

Letc = 0,1i.e., N*(c) = E". Then M? lies in a hypersphere of E” around a fixed
point, as above, with the same radius as above, again giving the desired reduction.
This finishes the proof.

Remark 6.7.3. The 2-parallel surfaces in E” were first investigated in [LM 84], but
with an important case omitted. The omitted case was studied in [Lu 86], where
the above Theorem 6.7.2 was proved for the special case of E” (see also [Lu 87c],
Proposition 2). This result was then generalized in [Lu 2000a], Theorem 18.2, to
2-parallel M2 in N"(c).

Spacelike or timelike 2-parallel surfaces M? in pseudo-Euclidean spaces ; E or
pseudo-Riemannian spacetime forms ;N"(c) have not yet been investigated com-
pletely, as far as the author knows.

Remark 6.7.4. In a Riemannian manifold, the Laplace operator is A = g/ V;V j. For
a submanifold M™ in E" the well-known Beltrami equation states that Ax = mH,
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where x is the radius vector of an arbitrary point of M and H is the mean curvature
vector at this point. It follows that A’x = A(Ax) = mAH. Consequently, x
is biharmonic (i.e., A2x = 0) if and only if H is harmonic (i.e., AH = 0); see
[Ch 2000].

For the normal connection V+ of M™ in E", one can introduce the operator
AL = g"fVilel. If an M™ in E" satisfies ALH = 0, then M™ is said to be weak
biharmonic.

Weak biharmonic curves M! in E" were investigated in [BG 95] and surprisingly
we found that they coincide with 2-parallel curves, which are classified in Proposi-
tion 6.7.1 above. As a generalization, it was shown in [KALM 03] that every locally
Euclidean (i.e., with flat V) 2-parallel submanifold M™ in E" is weak biharmonic.
Conversely, it was also shown in [KALM 03] that if a surface M 2 with flat V in E*
is weak biharmonic, and if one family of its lines of curvature consists of geodesics,
then this M? is 2-parallel.

6.8 g-Parallel Surfaces as Semiparallel Surfaces

Theorem 6.7.2, which classifies the 2-parallel surfaces M 2in N"(c), also states that
all such M? have flat V. This can be generalized to g-parallel surfaces with g > 2,
and so it follows that they are all special cases of semiparallel surfaces.

Theorem 6.8.1. Every g-parallel surface M? in N"(c) with ¢ > 2 has flat ¥, and
thus is semiparallel (see Proposition 4.1.4).

Proof. The flatness of V for such submanifolds can be shown by using an idea of
V. Mirzoyan [Mi 91d], for the case ¢ = 0. In the special case of surfaces this was
done in a more simple realization in [Lu 91c]. Here it will be generalized to ¢ # 0.
The connection V of a surface M? is flat if and only if Q% = —Ko' A w?is zero,
where K is the Gaussian curvature.
Suppose it is not so, i.e., suppose Q% # 0 and M? is g-parallel with ¢ > 2, so
that V4~15 £ 0. Introduce the notation
() _ pa P2-Ds
Fij - hipz---pshaj .
The square of VS~24 is the trace F©®) = Fi(‘v)i. Applying the Laplace—Beltrami
operator A = V, V7 gives

1 o .
EAF“) = (V, VPR, OhPPs 4 FOTD, (6.8.1)

Similar to (2.2.3) and (2.2.6), the following sequence of implications can be verified:

() ) k (s) k ()
VFl.j :Fijk“) :>VFijk/\a) :QoFij

(s) _ () 1 (s) I _ (s)
=>VFijk—Fijklw ﬁVFijkl/\a) —QoFl.jk,
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where the operator 2 acts as in (2.2.5).
If M? is q-parallel, then _Vhij,,]“_,,q_l is zero; this yields Fl.(jqkl_l) = 0 and thus

Qo ﬂ(;’,:l) = 0. The last equations form a 6 x 6 linear homogeneous system with

unknowns 1) 1) 1)
q— q— q9—
Flll ’ F112 ""’F222 ’

which has a nonvanishing determinant, due to Q% # 0. Consequently, Fl.(l."k_l) =0

and hence VFi(jq_l) = 0. Substituting all this into (6.8.1) with s = g — 1, the result

is F@ = 0 and thus h,-j,,l__,pq = 0; but this contradicts the assumption Va—1p # 0.

The second part of the proof, concerning the flatness of V-, can be given in
an indirect way as follows. The subbundle O (M 2 N"(c)) of adapted orthonormal
frames has a canonical section for which (6.1.8) hold. Then, similarly to (6.2.1) and
(6.2.2) for M? in {E™, one now gets

Q% = (—c + k2412 - Hz)a)] A a)z, Qi = 2klo' A a)z,

with all other Qlj s 95 being zero.
Suppose M? is g-parallel, ¢ > 2, and Qi # 0; it is known already that Q% =

0. The first assumption gives hf‘jpl_“pq = 0 and from (2.2.7) it follows that @ o

o _ L .

T 0. The only nontrivial equations here are

4 5 5 5 _
hiiprpg1$2 =0 hijpy p, S22 =0,
thus h?jp|...pq_1 = 0,wherea, b, - - - € {4,5}. From V(V4~1h) = V9h = Oitfollows
Ua _ b a _ . b —

that Vhijpl‘..qul = 0 and thus hijPqu—Z @y = 0 due to (2.2.7); hence hijPqu—Z =0.

This process can be repeated, and after g — 2 steps it gives h?j = hfj = 0; which, due
to (2.1.9) and (2.1.10), contradicts the assumption QZ # 0. This finishes the proof.

Now a method can be used from [Lu 91c], where it was called the polynomial
map method, and derived for all g-parallel submanifolds M™ with flat V in E".

The flatness of V is equivalent to the existence of a section in the adapted or-
thonormal frame bundle O (M™, E™) which is parallel with respect to V, and thus is
characterized by wl] = a)g = 0 (see, e.g., [Ch 73b], Chapter 4, Section 1). For such
a section, which is determined up to a constant orthogonal transformation in 7M™
and T1M™, there exists an atlas of local coordinate systems {ul, ..., u™} such that
' = du’, and therefore from (2.2.3)

h%, = Ohf; Jou* = dhg /u’ .

l.
The second equality shows that h;?‘jduj is an exact differential, d x/*, so that hf‘j =

dx?/ou’. Now h¢; = h9; implies that xfdu' = dx®, thus

N BZXa as+2X(x
U7 uigud T TIPS T gyt gui Quy . Qubs
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The g-parallel condition V¢4 = 0 requires that the last quantities above must be zero
for s = ¢, but this means that x“ are polynomials of degree < g + 1, with at least
one of them having degree exactly g + 1.

It follows that y = ey x“ is a vector valued polynomial of degree ¢ + 1 in

u', ..., u™; consequently, the h; ;j are the same, but of degree ¢ — 1. When these

polynomial expressions are substituted into the conditions Qlj = 95 = 0 expressing
the flatness of V, they lead via (2.1.9) and (2.1.10) to some relations connecting these
polynomials. Consequently, one obtains a system of equations for the vectorial coef-
ficients, whose analysis permits one to classify and describe the g-parallel normally
flat submanifolds.

This polynomial map method has been used in [Lu 91c] for surfaces M in E".
In particular, the following theorem for 3-parallel surfaces was established.

Theorem 6.8.2. A 3-parallel surface M* in E" is either

(1) a product of two curves, or
(ii) a B-scroll in a three-dimensional sphere S>(¢) C E™ of a curve whose spherical
curvature is a second-degree polynomial in the arclength parameter and whose

spherical torsion T satisfies > = c.

Proof. The proof is given in [Lu 9lc].

Remark 6.8.3. The new curves which are to be added to get all surfaces of case (i)
were also characterized in [Lu 91c].

Note that B-scroll here means the same as in Theorem 6.7.2. Note also that the
proof of (ii) by the polynomial map method is rather laborious and uses the analysis
of the above-mentioned system of vectorial equations.

Remark 6.8.4. The following result was stated in [Di 90a] and then proved in [Di91a],
[Di 92]:

A g-parallel surface M? in S3(c) (¢ > 2) is a B-scroll of a curve whose spherical
curvature is a polynomial of degree q — 1 of the arclength parameter and whose
spherical torsion T satisfies > = c.

Theorems 6.7.2 and 6.8.2 show that, at least for ¢ = 2 or 3, a g-parallel surface
M? in E" is either a product of curves or a B-scroll in an $3(c) C E™. It can be
conjectured that perhaps this also happens in E” if ¢ > 3.

The polynomial map method gives a way of solving this problem, but it is clear
that it would be technically rather complicated.

Remark 6.8.5. In [DV 90] it is shown that in the context of complex geometry the
case of a B-scroll is impossible, independently from the dimension and codimension.
Namely,

e if M™ is a complex submanifold in a complex space form N"(c) then M™ is
k-parallel if and only if k < 1.
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In the context of affine differential geometry there are several papers on k-parallel
surfaces, normalized by the affine normal vector field in affine 3-space. Let M? be
a nondegenerate surface in such a space, let V be the canonical affine connection,
and let & be the second fundamental form. As is shown in [NP 89], if VZh = 0 but
Vh # 0, then M? is congruent to an open part of the Cayley surface z = xy + y3 by
an equiaffine transformation. Here V2h = 0 is equivalent to VC = 0, where C is
called the cubic form.

This result is generalized in [Vr 88] and in [DV 90], where it is shown that if
Véh = 0 for q € {2,3, 4,5} then M? is locally equivalent to the generalized Cayley
surface z = xy + x3 P(x), where P is a polynomial in x of degree at most ¢ — 2.
(See also [NP 89], [NM 89], [Vr 91], [DV 91], and the survey with references in
[LMSS 96].)



7

Semiparallel Three-Dimensional Submanifolds

A complete classification has been given up to now not only for semiparallel surfaces
but also for semiparallel three-dimensional submanifolds M7, at least for positive
definite metrics. For M?3 in Euclidean space E" the classification is found in [Ri 86],
[LR 90], [Lu 90b]. In this chapter the classification is extended to the case of M 34n
non-Euclidean space forms N"(c).

7.1 Semiparallel Submanifolds M? of Principal Codimension
my <2

Semiparallel submanifolds M3 with principal codimension 1 in N”(c) are a special
case of the submanifolds M described in Theorems 5.5.1 and 5.5.3. Setting m = 3
in those theorems, one obtains the following.

Theorem 7.1.1. A semiparallel submanifold M3 with principal codimension 1 in
N"™(c) is

e forc =0, ie., in Euclidean space N"(0) = E", either
— the envelope of a one-parameter family of three-dimensional planes, or
— a hypersurface in E* C E™ which is either the product C°t' x E*= of
an (s + 1)-dimensional round cone and an (2 — s)-dimensional plane (with
s = 1,2), or the product S° x E3~5 of a sphere S* and a plane E3~* (with
s =2,3),
e forc #0, i.e., in non-Euclidean space form N"(c), either
— a hypersurface of rotation whose profile curve has the natural equation
(5.5.8), or
— a parallel hypersurface which is either spherical, or is the product of a spher-
ical surface and a spherical curve, one of which is geodesic,
e oran open subset of one of the above.

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0 8, © Springer SciencetBusiness Media, LLC 2009
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Semiparallel submanifolds M3 with principal codimension 2 and flat V- in N (¢)
can be considered as special cases for m = 3 of the submanifolds M™ described in
Theorems 5.6.1 and 5.7.1.

If ¢ < 0, then the flatness of V- follows from the assumptionm| = 2,butifc > 0,
then the assumption H 7 0 must be added (see Proposition 5.1.4 and Remark 5.1.4).
Therefore, one needs to investigate only the following case, which will be considered
here separately.

Let M3 be a semiparallel submanifold with principal codimensionm = 2, nonflat
V-, and zero mean curvature vector H = 0 in §”(¢), i.e., in N*(c) with ¢ > 0.

Since H = %(hn + hyy + h33), the condition H = 0 means that

hii +hx + hsz = 0. (7.1.1)

Moreover, the principal normal subspace span{;;} must be of dimension m; = 2 at
every point x € M>. Therefore, the orthonormal frame bundle O (M3, $*(c)) can
be adapted so that the frame vectors e4 and es belong to this subspace span{h;;}.
Since the matrix of h?j is symmetric, the frame vectors ey, ez, e3 tangent to M 3
can be chosen at any x so that h?/. = 0, fori # j. Denote h;‘i = );; not all of
them are zero, because otherwise it would contradict the assumption m| = 2. Here
A + A2 4+ A3 = 0 due to (7.1.1). Since V- is assumed to be nonflat, it follows from
(2.1.9) and (2.1.10) that

0# Q) = (ha — ADho! Ao + (A3 — A)h0° Aw® + (A — 23)B3,0° A o'

Hence at least one of the coefficients is nonzero. By renumbering if needed, one can
obtain (A — A2)h3, # 0, A1 # 0.
The semiparallel condition (4.1.2) for @ = 4 reduces to

(hj — AR = —h;Q3; (7.1.2)
therefore,
By =h3 =h3; =0, (A —Aa)QT =h3,Q5 #0, (7.1.3)

and thus Q7 # 0.
Further, it follows from (4.1.2) with @ = 5 and eitheri = 1, j = 3, ori = 2,
Jj = 3, that
h3,22 + hi,Q2 =0, Kb+ h3,0) =0, (7.1.4)

whence (7.1.2) leads to
(O3 — AR = —h339Q5, (3 — AR = —h3,Q5.

After multiplying by h?z # 0, equations (7.1.3), (7.1.4), and A1 + A2 + 23 = 0
imply that
hi3h1 = b33k = 0. (7.1.5)

From here h% = 0 and thus the second relation (7.1.4) gives Q? = —Q; =0.
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But here hg3 = 0 is not possible. Indeed if it were, then the first relation (7.1.4)
would give Q% = 0. Hence, (4.1.2) withae =5,i = j =l andi = j = 2 implies

203,98 — M =0, 213,07 — 1,03 =0, (7.1.6)
thus (A1 + AZ)QS = 0and so A = —X1, A3 = 0. This implies
of = no', @) = -1, a)g‘ =0, o) =hho’, o =h,o, a)g =0,

which implies via (2.1.8) that Q% = cw’ A @' # 0, since ¢ > 0. This contradicts
Q) =o0.

Hence the only possibility here is that hg3 # 0, Ap = 0, and thus —A3 = A1 =
A # 0, whence (7.1.4) gives, in addition to Q3 = 0, that Q3 # 0.

The semiparallel condition (4.1.2) with = 5andi = j = 1, and with @ = 4
andi = 1, j = 2 yields, respectively,

213,07 — A3 =0, AQT —h},Q) =0.

Hence 2(h3,)* = A%, Again, (4.12) withe = 5andi = j =2,0ri =1, j =3
gives, respectively,

5 02 5 63 5 62 5 03 .
h1,€2 —h2392 =0, h2391 — hi,8%5 =0;

hence (h§3)2 = (h?z)z. Replacing es by —es and e3 by —e3 if needed, one obtains
h3; = h3, = == A; thus

127/
w?:)\wl, wé:O, w‘;:—kaﬁ,
w) = L)\a)z w) = L)u(a)1 + a)3) 0l = L)»a)2
Y ) RV R

Now rotate e; and e3 in their plane by the angle % and take —ey4 instead of e4.
Then the differential system defining M3 above is

=0 =’ =0, (7.1.7)
ol =10%, 03 =0, wi=ir0, (7.1.8)
] =r?, w3 =o', =0, (7.1.9)
o =) =f =0, (7.1.10)

where p = 6,...,n. Now 0 = Q? = (A% — ¢)w' A »® which implies A = +./c.
Reversing ey, ey, e3 if needed, one finally gets A = +/c. Then exterior differentiation
and Cartan’s lemma (i.e., differential prolongation) lead to

2 3 o P
071 =0, 07=0, w,—-—w;=0 o) =w5=0.
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The whole resulting system is totally integrable and determines the submanifold
M? up to constants. For this M3,

dx = ela)l + ezwz + 63603, del = \/E(e4a)2 + eSa)S) — cxa)l,

der = e3a)g + \/Ee4a)1 — cxa)z, dey = —eza)% + \/Eeswl — cxa)3,

dey= — \/E(ela)2 + eza)]) + e5a)g, des = —ﬁ(e1w3 + e3a)1) — e4a)g.

It is seen that such an M3 lies in an S°(¢) C S$"(c), which is intersected by the
E® spanned at the point o by the vectors x, e, ez, €3, e4, es. The equation ' =0
defines a foliation on M3 whose leaves are totally geodesic in S°(c) and hence are
its great 2-spheres. By w? = > = 0 a family of curves in M3 is defined, which are
great circles of $7(c) and orthogonal to the leaves of the foliation. All this shows that
the submanifold M3 is a Segre submanifold S 2)(a) in $3(a?), where now a? = ¢
(see Section 3.2).

The result, together with Theorems 5.6.1 and 5.7.1 for m = 3, can be summarized

as follows.
Theorem 7.1.2. A semiparallel submanifold M> with principal codimension 2 is

e ina Euclidean space E", either
— a warped product B" x, §%(1), where B! is a curve and r is a nonconstant
linear function on it, or
— the envelope with flat V of a two-parameter family of three-dimensional
planes, or
— the product of a semiparallel surface with principal codimension 1 (see The-
orem 5.5.1 for the case of m = 2) and a curve;
e in a non-Euclidean N"(c), either
— a Cartan variety, thus with flat V, inan N°(¢) C N"(¢), or
— awarped product B! x, Sphz(l), where B! is a curve and r is a nonconstant
linear function on it, or
— a Segre submanifold S 2)(a) in an $3(a?)) c N"(¢), or
— the product of a semiparallel surface with principal codimension 1 (see The-
orem 5.5.3 for the case of m = 2) and a curve;
e oran open part of one of the above.

Remark 7.1.3. For Euclidean space E”, this classification result was proved for the
most part in [LR 90]. The warped products B! x, $?(1) are described there as
orthogonal type canal submanifolds, meaning that each of them is the envelope of a
one-parameter family of 3-spheres such that the curvature vector of each orthogonal
trajectory of characteristic 2-spheres is orthogonal to the four-dimensional space of
the 3-sphere of the family.

7.2 Nonminimal Semiparallel M? of Principal Codimension
m =3

Here V- may or may not be flat.
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Let us start with the first possibility,i.e., that V- is flat. Then the three principal
curvature vectors ki, ko, k3 are distinct, due to m; = 3, and from Theorem 5.1.2
it follows that the corresponding outer principal curvature vectors kj, k3, k3 are

mutually orthogonal. Now (5.1.4) implies QlJ = 0, thus M3 has flat V.

In Euclidean space E" (i.e., for ¢ = 0) such an M" was considered in Exam-
ple 4.5.4. For m = 3 this means that the submanifold M3 is a second-order envelope
of the tori S'(c1) x S'(c2) x S'(c3), composed of the curvature circles of the lines of
curvature of this M3. Each of these tori is a three-dimensional parallel submanifold,
and their envelope M3 has an orthogonal holonomic net of lines of curvature, so it is
a Cartan variety (see Remark 5.4.3).

If ¢ # 0, a similar interpretation can be made in , £ n+1 put here in the case ¢ < 0
the curvature circles of the tori must be considered in a more general sense, namely
horocycles and equidistant curves could also be involved (see, e.g., [Nu 61]).

Now let V- be nonflat. Here M? is assumed to be nonminimal; therefore, H # 0.

The orthonormal frame bundle adapted to M3 can be adapted further so that
es, es, eg belong to the three-dimensional principal normal subspace and, moreover,
eg 1s collinear with H. Then hfj =0( €{7,....,n}) and H* = H> = Hf =0,
but H® # 0. Now (4.3.2) implies that Q¢ = 0 in addition to Q‘g = 0, which follows
immediately from (2.1.8). In particular, Qg = 0, but this implies that the matrices
I h?j || and || h;‘j || commute and hence can be simultaneously diagonalized by a suitable
choice of ey, e, e3. That implies then

Here A1 + A2 + A3 = 0 due to H* = 0. Since V- is nonflat, one has QZ # 0;
therefore, (2.1.9), (2.1.10) give

0# Q) = (b — ADho' Aw? + (A3 — M)hp0% Aw® + (A — 23)h3,0° A o'

Hence at least one of the coefficients is nonzero. After a renumbering if needed, one
obtains (A — A2)h3, # 0, A1 # 0.

The situation is now similar to that of Section 7.1. The argument that led to
(7.1.3) and (7.1.4) also holds here and also yields the conclusions h?3 = 0 and
Q? = 0. Moreover, (7.1.5) shows that here

either (a)h2 = 0, or (b) h3; = 0.

For case (a) further arguments from Section 7.1 can be used, leading to the system
(7.1.7)—(7.1.10), which must now be completed by the equations

@® = 0, w? = /qa)l, a)g = K2w2, a)g = K3w3,
and instead of p one has & =7, ..., n. The semiparallel condition (4.1.2) fora = 6

gives (k; — K,-)Q{ = 0. Therefore, k1 = k2 = k3 = k # 0, because m| = 3,
Q% # 0, Q% # 0, and thus hl.6j = K(Sija)i. Now (2.1.8) and the equations of the above
system imply
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0= Q? = ()\z—lcz—c)a)1 AW

From here A = ++vk2+¢, and k2 + ¢ > 0if ¢ < 0. The system can now be
transformed to

a)f a)i:a)g:O.

By exterior differentiation and Cartan’s lemma (i.e., differential prolongation) the
equations of the last row give

£ 1 £ 2 f 1 f0 b= Logg
W, = ——p°w, w=—pw, o =-po, (7.2.1)
4 V2 + ¢ > V2 + ¢ 6k
and the equations of the penultimate row give
K K
dink = aa)l, 8 = —aa)z, W= ——aw’. (7.2.2)
Y Ve i Kk +c
The remaining equations lead to
2 2
2 K 2 3 K 3 3 5
w; = — aw”, ;= — aw’, w5 = w). 7.2.3
1 K2+C 1 K2+C 2 4 ( )

Now (7.2.1) yields dp = —p”a)i — pfw!, and from the first equation of (7.2.2)
da = Aw'. The first two equations of (7.2.3) imply via exterior differentiation that
_ a*(k*> —2¢)  ck*+c)

A= Ty 5— The remaining equations (7.2.2), (7.2.3) imply
k*+c K
2,2 2 2
DY e it G 2 (7.2.4)
P K“+c¢

The last result shows that ¢ > 0 is not possible here. Indeed, k> + ¢ > 0, as
shown above, and therefore ¢ > 0 implies that the right-hand side is negative.

Also ¢ < 0 is not possible, as can be shown by a technically more complicated
argument. Namely, differentiating (7.2.4), using that d Zs(p5 2 =2 Zg (P5)*w!
and dk = akw', da = Aw', as well as the expression for A, one obtains a rather
complicated relation between a and «, which contains a contradiction. A simpler
indirect proof can be given via Theorem 4.5.5, i.e., the fact that a submanifold M"™
in N"(c) is semiparallel if and only if it is the second-order envelope of parallel
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submanifolds. It turns out that for the case considered here, namely for semiparallel
M? of case (a) in H"(c) with ¢ < 0, the corresponding parallel submanifolds do not
exist. Indeed, from the above differential system it follows that the parallel condition,
i.e.,, Vh =0, leads to a = 0, which gives A = 0 and thus 0 = K24 = AZ, which is
impossible here.

Therefore, ¢ = 0 is the only possible case. Then (7.2.4) leads to pé = 0 and so to
the semiparallel M of case (a) in E®. Then the above expression for A gives A = a?
and thus da = a%ds, since from (7.2.3) it follows that dw! = 0, so that w! = ds, at
least locally.

For the corresponding parallel submanifold a = 0, so « is a constant; hence

de; = e4/<a)2 + e5/<a)3 + e6fca)1,

der = e3a)g + e4/<cu1 + €6KC{)2, dey = —ezwg + eslca)] + e6/ca)3.
It is seen that this submanifold belongs to the sphere $° (k%) in E® whose center has
the radius vector x +« e, and itisa Segre submanifold S 2) (k1) (see Sections 3.2
and 4.6).

A general semiparallel M3 of case (a) is the second-order envelope of these Segre
submanifolds S 7) («~1) with variable k. It follows from Theorem 4.6.1 that this
envelope is, in general, a logarithmic spiral tube (or its open subset in E®), because
in that theorem now p = 1,¢q = 2.

The analysis above gives the following.

Proposition 7.2.1. A nonminimal semiparallel M3 in N"(c) with principal codimen-
sion my = 3 and nonflat V* can be of case (a) only for ¢ = 0. Such an M3 lies in
N%(0) = ES, is a second-order envelope of Segre submanifolds S(1,2), and thus is, in
general, a logarithmic spiral tube, or its open subset.

Now consider the other possible case (b) above: h§3 = 0. Here the consequences
(7.1.2)—(7.1.5) derived from the semiparallel condition (4.1.2) remain valid, as well
as the equalities h?g = 0 and Q% = 0. Moreover, h% = 0 and (4.1.2) imply
—A2 = A1 = A # 0, A3 = 0, as was shown after (7.1.5), and (7.1.4) now implies
Q3 =0.

2

The system (7.1.7)—(7.1.10) must be completed, as above, by the following equa-

tions:

w?:;qa)l, a)g=l<2a)2, w§=/c3w3, w§=w§=w§=o.

Therefore, (2.1.8) implies Q? = —(k1k3+¢)w! Aw’ and Q% = —(k2k3+ )W A
@3, thus K1k3 + ¢ = kok3 +¢ = 0. Using (4.1.2) withoe = 6andi = 1,j =2
one gets (k1 — KQ)Q% = 0; hence k1 = kp = k, and so k3 = —ck~1. Now

Q% =2+ (h?z)2 — k2 —clo' A w? and QZ = —Z)thzwl A w?; therefore, (7.1.3)
and (7.1.6) reduce to A2 + 2(h3,)? — k> —c = 0 and 24 + (h3,)> —«k*> —c = 0. It
follows that (h?z)2 = A2. Replacing e5s by —es if needed, one gets h?z = A and so
32 =k?+ec.
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Summing up, the only nonzero coefficients of the second fundamental form are
hly = —h3y = hl, = & 0§ = h§, =k, Sy = —ck™!, where k = /322 —¢
(reversing eg if needed); all other coefficients hf; are zero. Therefore, the semiparallel
M3 of case (b) in N"(c) is defined by the Pfaffian system

=0 =’ =0f =0, (7.2.5)
of =r0', ©f =-210% oi=0, (7.2.6)
o] =r0?, o) =ir0!, =0, (7.2.7)
a)? = /(wl, wg = Ka)2, a)g = —cx_la)3, (7.2.8)
o] =05 = wf =0, (7.2.9)

where k =302 —cand & =17,...,n.

Now it is easy to find the corresponding parallel M>. Substituting the values of
the coefficients of the second fundamental form / obtained above into the parallel
condition (3.1.1), one finds that

d)»:w?:a)g=wg=wg=wi—2w%=wi:w§=a)§:0; (7.2.10)

hence A = const, thus also k = const. It is easy to check that if these new equations
are added to equations (7.2.5)—(7.2.9), one gets a totally integrable system, thus this
M? exists, uniquely up to some real constants.

For its geometric characterization, note first that now dw® = 0, and therefore
3 = ds, at least locally. Considering the surfaces in M> defined by s = const,
ie., by ® = 0, and comparing the equations resulting from (7.2.6)~(7.2.9) with
equations (6.3.1) and (6.3.2), one finds that these surfaces are Veronese surfaces,
which are moreover mutually congruent (in (6.3.1), (6.3.2), replace k with A and
superscript 3 with 6).

Since for each of them, dx = e;w! + ere?,

del = egw% + fla)l + essz, der, = —elw% + f2w2 + e5kw1,
where f| = leq + keg — cx, fo = —Aes + keg — cx, and
dfi = — 232 Q2ej10' + e20?) + 200les, dfy = =222 (e10' 4 2e20%) — 2007,
des= — Me10” + e20") — IA 7 (fi — fo),

each such Veronese surface lies in the five-dimensional space , E>, spanned at the
point x € M3 by the vectors ey, e2, f1, f2, 5.

The orthogonal trajectories of these surfaces are defined by ' = w? = 0 and for
each of them

dx = e3ds, de3 = —ck™! (e + kx)ds, d(eg+ kx) = ! (c + K2)€3ds.
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This trajectory has constant curvature ~/3cAx ! and lies in the plane spanned at the
point x € M? by the vectors e3, eg + kx. The latter are orthogonal to the five-
dimensional space above, thus the above parallel M? is the product of a Veronese
surface and a plane curve of this constant curvature.

According to Theorem 4.5.5, every semiparallel submanifold is the second-order
envelope of the corresponding parallel submanifolds. Therefore, the following propo-
sition can be stated.

Proposition 7.2.2. If a nonminimal semiparallel M3 in N"(c) with principal codi-
mension m = 3 and nonflat V- is of case (b), then it is the second-order envelope of
products of Veronese surfaces and plane curves. If c = 0, then each of these curves is
a straight line, but if ¢ # 0, then its curvature is equal to ~/3cA (/312 — ¢) !, where
the quantity ) characterizes the Veronese surface.

For a more detailed investigation of the submanifolds M> of Proposition 7.2.2,
which are characterized by the Pfaffian system (7.2.5)—(7.2.9), exterior differentiation
must again be used.

The last equations wg‘ = a)g =0, a)g = —ck w3 in (7.2.6)—~(7.2.8) give, respec-
tively, the exterior equations

)\(a)f Ao' — a); A a)2) + CK_la)g Ao =0,
)\(w% A w? +a)§ A a)l) + CK_la)g A =0,
302w Ao + w3 Aw?) + e ldie Ao’ =0.

Using Cartan’s lemma, one obtains

w? =t0' + 901w3, wg =T’ — (p2w3, (7.2.11)
cx_lk_lwg = (pla)l + (p2w2 + 1/fw3, (7.2.12)
CK_I)\._la)g = — goza)] + gplwz + ¢w3, (7.2.13)

ek ik =322 (10" — pr0?) + xo. (7.2.14)

Then the first two equations in (7.2.6) and (7.2.7) give, respectively,

(dr — 210 — k) A o' + 12w — @) A w? =0, (7.2.15)
AQwT — W) A — (dr — 110’ + k) A w® =0, (7.2.16)
and
—[AQ2w? — @) + kSl A @' + (dh — rtw’) Aw® =0, (7.2.17)
dh — At@’) A o' 4 [M2w? — w}) — kad] A w? =0; (7.2.18)

and from the first two equations in (7.2.8) it follows that
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(dx — 30210’ + kwg) Aol + kwg Aw? = 0, (7.2.19)
Awg Ao+ (dx — 3 W10’ — )»a)g) Aw?=0. (7.2.20)

Here dk = d/3A2 — ¢ = 3k~ 'Ad.
From (7.2.15)—(7.2.18) one obtains via Cartan’s lemma that

dlni — 10’ ——[(P SA)a) + (0 — SB)a) 1,
Zw% — a)i = —5Bo' + 5Aa)2,

1
A ewl = 5[—(13 +5A)0" + (0 + 5B)w?],

)Fllca)g = — %[(Q +5B)w' + (P +5A)0°].
Now substitution into (7.2.19), (7.2.20) gives P = A, Q = B, so that
dini= —2(Aw' + Bo?) + 10°, 207 — 0] = —5(Bo' — Aw?),  (7.2.21)
o =3k "M(Aw' — Bo?), of= -3k "A(Bo' + Aw?). (7.2.22)
Comparing these results with (7.2.12) and (7.2.13), one finds that
cA=cB=¢ =¢=0. (7.2.23)
Finally, exterior differentiation of equations (7.2.9) gives
(kwf 4 105) A o' + 20k Aw? =0, (7.2.24)
)»a)g Aol + (/ca)g — Awi) Aw? = 0,
ek ! E Aw®=0.

Further analysis now proceeds separately for the cases ¢ # 0 and ¢ = 0. Suppose
first that ¢ # 0.

Theorem 7.2.3. Every semiparallel M3 in N"(c), ¢ # 0, n > 6, satisfying the
hypotheses of Proposition 1.2.2 (i.e., nonflat V*, H # 0, and of case (b)) reduces
to a parallel M? in N°(c), which is the product of a Veronese surface and a plane
curve of constant curvature.

Proof. Here (7.2.23) implies A = B = ¢; = ¢ = 0, and so equations (7.2.11),
(7.2.21), and (7.2.22) reduce to

ol =10, o =10’ (7.2.25)

dinh=10’, 207 —w; =0, =0 f=0. (7.2.26)
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From (7.2.24) one gets via Cartan’s lemma that
Awi = pga)1 + qga)z, ka)g = qsa)l — png, a)g =0.

Now the second equation (7.2.26) leads by exterior differentiation to

202 4272 Do+ D@ | o' ne? =0
3 3

This is possible only if 7 = pf = g% =0, i.e., if M3 is as asserted in the theorem.

If ¢ = 0, then M3 is by Proposition 7.2.2 the second-order envelope of products
of Veronese surfaces and straight lines (they can be called Veronese cylinders). The
dimension of the ambient space E” plays a decisive role here.

Theorem 7.2.4. Let M? be a nonminimal semiparallel submanifold in E" with prin-
cipal codimension mi = 3 and nonflat V-, and of case (b) (thus a second-order
envelope of Veronese cylinders). Ifn = 6, then M3 is a single Veronese cylinder, and
hence a parallel M in E°.

Proof. Here k = /3 due to ¢ = 0; hence in (7.2.21) and (7.2.22) the coefficient
3k~ !a is equal to +/3, but the equalities (7.2.23) do not imply A = B = 0 in this
case. Now exterior differentiation and Cartan’s lemma give

1

dA =B + g(14B2 —11A%2 — 1Ho' —54ABw® + At?, (7.2.27)
1

dB = — Aw? — 5ABo' + g(14A2 —11B? — 1%)e* + Bro’. (7.2.28)

From here exterior differentiation leads to AL = BL = 0, where L = 25)% +
42(A% + B?) — 2872, If L # 0, then A = B = 0, as before. If L = 0, then by
differentiation one gets AP = BP = 0, where P = 115A% 4+ 14 - 15(A + B?) £ 0,
due to A # 0, and thus A = B = 0 again. Now it follows from (7.2.27) and (7.2.28)
that T = 0. This finishes the proof.

If n > 6 the situation is a bit different.

Theorem 7.2.5. Every second-order envelope M? of Veronese cylinders in E™, n > 6,
is a cone with a point-vertex (or its limiting case, a cylinder), whose director surface
is a second-order envelope of Veronese surfaces.

Proof. From (7.2.12) and (7.2.13) it follows that ¢1 = ¢ = 0, because now ¢ = 0;
thus (7.2.11) reduce to
o =t0!, 0 =10’ (7.2.29)

Adding these equations to the system (7.2.5)—(7.2.9), and applying exterior differen-
tiation and Cartan’s lemma, one gets

dt = %0’. (7.2.30)
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If T # 0, then the vector z = x + r’le3 satisfies

1

dz =dx — 172(12w3)e3 + til[—elrw — ezrwz] =0.

Thus the point with radius vector z belonging to the straight line generators of M? is
a fixed point for the whole M3 in E". It follows that M3 is a cone with a point-vertex.

If T = 0, then de3 = 0, and thus M? is a cylinder whose straight line generators
have the direction e3 = const.

The surfaces in M3 orthogonal to the straight line generators are defined by the
Pfaffian equation w3 = 0. Substituting this into (7.2.21) and (7.2.22), and comparing
the results with (6.3.3) and (6.3.4), one sees that they coincide when k, «, k1, kp are
identified with A, «, A, B, respectively, and the indices 3, 4, 5 are replaced by 4, 5, 6.
In the same way one sees that (6.3.1) and (6.3.2) coincide with the first two equations
in (7.2.5)—(7.2.9). This finishes the proof.

The question of existence of M?> satisfying Theorem 7.2.5 in the limiting case,
i.e., of a cylinder on a second-order envelope of Veronese surfaces, reduces to the
analogous problem for such an envelope which was solved in Section 6.4 (see Theo-
rem 6.4.1 or [Lu 99a)).

Considering the existence problem of the cones of Theorem 7.2.5, one could also
be guided by the argument in the proof of Theorem 6.4.1, used now with ¢ = 0.

Since ¢ = 0, one now has k = /31 in the exterior equations (7.2.24), and
therefore they reduce to

(«/ga)g—i—wi)/\wl +w§/\w2=0, a)g/\a)1 +(ﬁw§—w§)A2=0

(note that the exterior equation that follows them disappears in this case). Cartan’s
lemma then implies

x/ga)g —i—wi = pfa)l + pga)z, a)g = pga)1 + pga)z,

x/gwg — a)i = pga)l 4 piwz_
&

It is convenient to introduce the vectors p, = e p;, where a, b, --- € {1, 2, 3,4},

and denote p2 = Y ¢ (pa)*. (Pa. Pb) = Yo¢ Papy. Instead of (7.2.27) and (7.2.28)
one now has

1
dA = Bo? + [5(14192 —11A2 =)+ P] ' — (5AB + Q)0* + Ato’,
(7.2.31)

1
dB = —Aw} — (5AB + Q)o' + [5(14/42 — 1B -+ R] w* + Btw?,
(7.2.32)

where

1
P = 2514(p2, pa) = p3) = (p1, p3) = PO,
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1
Q:

E((Pl, p4) — (P2, p3)),

1
R = 3514(p1. p3) = P3) — (2, pa) — pI.

Here (7.2.31) and (7.2.32) can be considered as (6.3.7) and (6.3.8), completed by
the terms containing 7, with different notation; some of the differences were already
noted in the proof of Theorem 7.2.5.

Moreover, the equations obtained by differential prolongation (i.e., exterior differ-
entiation and Cartan’s lemma) differ very slightly from the corresponding equations
in the proof of Theorem 6.4.1. Namely, on the right sides of (6.4.1)—(6.4.4), one
must add the terms pﬁmﬁ. The argument then proceeds as before, with only slight
changes. The result is that the cones M3 of Theorem 7.2.5 do exist in £, and depend

on one real holomorphic function of two real arguments.

Remark 7.2.6. Theorem 7.2.5 was established in [Lu 91d], but without the existence
argument. Instead of that, some geometric properties were indicated which cannot
hold for the cones of Theorem 7.2.5.

7.3 Semiparallel M3 of Principal Codimension m; = 4

The preceding Section 7.2 omitted discussion of minimal semiparallel M> with prin-
cipal codimension m; = 3 in N"(c). These can occur only for ¢ > 0, because if
¢ < 0 then Theorem 4.1.7 implies that a minimal semiparallel submanifold is totally
geodesic and thus has m = 0. Since the standard model of N"(c) with ¢ > O is a
sphere in E”*!, and the outer principal codimension of the above-considered M? in
E"tl g m’f = 4, the investigation of such M 3 can be done in the framework of the
present section.

Solet M3 be a semiparallel submanifold with m| = 4 in N"(c). Then among the
six vectors h;; = eah?‘j there must be two independent linear relations h; ;& J = 0 and
hij ni/ = 0, which define a one-parameter family p(hijéi/) + o (h;j nif) = 0 of such
relations. In this family, the singular case corresponds to a root of the cubic equation
det|p&"/ + on'/| = 0 with respect to p/o or o/p. There is at least one real root, and
thus one basic relation can be presented in the form h; jélléj ) = 0, where & = Sf e
and & = 521 e; are two vectors in T.M3.

Two cases can occur here.

(A) Let the two vectors be distinct. After normalization of & and &, the frame
vector e; can be taken orthogonal to them and e; and e3 chosen collinear to
&1 + & and & — &, respectively. Then the special basic relation above is
hn(éll)2 — h33($13)2 = 0. Here 511“;‘13 # 0; the roles of e; and e3 can be
interchanged by taking —&; instead of &. Hence the following subcases occur:
(Ay) (1712)2 + (1723)2 # 0. Here it can be supposed that n23 # (0 and the basic
relations are h3z = uhyy, hp3 = vihi + vahoy + v3hip + vah 3 with

w # 0.
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(A2) n'? =7 = 0,1 # 0. Then h33 = phir, hi3 = vihi + v2ho with
w # 0.

(A3) n'? =n? =73 = 0. Here either
(A3 n* # 0and hss = phi, hoy = vhip with pu # 0, or
(AY) n*? =0, then n'! # 0 and h33 = hy; =0.
(B) Let &1 and &> have the same direction, which one can assume to be that of e3.
Then the special basic relation above is 733 = 0 and the roles of ¢; and e could
be interchanged by taking —e3 instead of e3. Here the following subcases occur:
B1) ") + 9*®)? # 0. One can suppose n>> # 0, and this leads to the
limiting case of (A1), where u = 0.

(B2) 713 =n* =0,n'2#£0. Then h33 = 0, h1o = Ahyy + Aahoo.

(B3) 7713 = 1723 = 7712 = 0. This leads either to the limiting case of (A/S), where
p = 0, or to the case (A%).

So one must consider three subcases (A»), (Ag’ ), (B2), and two subcases (Aj),
(A%) with their limiting cases when u = 0.
In each case, the semiparallel condition (4.1.2), or equivalently (4.4.1), must hold:

Z{h ki Hitp gy + hikHpp e = Hij aiphad = 0, (7.3.D

where, as one recalls, Hij’,kl = (h;.“j, hi) = Hijp + ¢ with Hj g = (hij, hyg) due
to (2.1.6), and all ¢, = 1 here. Each equation of this system is a linear dependence
between vectors h;; with different pairs {ij}. In the current case m; = 4 there must
always be four linearly independent vectors among them; therefore the coefficient of
each of the latter must be zero.

In what follows, equation (7.3.1) will be referred to as [ij, pq] and, if the coef-
ficient of a vector &, is set equal to zero, then this condition will be referred to as
lij, pqlrs].

First consider subcase (B;). Here the vectors h1y, h22, h13, ho3 are linearly
independent, and h33 = 0,h12 = Arh1) + A2k . Now [12,13|13] : Hjz 13 +
Hiz.12 = 0, where Hi.12 = )»%Hll,ll + 2A1 A H11 22 + A%sz,zz turns out to be
zero, as follows easily from [11, 13|23] : Hyj 12 = 0 and [22,23|13] : Hj2220 = 0.
Therefore, Hi3,13 = 0, which is a contradiction. Hence (B;) is impossible for a
semiparallel M3 in N"(c). The same argument shows that (A%) is impossible also.

Next consider subcase (A/S). Here the vectors hiy, hi2, h13, hy3 are linearly
independent, and k33 = whi1, hop = vhy1. Then

[11,12]12] : 3H1*1,22 — 2H1>"2’12 - H1*1,11 =0, (7.3.2)
thus H22 0 = H, 1,11 and therefore v? = 1. The case v = —1 is impossible because

(7.3.2) would then give the contradiction 2H1 ot le 12 = 0. Hence v = 1 and
H11,22 = le,lz Now

(13, 1223] : H1*1,22 - H1*2,12 - H1*3,13 =0
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gives the contradiction Hy; ;3 = 0 and so (A%) is impossible for a semiparallel M 3
in N"(c).

The same can be shown for (A;), where the vectors k11, hya, h12, ho3 are linearly
independent, and h33 = whii, h13 = vihi + vohop with 1 # 0. Here (7.3.2),
(7.3.3) hold as before and thus Hl*l,ll = H2*2’22. On the other hand, [33, 12|12]
gives ,u(Hl*]’22 — Hl*l,”) = 0; hence Hl*m1 = Hfz,zz = H1*1,22~ This is impossible
because h11, hop are linearly independent.

It turns out that the semiparallel condition (7.3.1) can be satisfied only in subcase
(A1), where the vectors h11, ha2, h12, h13 are linearly independent and, as one recalls,

haz = phir,  hoz = vihir + vahoo + v3hio + vahis. (7.3.4)

Here the following conditions will be used.

[, 12111:  Hfj = viHfy 3 =0,

[11, 12]22] : _Hl*l.,IZ_UZHl*l,IS =0,

[22, 12]11] : H1*2’22 + v (2H1*2,23 — 3H2*2’13) =0,

[22, 12]22] : —H1*2’22 + 1)2(2H1*2’23 — 3H2*2,13) =0,

(12, 12]11] : 2H{y 15 — HYj oo + vi(H{} 53— Hi13) =0,
[12,12122] 1 =2H{, 5 + H{j po + v2(H{} o3 — H{5 13) = 0,
[33, 12]11] : H;3,12 + v (2H2*2,13 — 2H1*2’23 — H1*3‘33) =0,
[33,12]22] : _H3*3,12 + V2(2H2*2’13 — 2H1*2’23 — H1*3’33) =0.

Suppose v; + v2 # 0. From the first three pairs of these conditions
H1*1,12 = H1*1,13 =0,
H1*2,22 = 21‘11*2,23 - 3H2*2,13 =0,
2H1*2,]2 Hi\ 5 = Hij 23 H1*2,13 =0.

Therefore, due to (7.3.4), H3*3 2= ,uHH =0, H3’“3 3= ,qu*l 13 = 0. Now

the third pair of these conditions reduces to H22 3= H]2 »3 and together with the

relation above gives H 013 = le 23 = 0. Thus by (7.3.4), U3H12 12—i—v4H12 13 =0.
Further,

(13, 12[11] 2 vi(H{} 3 — Hiy 1p — H{313) + Hi3 13 =0,
(13, 12)22] : V2(H1*1,22 - H1*2,12 - H1*3,13) - H1*2,13 =0;

* _ * _ g g . % _ % _
hence Hf, |3 = HY| 5, — H} 1, — H{3 13 = 0; consequently, Hf} ,3 = 0, H}, |, =
* 2 _ * _ 2
H{5 13 = x~ #0,and thus v3 = 0, H{} 5, = 2x~. Now from
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[22, 12|12] : 3H1*1’22 — 2H1*2’12 — H2*2’22 =0

one obtains Hl*l,ll = Hﬁkz,zz = 4x2, where x # 0, because otherwise hi,, h3, would
be orthogonal vectors with zero length squared, which could occur only in | E**!,
and would imply the collinearity of these vectors, which is impossible.

On the other hand, [13, 12[13] :  v4(H{| 5, — H1*2,12) = 0 gives vax? = 0, thus
vg = 0; and now [22, 12]13] yields Hz*z,zg = 0. But H1*1,23 = 0 and H2*2,23 =0
together give a contradiction:

4x%vi + 220 =0, 2x%vi +4x20, =0, v+ #0.

Consequently, vi = —v, = v and
Hij 1, =VH{| ;3. Hy 1, =v(3Hy 13— 2H(; 53), (7.3.5)
2H{) 15 — H{j pp = v(H}s 13 — Hf} 23), (7.3.6)
WH| 1o = V(2H[ 53 — 2H3, 53+ kHY| 13)- (7.3.7)

The following relations will be used next:
[11,13[11]: (1 — ) Hfy 3 — v 1, =0,
[11,13122]:  vH{p,, =0,
[22,13]11]: (1 — /,L)H2*2,13 + v(2/,LH1*1,12 — 2H2*2’]3 — H2*2,12) =0,
[22,13|22] : V(2MH1*1’12 — 2H2*2’13 — H2*2,12) =0,
(12, 1311110 2H{ 3 — Hj 53 — wH 3+ v(wHy = Hiy 1, — H13) =0,
[12,131221 1 H{j 53— Hi3 13 — v(uH{} 1) — Hi3 15 — Hi313) =0,
(13, 1211112 v(H{} 5 — H{3 1o — Hi313) + Hi3 13
+ (1 = w)(Hiy 3 — Hfj 23) =0,
[13, 12]22] : V(HI*I,ZZ — H1*2,12 —Hpiz3)" + H1*2,13 =0,
(23, 1211111 H{5 53+ n(Hi 53 — Hi355) — vH{33 =0,
[23, 12|22] : H1*3722 — 2H1*2’23 + vH1*3’23 =0,
(23, 1311111 H{5 53+ u(uH{} 15 — 2H{3 53) — vH; 53 =0,
[23, 13]22] : H1*3’23 — MH1*1,12 + UH1*2,23 =0.

*

Suppose w # 1. Then from the first three pairs of relations Hy} 3 = H3, |3 =
HY, ;3 = 0, and (7.3.5) gives H{j |, = 0. The next three pairs of relations give
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H”*23 = H12 3 = H13 »3 = 0, and from (7.3.5)—(7.3.7) it follows that H22 o=
2H12 2 H11 2 = 0. Now H12 2 = H13 53 = 0 and (7.3.4) imply 1)3H12 =0,
v4H13’13 =0, thus v3 =g = 0. Addlng

[22,23[11] 1 —pHy) 53 + V3uH]| yo — 2H53 53 — H35 ) =0,
[22,23]22] : H;2,23 - "(3MH1*1,22 - 2H2*2,23 - Hfz,zz) =0

one obtains (1 — u)Hj, ,; = 0, and therefore Hj, ,; = 0. This together with
HY| 53 =0 gives

V(H{} 1 — Hi12) =0, v(H{| 5 — H35 ) =0.

Here v # 0 yields a contradiction: Hl*l,ll = H1*1,22 = Hékz,zz and hyy, hyp could
not be linearly independent. But v = 0 leads to a contradiction, too. Indeed, then
hy3 = 0 and [23, 12]13] : H1*2,12 — H1*1,22 = 0 contradicts 2H1*2,12 - H1*1,22 =0,
which was obtained above.

So, we must have ¢ = 1, and thus

h3z = hi1,  haz = v(hy — h2) +v3hip + vhis.

Suppose v #% 0. Then Hll 2= H11 13 = 0 due to (7.3.5) and to the relation
[11, 13|11] obtained above. The relations [33 13]22] and [33, 13]12] yield H13 23 =
Hl*1 »3 = 0, but [11, 13]12] and [11, 13]13] give le 3= H11 1 Hl*3 3=
Substitution into the relation [12, 13]22] obtained above leads to a contradiction
VH{, 1, =0.

Hence v = 0 and thus h33 = hi1, hoz = v3hia + v4h13. From (7.3.5) and other
relations above it follows that

x _ oprx _* * _ g% _ g% * _
Hi\ o =Hy 1o =H| 5 —2Hy 1, = Hj3 13 = Hj3 5 —2H5 3 =0,
* _ * _
H{} 3 =H{3,3=0.
Thus \)41‘]1*3 3= 0,so vy = 0 and hp3 = v3hp. Now

[12,23[13] : H1*1,22 - H1*2,12 - V§H1*2,12 =0

gives (1 — \13)H12 1» = 0, and hence v3 = +1. Here the case v3 = 1, where
h3z = hyy, hyy = h]z, can be reduced to the case v3 = —1 by taking —e; instead of
el.

Now in the case v3 = —1, where h33 = hy1, ho3 = —hy2, one applies the

transformation ey = \i@(el +e3), €5 = \/Li(—el +e3), ¢ = e to get
/
hy3 = h; = 0.

A straightforward verification shows that all semiparallel conditions for &3 =
hy3 = 0 and linearly independent A 11, ha2, h12, h33 reduce to
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Hl*l,lz = H1*1,33 = H2*2,12 = H2*2,33 = H1*2,33 =0,
* * * *
Hll,ll = H22,22 = 21111,22 = 4H12,12'

Denoting now Hiz 12 = 22, H3z33 = pLz and taking es, es, eg, e7 collinear with
hi11—ha2, hy2, hi1+h22, hiz, respectively, it follows that the only nonzero coefficients
of the second fundamental form are h?l = —hgz = h?z = A, h?l = hgz = K,

hg3 = . Hence the above-considered M3 is defined by the differential system

== =0 =0’ =0, (7.3.8)
ol =1r0", @) =-210% wi=0, (7.3.9)
o] =r0?, o =r0', @] =0, (7.3.10)
a)‘l5 = /ca)], a)g = /ca)z, a)g =0, (7.3.11)
a)z =0, a)g =0 a)g = pLa)3, (7.3.12)
0} =0, o)=0, of =0, (7.3.13)

where p =8, ...,nand A > 0,k = /302 —c, u > 0.
It is important to find the corresponding parallel M3. The parallel condition
(3.1.1) now reduces to

dr=dp = 0} = 03 =20} — 0] = 0§ = 0? =0, (7.3.14)

wj=wl =0l =0 =0t =0f =of =0. (7.3.15)
The equations w? = a)g = 0 give by exterior differentiation that cw’ A @
w? = 0. This is possible only for ¢ = 0, i.e., only for parallel M3 in E7, where x =
V3. Consequently, their second-order envelopes—the corresponding semiparallel
M?3—can also exist only in Euclidean spaces E".

There is an analogy here with the system (7.2.5)—(7.2.10), and the geometric
consequences are also similar. Moreover, ®® = ds, at least locally, and the surfaces
defined by s = const are Veronese surfaces whose orthogonal trajectories, defined
by o' = w? = 0, satisfy the following equations:

L= ca? A

dx = e3ds, de3 = ueyds, de; = —pesds,

where ;1 = const. Hence these trajectories are congruent plane curves of constant
curvature 1 > 0, thus circles; and hence the parallel M 3 is the product of a Veronese
surface and a circle in E”.

Now one can answer the question about the minimal semiparallel M3 of principal
codimension m| = 3 in N"(c) with ¢ > 0, which was posed at the beginning of this
section.

From (7.3.9)—(7.3.12) one can see that the mean curvature vector H = %(h 1+

h2y + h33) of the above-considered M? is equal to H = %(ﬂk% + pe7). Thus
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for the corresponding parallel M3, where A and 1 are constants, one gets dH =
—%[3A2(e1w] + er0?) + plezw’].

For the special case where uz = 312, one obtains dH = —A2dx, and therefore
d(x + 272 H) = 0; thus the point in E7 with radius vector z = x + A~ H is a fixed
point for this parallel M>. Hence this M? lies in a sphere S°(A*) ¢ E’. With respect
to this sphere, its mean curvature vector is zero and its principal codimension is 3.

This special case can be characterized by a simple relationship between the geo-
metric invariants of the product components. Namely, the mean curvature vector of
a Veronese surface (with @® = 0) is v/3eq, and since d[x + (v/31) " leg] = 0, this
surface belongs to a four-dimensional sphere of radius (ﬁ)»)’l. In this case, the
circle of constant curvature has the same radius jt.

The results of this analysis can be summarized as follows.

Theorem 7.3.1. A semiparallel M> with principal codimensionm; = 4 in N"(c) can
exist only if c = 0, i.e., in Euclidean E", and is a second-order envelope of products
of Veronese surfaces and circles.

Among such products there exists a parallel M> which is minimal in a 6-
dimensional sphere S and has principal codimension my = 3 in this S°. In this
case, the radius of the four-dimensional sphere containing the Veronese surface is
equal to the radius of the circle.

In order to investigate in more detail the envelopes M of Theorem 7.3.1, exterior

differentiation must be applied to equations (7.3.8)—(7.3.13), where now x = /3.

The equations a)g1 = a)g = a)g = a)g — juw® = 0 then give the exterior equations

)»a)_% Aw' —kw%/\a)z—i—,ua)Z/\a)3 =0,
Awé Aw2+kw%Aw1 —i—,ua)g/\a)3 =0,
«/g()»wé Aol + )»a)% A a)z) + /La)g A a)3,
w% Ao +w%/\w2+dln/LAa)3 =0.
Using Cartan’s lemma, one gets
Moé = Aw! + Fa)3, )»a)% = Aw? + Ga)3,
pLa)Z = Fo' — Go? + Ha)3,
/La)g =Gw' 4+ Fo® + 1o, ;La)g = ﬁ(le + Gow® + Ja)3),
dinp=1""Fo' + Go*) + Ko’.
The other equations (7.3.12) give
Moy + «/ga)g) A o' + ol A 0® + poy Ao’ =0,

kwg Ao + )»(—a)z + x/ga)g) AW+ uw% Aw =0,
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andthus F=G=H=1=0,J = K’z,u2A. Denoting 2 1'A=1,K =vone
obtains

o =10, o =10’ (7.3.16)
a)Z =0, w; =0, a)g = —,u,/c_lta)3, dlnp = v, (7.3.17)

Exterior differentiation of the remaining equations results in the exterior equations
(7.2.15)—(7.2.20), where now x = A+/3. Therefore, (7.2.21) and (7.2.22) also hold
here, now with k=11 = (\/5)_1.

Finally, from (7.3.13)

(wf—i—x/ga)g)/\a)l +w§/\w2=0,

a)g Ao +(—a)£+\/§wg)/\a)2:0, a)é) A =0,
which gives

a)f + «/ga)g = p'loa)1 + p§w2, —a)f + «/ga)g = pg’a)l + pfa)z, (7.3.18)

wg) = pgwl + pga)z, (7.3.19)

and a)é) =qlw’.

One can see that (7.2.21), (7.2.22) coincide with equations (6.3.3), (6.3.4) for the
second-order envelope of Veronese surfaces, and similarly (7.3.18), (7.3.19) coin-
cide with (6.3.5), (6.3.6), where some notations are a bit different. Therefore, the
further investigation of semiparallel M3 of Theorem 7.3.1 repeats in most details the
analysis given in Section 6.3, complemented now with the analysis of the remaining
equations which describe the role of the other component. The full argument is rather
complicated technically, and will be omitted here.

7.4 Higher Principal Codimensions: Conclusions

Principal codimension m| = 5 is impossible for a semiparallel M 3in N"(¢), due to
Proposition 4.4.3. Indeed, if m = 3, then 3m(m + 1) = 6 and Sm(m — 1) + 1 = 4,
and m| = 5 lies exactly between these bounds.

Principal codimension m| = 6 is the maximal possible value of 7| for a subman-
ifold M3. If a semiparallel M3 withm| = 6 lies in an N°(c), then by Theorem 4.7.2 it
is parallel and is a Veronese submanifold. Therefore, a semiparallel M 3 with m 1=6
in N"(c), n > 9, is the second-order envelope of three-dimensional Veronese sub-
manifolds. Such envelopes deserve a special investigation, which will be done in
Section 9.7 below. It is proved there, that if a submanifold M"™ with m > 2 is the
second-order envelope of Veronese submanifolds, then the latter must be congruent
(Proposition 9.7.2) and this M™ cannot be parallel, i.e., cannot be a single Veronese
submanifold, but intrinsically is a Riemannian manifold of the same constant curva-
ture (Theorem 9.7.1).

As a summary of the results in the present chapter, the following two theorems
can be formulated.
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Theorem 7.4.1. A semiparallel M3 with principal codimension m\ in Euclidean
space E" is

e formp =1:
— the envelope of a one-parameter family of three-dimensional planes, or
— a hypersurface in E* C E™, which is a product of an (s + 1)-dimensional
round cone and a (2 — s)-dimensional plane (s is 1 or 2); the cone could
degenerate into a cylinder;
e formp =2
— awarped product B' x, S?(1) with nonconstant linear function r, or
— the envelope with flat V of a two-parameter family of three-dimensional
planes, or
— the product of a semiparallel surface with principal codimension 1 and a
curve;
e form; =3:
— a cone with a point-vertex (or its limiting case, a cylinder), whose director
surface is the second-order envelope of Veronese surfaces, or
— alogarithmic spiral tube in E® C E";
e form) =4:
— the second-order envelope of products of the Veronese surfaces and circles;
e form; =6:
— the second-order envelope of three-dimensional Veronese submanifolds.

There exists no semiparallel M3 with myp = 5.

Theorem 7.4.2. A semiparallel M> with principal codimensionm in a non-Euclidean
space form N"(c) is

e formp =1:

— ahypersurface of rotation, whose profile curve has natural equation (5.5.8), or

— aparallel hypersurface, which is either spherical, or a product of a spherical
surface and a spherical curve;

e formp =2

— a Cartan variety, thus with flat V, in an N°(¢) C N"(c), or

— awarped product B! x, Sphz(l) with a nonconstant linear function r, or

— a Segre submanifold S| 2)(a) in an $3 (az) C N"(c), or

— the product of a semiparallel surface with principal codimension 1 and a
curve;

e formy =3:

— the product of a Veronese surface and plane curve of constant curvature in
NO(c) C N"(c), such that the curvature of this curve is connected to the quan-
tity A characterizing the Veronese surface, and is either /3cA(v/322 — ¢) ™1,
or /31 in the special case ¢ > 0;

e form; =6:
— the second-order envelope of three-dimensional Veronese submanifolds.

There exists no semiparallel M3 withm; =4 orm; = 5.
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Remark 7.4.3. In both theorems above, one could in some cases just have an open
subset instead of the whole M3 itself. Among the second-order envelopes of parallel
submanifolds, single parallel manifolds are also included as special cases.

Remark 7.4.4. For higher dimensionsm > 3, acomplete classification of semiparallel
submanifolds M"™ is still missing. Some initial results for m = 4 and Euclidean space
E" were established in [Ri 97], [Ri 99], [Ri 2000].
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Decomposition Theorems

As an algebraic preparation for decomposition theorems of semiparallel submanifolds,
Theorem 4.3.1 of Section 4.3 on the decomposition of semiparallel fundamental
triplets will be considered first.

8.1 Decomposition of Semiparallel Submanifolds

Recall that in Section 5.2 a submanifold M™ in , E" is said to be decomposable into
a product of submanifolds M™» in o E"* (p =1,...,7r)if

i M™ =M™ x ... x M™,
(ii) g E" = 5 E" x --- X 4, E", where the factors on the right side are pairwise
totally orthogonal.

A submanifold which is decomposable into a product is called reducible, otherwise
it is irreducible.

Proposition 8.1.1. Let a submanifold M™ in s E" be decomposable into a product
of submanifolds as above. Then this M™ is semiparallel (resp. parallel, V-flat, or
2-parallel) if and only if every M"™ in 5 E"? is semiparallel (resp. parallel, V ,-flat,
or with parallel ¥V ,h,,, where at least one of them is 2-parallel).

Proof. Choose an adapted moving frame for M"™ such that {x; e; ,, €4, } is adapted to
M™r forevery p = 1,...,r. Then wl]; =0, w{z; = 0if p # 7, and among hf‘j only
h?;” j, can be nonzero. It is seen that among _Vh;?‘j only components with the same

lower subindex p can be nonzero and they are exactly the _Vph?;” i for the factor M~
The assertion concerning parallel submanifolds now follows immediately.

The assertion for 2-parallel submanifolds follows from the fact that among hf‘j e
which are symmetric in all three lower indices, only components with the same lower
subindex p can be nonzero. The same also holds for _Vh;?‘j o

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0 9, © Springer Science+Business Media, LLC 2009
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It then follows that among Ql] and Qg only Q{:’ and Qﬁz can be nonzero. The

assertions for semiparallel submanifolds and flat V (i.e., with QIJ = 95 = 0) follow
now in the same way.

To investigate the decomposition of semiparallel submanifolds M™ in N"(¢) C
o E"t1 the algebraic setup in Theorem 4.3.1 can be used. Namely, after comparing
(4.1.1) and (4.2.2) it is obvious that a submanifold M" in N"(c) is semiparallel iff at
any point x € M™ the fundamental triplet (V, T, h) with V = T, N"(¢), T = T, M"™,
and h = hy is semiparallel, or equivalently, (V*, T, h*) with V* = TX(UE"“)
and h* = h} is semiparallel. Therefore, considering a submanifold M™, let T
denote its tangent vector bundle, / its second fundamental form, A g its mean shape
operator, etc. The eigensubspaces T, ..., T, of Ay, introduced in Theorem 4.3.1,
form corresponding distributions 7, on every open subset of M™, on which the
number r of different eigenvalues of Ay and their multiplicities my, ..., m, are
constant. In general, M™ is the union of the closures of all these open subsets. In
the investigations below, M" will be considered only on the domain of one of these
subsets.

It was shown in the proof of Theorem 4.3.1 that for every pair of different eigen-
subspaces T, and T, of Ay, one has h(X,Y) = Oforall X € T,, Y € T, with
p # o. In the differential geometry of submanifolds, it is said that in this case the
subspaces T}, and T, are conjugate (with respect to the second fundamental form ;
see, e.g., [AG 93], 3.5).

Theorem 8.1.2. Let M™ be a Riemannian semiparallel submanifold in N"(c) C
o E"TY on which the mean shape operator Ay has r distinct eigenvalues of con-
stant multiplicities my, ..., m,. Then the r eigendistributions Ty, ..., T, of Ay
define foliations whose leaves are mutually orthogonal conjugate semiparallel sub-
manifolds M i’”, ..., M["" with orthogonal first-order outer normal subspaces at any
point x € M™.

Proof. Ttis shown first that the eigendistributions are foliations. From the expression
for the components of the mean curvature vector H (see Section 2.4) it follows
that VI HY = HY o, where HY = n% Z;"zl h?,. Therefore, for the components
hg = (H, hjj) = gupH "‘hﬁ of Ay with respect to a frame with orthonormal tangent
part the following hold:

vnll = gaﬂ(H,gh?j + H“h;:"jk)w". 8.1.1)

Writing this for the canonically adapted frame bundle of Ap, one obtains & 5 =

X0)Bi, j, hgj” =0 (p # o), and therefore, in particular,
o B k
()\(p) — )\.(O'))w‘i]p = gaﬁHahipjgkw s P ;ﬁ ag. (812)

The eigenspace distribution of Ay for A(,) is defined by the differential system

Wl = =@l =@t = = @ =0, (8.1.3)
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where the superscripts run all possible values. By (1.4.3),

dw' = w'v A “)IJZ + Zwif A a)l/: (o0 # p).
TFEP

The first group of terms on the right side is w'» A (Ap) — A(g)) h; ] ka) and due

to the symmetry of hl ik it reduces to

M) — Ao)) ™ Z hlp]o'k o A ok
TEP

This shows that for each o distinct from p, the exterior differential dw’e becomes
zero as an algebraic consequence of the system (8.1.3). Hence the distribution defined
by this system is a foliation 7,; this is true for p = 1, ..., 7.
The other assertions now follow immediately from the Theorem 4.3.1 and from
the result contained in its proof that A(X, Y) = Oforall X € T,,, Y € T, withp # 0.
This finishes the proof of Theorem 8.1.2.

A submanifold M™ in N"(c) is said to be pseudoumbilic if its mean curvature
shape operator Ay is proportional to the identity operator (see [Ch 73b], [Ch 2000],
5.4), i.e., if for the orthonormal frame bundle O (M™, N"(c)) there holds (H, h;;) =
Ad;j, or, equivalently by (2.1.6),

(H*,h;kj) = 1%8ij, (8.1.4)
where A* = A + c.
Proposition 8.1.3. The leaves of the foliations Ty, . . ., T, in Theorem 8.1.2 are pseu-
doumbilic submanifolds in N" (c).
Proof. The mean curvature vector of a leaf of T, is H, = mL,, Zip hi,j,, and for
M™, therefore, H = Z Z iy = Zp m,H,. Hence, hg = (H, hjj) =

%(Zo‘ meHy, hij)~

On the other hand, in Section 4.3 it was shown that (A H) = HP h;s ;

therefore, the relation (A H);’; =X p)(S;f; used in the proof of Theorem 4.3.1 is equiv-
alent to (H, hipjp) = A(p)di

ipip*
All this holds also in the outer version, with sign *, where the last equality is

(H*,hfpjp) A* 8 o with H* = 1 Z moH and A{ (o) =2 tec Substituting

(H, hij);

(p)%lpJp
this expression of H* and using that by (43.7) (H}, hz*,,j/,> = 0 (p # o), one obtains
(H}, h;‘pjp) = Az‘p)&ﬂ j,- Therefore, every leaf of T, is indeed pseudoumbilic as

asserted, since (8 1.4) holds, with A* = Z- k’(*p)

Remark 8.1.4. The notion of pseudoumbilic submanifold M"™ in N"(c) has impor-
tance only when m > 1, because if m = 1, then every curve M Lin N™(c) is
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pseudoumbilic, since then (8.1.4) is satisfied trivially: H* = hJ, is then the outer
curvature vector of the curve and A* = (H*, H*).

Therefore, Proposition 8.1.3 has meaning only for foliations whose dimension,
i.e., the multiplicity of the corresponding eigenvalue of Ay, is greater than 1. Other-
wise, the leaves are simply a set of curves. Of course, the assertions of Theorem 8.1.2
are also valid for these curves.

In order to obtain the product decomposition of a semiparallel submanifold M™
in N"'(¢) C ,»E"*L, some additional assumptions must be added to those of Theo-
rem 8.1.2.

Theorem 8.1.5. Let M"™ be as in Theorem 8.1.2 and let T|, ..., T, be direct sums
of Th, ..., T, which at every point x € U satisfy T{ ® --- ® T, = TcM", so that
every T(;, 1 < ¢ <s, is parallel for the Riemannian connection V induced on M™
by immersion. Then around each of its points the submanifold M™ coincides locally

with a product of semiparallel submanifolds U™ ey U™, where every U™ is a
leaf of T,

Proof. Since the foliations 77, ..., T, are mutually orthogonal and conjugate, the
T|,..., T, are also mutually orthogonal and conjugate, i.e.,

(T, Ty) =0, W(T, T =0 (p# ).
Moreover, due to (4.3.6)

If every T is parallel in V, then a)/,w 0 for every pair ¢ # ¥, thus T is a

foliation. Now (2.2.3), (2.2.2) imply that among h; j only h Jbk, (p =1, s) can
be nonzero.
Therefore, differentiation of (8.1.5) yields

iggy s 1500 =0 (@ A Y. (8.1.6)

For semiparallel M™ one has Vh, = h, kz“) (see Section 3.4), where h; 1 are
symmetric in the lower indices. It follows that among h;jx only h;/ LiLk L, can be
nonzero.

From (8.1.6) one can deduce by differentiation that

(hig e, gy, gy =0 iy g ) =0, (8.1.7)

e

Jylyay

if ¢ # . Repeating this procedure, one sees that in general
iy cays by ) =0 (@ # V) (8.18)

for every admissible choice of 1nd1ces; this can be proved by induction.

The procedure terminates when all vectors 4;7 __,» with p+1 indices are contained
in the linear span of these vectors with 2, 3,...,p indices. Such a p exists because
- E"T1 is finite dimensional.
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From (1.6.2), (2.2.1), (2.4.1), (3.1.2) and from their differential prolongations it
follows that

where
=dey —ej a)j“’ Vhi ., =dh} ., —h k —hi o
== l(p j‘/’ i(/p k) l(;]](; - i{p k/ /k/ j/ )

and so on; here Vh,-é)._% must have p indices.

It is seen that a leaf U™ of the foliation T’ , containing x € U™, lies around x in
the ny-plane defined by x and the linear span of the vectors ey, h AREEE hi&--“&;'

All such pairs of ny,-planes and ny-planes (¢ # V) are totally orthogonal due
to (8.1.5)—(8.1.8). Therefore, around x the submanifold M™ is actually a product of
submanifolds U mg (p =1, ...,5), which are semiparallel, as follows from Proposi-
tion 8.1.1 and Theorem 8.1.2.

This finishes the proof of Theorem 8.1.5.

Remark 8.1.6. In the special case ¢ = 0, i.e., for submanifolds in E”, Theorem 8.1.5
was announced in [Lu 87a], with a reference to [Mo 71]. A direct proof for this case
was given in [Lu 88a]; the proof just given above extends it now to the case ¢ # 0.

For the 2-parallel submanifolds, which due to Proposition 4.1.5 constitute a special
class of semiparallel ones, Theorem 8.1.5 with ¢ = 0 was proved previously in
[Lu 87c].

An interesting modification of Theorem 8.1.5 was given by V. Mirzoyan in
[Mi 91c], where the assumption that every T¢’, is parallel with respect to V is replaced
by another assumption also involving V and referring directly to the foliations 7),.

Following [ChK 52] the dimension of the tangent subspace {Z € T, M™ :
R(X,Y)Z = O forall X,Y € TyM™} of a Riemannian manifold M™ is called
the index of nullity of this M at x.

If the index of nullity of M™ is zero, there exist X,Y € T,M™ such that
R(X,Y)Z = Oimplies Z = 0. In other words, the matrix of R;; (X, Y) = R,-j,lele
has maximal rank m and hence forevery W € T, M" there exists Z € T,, M" such that

W=R(X,Y)Z.

Theorem 8.1.7. Let M™ be as in Theorem 8.1.2 and let all eigenvalues of Ay be
nonzero and all leaves of the foliations T, have zero index of nullity at every point.
Then M™ is a product of these leaves.
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Proof. One has to establish that for arbitrary X € T, M™ and W, € T, the covariant
derivative Vx W, belongs to T),. This would imply that the foliation T, is parallel for
V and then Theorem 8.1.5 gives the desired conclusion.

Due to the assumption about the nullity index, there exist X, Y,,, Z,, in T, such
that W, = R(X,,Y,)Z,. Thus

Vy, Wy =Vy [R(X,,Yp)Z,]

= [(VVJ R)(X,o’ Y,o)]Zp + R(VVJva Y,o)Z,o
+R(X,, Vv, Y))Z,+ R(X,, Y,)Vy, Z,. (8.1.9)

From (2.1.10) and from h;"ppa = 0 (p # o) it follows that R; ;, p,q, = 0,
if p # o. For semiparallel M™, (4.1.1) holds in its outer version and this yields
Ri,j,.pqg =0 (p #0). Thusonly R;,; p,q, can be nonzero and hence the last three
summands on the right side of (8.1.9) belong to T,.

It remains to show that the same is true for the first summand. The Bianchi identity
(1.3.6) implies that

(Vv, R)(Xp, Yp) = —(Vx,R) (Y, Vo) — (Vy,R)(V5, Xp). (8.1.10)
Here, as in (8.1.9),
[(Vx,R)(Yp, Vo)IZp = Vx,[R(Yp, Vo) Zpl — R(Vx,Y,, V5)Z)

— R(Yp, Vx, Vo) Zy — Ry, Vo) Vx, Z,.

For the case p # o, only —R(Y,, pr Vs)Z, can be nonzero on the right side, and
it belongs indeed to 7}, (by the same argument as above).

So the result is as follows: If p # o then Vy_ W, belongs to T,.

Further, (V,, W) = 0 implies

(Vx, Vo, Wo) + (Vp, Vi, W) =0,

where Vx, W belongs to 7, and thus the second term above is zero. Since Wy is
arbitrary for every o # p, it follows that Vx,V, belongs to T'p.

Therefore, Vx W, belongs to T, for any vector field X on M™. Hence every
foliation 7, is parallel with respect to V, and now Theorem 8.1.5 can be applied, for
the situation where every T(’f is a single T),. This verifies the assertion.

Remark 8.1.8. Theorem 8.1.7 was proved by V. Mirzoyan in [Mi 91c] in an indirect
way, based on some properties of the so-called V -decomposition of a semisymmetric
Riemannian manifold which was introduced and investigated by Z. I. Szab6 [Sza 82].
The proof given above uses the same idea but is more direct.

8.2 Decomposition of Parallel Submanifolds

A normally flat parallel submanifold is decomposed in Section 5.2 as a product of
spherical submanifolds. This was done as preparation for the decomposition of nor-
mally flat semiparallel submanifolds. In this section, general normally nonflat parallel
submanifolds will be decomposed.
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Every parallel submanifold M™ in N"(c) C ,E"*! is semiparallel (see Propo-
sition 4.1.3); therefore, all results of the previous Section 8.1 can be used for them.
By Proposition 8.1.3, the leaves of the eigenfoliations of Ay are pseudoumbilic sub-
manifolds. Now suppose the parallel condition also holds.

Proposition 8.2.1. A pseudoumbilic parallel submanifold M™ in N"(c) C 5 E"t!is
a minimal submanifold,

o in general, if \* # 0 in (8.1.4), in a hypersphere of s E"T, or,

e in particular, if A* = 0 in (8.1.4), in an (m — 1)-dimensional horosphere of
H"(c) C 1En + 1, which could reduce to an m-dimensional plane or to its open
subset.

Proof. The parallel condition is _V*h;"j + > ek (h3; hi)o! = 0 (see (3.1.2) with
hijr = 0). Summing this over i = j one obtains dH™ + ), ex (H*, h,fl)a)l = 0.
On the other hand the pseudoumbilic condition (8.1.4) gives (H*, h;) = A*6x, so
dH* + 2 (eyf) = 0, and thus dH* = —\*dx.

Further, summing in (8.1.4) over i = j leads to (H*, H*) = A* and differentia-
tion then gives dA™ = —A*2(dx, H*) = 0.

This shows that if A* # 0 then d[x + (A*) ! H*] = 0, so that the point in , E"*!
with radius vector z = x + (A*) "' H* is a fixed point. Therefore, M™ is contained in
a hypersphere with center at this point, whose radius is the reciprocal of the length of
H*. Since H* points along the radius of this hypersphere, the mean curvature vector
of M™ with respect to this hypersphere is zero; hence M™ is minimal in the latter.

If \* =0then 0 = (H*, H*) = (H, H) + ¢ shows that only ¢ < 0 is possible
here. If ¢ = 0, then H = 0 and by Theorem 4.1.7, M™ is totally geodesic in E”,
thus an m-dimensional plane or its open subset. If ¢ < O then M™ is contained in an
(n — 1)-dimensional horosphere of H"(c), orthogonal to the straight lines of H" (c)
with direction vector H, parallel in the Lobachevsky sense, i.e., intersected from
H"(c) C 1 E"! by the two-dimensional planes of | E”*! containing the origin point
o and the lightlike vector H*.

Theorem 8.2.2. Let M™ be a parallel submanifold in N"(c) and let A1y, ..., Ag)

be distinct eigenvalues of Ay with constant multiplicities my, ..., m, on some
open U C M™. Then U is the product of pseudoumbilic parallel submanifolds
um, ..., U™, described in Proposition 8.2.1.

Proof. Since a parallel M™ is also semiparallel, one can use Theorem 8.1.2, un-
der some simplifying circumstances. Namely, for a parallel M™ characterized by
_Vhf‘j =0, (2.2.3) implies h;?‘jk = 0. Therefore, in (8.1.1) and (8.1-.2) the right sides
are equal to zero, because also HY = 0, thus Vhf; = 0 and a)l]: =0(p # o).

Hence all T, are themselves parallel for the Riemannian connection V induced on
M™ by immersion. By Theorem 8.1.2, this parallel M™ coincides, locally around

every point of U, with a product U™, ..., U™, where every U™ is a leaf of T,
and is by Proposition 8.1.1 a parallel submanifold, and by Proposition 8.1.3 it is also
pseudoumbilic.

Now, indeed, Proposition 8.2.1 can be applied, which finishes the proof.
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Remark 8.2.3. Theorem 8.2.2 generalizes Proposition 5.2.1, which describes nor-
mally flat parallel submanifolds M™ in N"(c) as products of spherical submanifolds.
But in those parts which concern the possible one-dimensional product components,
they coincide. Indeed, such components in Theorem 8.2.2 are obviously normally
flat parallel ones and therefore are spherical curves by Proposition 5.2.1, and thus
they are the plane curves of constant curvature in N"(c¢) described in Section 5.2.

Remark 8.2.4. For general parallel submanifolds of Euclidean space E", Theo-
rem 8.2.2 was proved by Ferus [Fe 74a, b]. Later in [Fe 80] he showed that a complete
parallel M™ in E™ is a symmetric orbit, i.e., the orbit of a Lie group acting by isome-
tries of E”, and symmetric with respect to each of its normal subspaces.

Ferus’ main result in [Fe 80] is as follows.

Theorem 8.2.5. A general symmetric orbit M™ in Euclidean space E" is a product
submanifold

M™ x ooox M™s x Sl(cs+1) X - X Sl(ch) x E™0,

where my > 1,...,mg > 1, and the factors lie fully in their own subspaces, which
are mutually totally orthogonal in E". Moreover, each M™° is a standardly imbedded
symmetric R-space, and in particular, minimal in an $" (c,) C E"t1,

Generalizations of this theorem to the case of symmetric orbits M™ in N" (c) were
given in [Tak 81] and [BR 83]. Note that Theorem 8.2.2 above can be considered as
a preparation for such a generalization. Indeed, the multiplicities m, ..., m, must
be separated into those which are > 1, and those which are 1. Replacing the local
approach by a global one, only the assertion about the standardly imbedded symmetric
R-spaces needs justification, and Theorem 3.6.1 can be used for that.

A factor M™ in Theorem 8.2.5, i.e., an irreducible symmetric orbit, which is of
dimension m, > 1 and not totally geodesic, will be called a main symmetric orbit
(cf. [Lu 96¢, d]).

Recall that the semiparallel submanifolds of Theorem 8.1.2 are second-order
envelopes of the corresponding parallel ones (see Theorem 4.5.5), which are the
symmetric orbits of Theorem 8.2.5. The leaves of the eigenfoliations 77, ..., T of
Ap, which have dimension > 1 and are not totally geodesic, have the property that
each of them is a second-order envelope of main symmetric orbits. They will be
called the main leaves of the semisymmetric submanifold.

For instance, the spherical factors of an irreducible normally flat semiparallel
submanifold considered as a warped product (see Section 5.4) are examples of such
main leaves.

8.3 Decomposition of Normally Flat 2-Parallel Submanifolds

Two important classes of semiparallel submanifolds, besides the class of parallel ones,
consist of 2-parallel submanifolds and of submanifolds with flat van der Waerden—
Bortolotti connection V (see Propositions 4.1.4 and 4.1.5).
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Among 2-parallel submanifolds, the normally flat ones deserve special attention.
In this section it will be shown that each of them is a product submanifold whose
nonparallel components can only have dimension 1 or 2.

Theorem 8.3.1. A normally flat 2-parallel submanifold M™ in N"(¢) C sE" ' isa
product of 2-parallel curves or surfaces and possibly a normally flat parallel sub-
manifold.

The proof will result from the lemma and two propositions that follow.

Lemma 8.3.2. A normally flat 2-parallel submanifold M™ in N"(c) satisfies, in ad-
dition to (5.1.1)—(5.1.3) and the assertions of Lemma 5.1.2, also

m

dK;= =Y (Ki.k)ew' +3Y Lijol, (8.3.1)
=1 J#
m Ty

dLjj = — Z(L,-j, k[)ela)l + Q2Lj; — K,)a)l] + Z Lilwlj, (8.3.2)
=1 i

and if r > 3, then the coefficients in (5.1.6) satisfy

Mpieroty, =05 Ap)jkly = Mol @) e (8.3.3)
for every distinct triple of indices p, T and .

Proof. The relations (8.3.1) and (8.3.2) are immediate consequences from the 2-
parallel condition _Vh;?‘ﬂ = 0. Substituting into it i =iy, j = j:, [ = I, with distinct

P, T, @, one gets via E;j; = 0 that

. } :
(Liyt, = Ljit)o]" + (Lji, = Ligi)o] + (Li,j, = Lip,/,)wf;’ =0.

After substitution from (5.1.6), the result is (8.3.3).

Proposition 8.3.3. The field of subspaces span{e;,} of Lemma 5.1.2 coincides with
the eigenfoliation T, of Theorem 8.1.2 for every value of p. If this field corresponds to
a principal curvature vector k() which is either zero or nonzero nonsimple, then this
eigenfoliation is parallel for V and its leaves are parallel submanifolds. The one-
dimensional foliations corresponding to nonzero simple principal curvature vectors
k; span a foliation T' which is also parallel for V, and M™ is a product of its leaves
and of the parallel submanifolds above.

Proof. Since H = %(kl + -+ k), one has

1

mp, >
(H, hi,j,) = Z(kl + ks k()di,j,) = ka(p)f?ipjw (H, hi,j ) =0

for p # 7. Thus A, = %k(zp); this proves the first assertion.
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Let kqy = O and so Ay = 0. Then K;; = L;; = 0 due to (5.1.2). Now
(5.1.6) and (8.3.2) give, respectively, a){; = —Ami@’ and 2L j,,»lwl!lf = 0,
both for T # 1. Again by (5.1.6), Lj.;;, = Aq)i k() and so, after substitution,
Moy k(o) (=A@, @7) = 0; thus Ar);, = 0 and hence co = 0. Therefore, T} is
parallel for V.

Let k() be nonzero nonsimple. Then Lemma 5.1.2 gives K;, = 0 and now
substitution into (8.3.1) implies

0= Lijo i =D e ko) = ki) o) j @ = hiryi, @7")
TF#D TF#D

(summing by jr), and thus A(,);, = 0, i.e., L;,j, = 0. Now substitution into (8.3.2)
gives .
0= 2Ljripw,-’ s = 22wy (kip) = k@) ri, @

thus A(7);, = 0. Consequently, w;* = 0 for T # p and 7T}, is parallel in V.

The field of tangent subspaces spanned by the one-dimensional eigenspaces cor-
responding to nonzero simple principal curvature vectors k; is totally orthogonal to
the parallel eigenfoliations considered in this proof, and therefore it is also parallel
in V. This field is defined by the system o'l = w'» = 0, and since all do'' and dw'»
reduce to zero due to the equations of this system, as follows from the results above
wl]‘T = a)il =0,07 G = i]’ = 0, this field is also a foliation 7’. The submanifold
M™ is thus a product of the leaves of all these totally orthogonal foliations.

Moreover, as is seen from the proof, the components of the third fundamental
form are zero (see, e.g., (5.1.6)) for all leaves of these foliations except T’; hence

these leaves are parallel submanifolds, as asserted.

Proposition 8.3.4. The one-dimensional foliations which span T’ can be joined into
pairs so that every pair spans a two-dimensional foliation parallel in V, and every
leaf of T' is a product of leaves of all these one- or two-dimensional foliations.

Proof. Let a leaf of T’ be denoted simply by M™. Now (5.1.2) and (5.1.6) take the
form

dki = (—kjei + Kpo' + Y Lije/, (8.3.4)
J#i

Lij=xij(ki —kj), wl] Z)L[ja)i —)le‘a)‘i. (8.3.5)
By differentiating (k;, k;) = 0 (i # j), one obtains
(Ki kj) =k hji, (@ #)). (8.3.6)

After exterior differentiation of (8.3.4), one can see that all tangential terms cancel,
as well as the normal terms with ' A w/, and the result is
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1#i
0= Z[)&il)vlj(ki — ki) + Aijhjiki — ke’ A o
J#i
So in addition to (8.3.3), in which the first equations take the form A;;1;; = 0, one
obtains A;;A ;; = 0, where i, j, [ have any three distinct values; moreover, the second

equations of (8.3.3) reduce to identities.
Let us consider for some three distinct values i, j, k the matrix

0 Xij ik
Aji 0 Ajk
Aki Mkj 0

The last equalities say that in every row and in every side of Sarrus’s “+-triangle,
there can be only one nonzero entry. Up to permutations there are only two possibili-
ties: the nonzero entries are either (1) only A jx and Ag; or (2) only A j; and A;. In the
second case A;j = Aj; = Ay; = Axj = 0 and therefore, in particular, L;; = Lj; = 0.
Now (8.3.2) and (8.3.5) imply that

I#] ‘
> haki = k) O’ = aje') =0,
i

whence A A jx = 0. Therefore, this second case is impossible.
As a final result, in every principal (3 x 3)-matrix of the (72 x m)-matrix

0 A2 AM3 ... Alm
A21 0 A3 ... Aom
A3l A3 0 ... A
Aml Am2  Am3 ... 0

nonzero entries can occur only in pairs of entries symmetric across the principal
diagonal. Moreover the indices in two such pairs cannot have a common value.
Without loss of generality one may assume that these pairs are (X112, A21), (X34, A43),
(As6, A65), etc. Thus, due to (8.3.5), among wl] only w%, wg‘, a)g can (but need not) be
nonzero. In view of Theorem 8.1.2, this proves the assertion.

Now, to prove Theorem 8.3.1 it suffices to combine the results obtained above.

Remark 8.3.5. Theorem 8.3.1 for the case ¢ = 0 was given in [Lu 89a], where de-
scriptions of the nonparallel components of the submanifold were also added; these
descriptions are given here in Section 6.8.

Note that the normally flat parallel submanifolds mentioned in Theorem 8.3.1
were described in Section 5.2 above.

Remark 8.3.6. General (i.e., normally nonflat) 2-parallel submanifolds M™ in N"(c)
have been investigated up to now only for dimensions m = 2 and m = 3. These
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surfaces (m = 2) are considered above in Section 6.7 (see Theorem 6.7.2), and such
three-dimensional submanifolds were studied for ¢ = 0 in [Lu 90c] and in general in
[Lu 2000a], where Theorem 22.1 states the following:

Every three-dimensional 2-parallel submanifold M?3 in N"(c) is reducible in the
sense that it is a product of curves and surfaces with Vh = 0 or V2h = 0, at least
one of which has Vh # 0.

Note that 2-parallel curves are also described in Section 6.7 (see Proposition 6.7.1).

8.4 Structure of Submanifolds with Flat van der Waerden—
Bortolotti Connection

An important class of semiparallel submanifolds, besides the classes of parallel
and 2-parallel ones, consists of submanifolds with flat van der Waerden—Bortolotti
connection V (see Proposition 4.1.4). The most general among them were introduced
by E. Cartan [Ca 19] in a projective treatment as those m-dimensional submanifolds
which carry a holonomic net of conjugate curves having osculating subspace of di-
mension 2m at each point; they were later called Cartan varieties (see Remark 5.4.3).
They emerged again in investigations by R. Mullari [Mu 61, 62a] on submanifolds
with absolute principal directions and were then studied in [Lu 87b].

Recall that two directions of tangent vectors X, Y € T, M™ of a submanifold M™
are called conjugate (see [SchStr 35] Vol. II, Section 11; [AG 93], Sections 3.1-3.4),
if h(X,Y) = hyj X'YJ = 0 (see also Sect 8.1). If m linearly independent tangent
vector fields have mutually conjugate directions at every point x € M™, then their
integral curves are said to form a conjugate net on M. Both of these concepts arose
first in projective differential geometry and have given rise to several investigations
(see [AG 93], Chapter 3; [AG 96], Chapters 2 and 3).

Absolute principal directions were introduced for the special case of surfaces
in Euclidean 4-space by Wong [Won 52] and then in general by Mullari [Mu 61],
[Mu 62a].

It is known that if two vector subspaces 7 and T* are given in an n-dimensional
Euclidean vector space V, then we have the following.

Lemma 8.4.1. The stationary values of the angle ¢ between directions of unit vectors
t € T andu € T* occur so that their sides are mutually orthogonal in T as well in
T*; moreover, the 2-subspaces of V containing these angles with stationary values
are mutually totally orthogonal, and orthogonal to T and T*.

Proof. Letorthonormal basesin 7" and T* be chosen as follows: ¢; in T, and ¢, in T*,
wherei, j,...arein{l,...,m =dimT},anda, b, ... arein{l, ..., m* = dim T*}.
Lett = e;jt', u = e u“. Denoting

O = (t,u)+r(t,t) — 1)+ n((u,u) —1)

one obtains these stationary angles and their sides from the system 9®/dt = 0,
0 /odu® = 0, which leads to
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(e;j, u) +2x{ej, t) =0, (t,eq) +2u{u,e;) =0; (8.4.1)

this yields cos ¢ = (t, u) = —2A = —2u and then
(ei, ea)u® —t cosp =0, (e, eq)t' —u®cosg =0. (8.4.2)

Eliminating ©#“, one obtains

m*

D leirea)lej, ea)t! =1t cosg;

a=1

hence the sides of stationary angles go in the eigendirections of a symmetric matrix,
which are, as is known, mutually orthogonal in T'; the eigenvalues are the squares of
cosines of these angles (the same holds of course in 7%).

For two different eigenvalues cosg = (f,u) and cos¢* = (t*, u™), the sys-
tem (8.4.2) implies fcosg = Y i ei{e, u), u* cos p* = 221;1 eq(t*, e,); there-
fore, (t,u*)cos@cosg* = (t*,u)cos> ¢ (for T) =(t*, u) cos® ¢* (for T*); thus
(t*, u)(cos?> ¢ — cos? *) = 0, and so (r*,u) = 0. In the same way, (u*, ) = 0.
This, together with the conclusion (e;, u — (¢, u)t) = 0 from (8.4.1), verifies the last
assertion of the lemma.

Corollary 8.4.2. The problem of finding the sides of nonzero stationary angles, in the
sense of Lemma 8.4.1, is equivalent to finding the directions of unit vectorst € T with
the following properties: there exists v € V, orthogonal to T, such thatt + v € T*,
and the length squared of v is stationary.

Indeed, then (v, v) = tan2 0.
Let M™ be a submanifold in E” and A : R D [0, 1] — M™ be a smooth path
with arclength parameter s.

Lemma 8.4.3. The limit position of the system of sides in T = T, yM™ of the sta-
tionary angles between T and T* = TyyM™, as s — 0, depends only on the point
x = A(0) and on the direction of the tangent vector X of A at x.

Proof. A neighborhood U of x in M™ can be chosen so that it contains the above-
considered path between x = A(0) and A(s), and has a section of the tangent frame
bundle defined on it, whose integral curves are the coordinate curves of a map,
geodesic at x (see, e.g., [Ra 53], Section 91). For these coordinates x!, one has
e = 8/3xi, o = dxi, a)l.] = Fijkdxk, (FiJk);\(o) = 0. Along the above path,

o' = Xids,ds =s —0=s,and
(ei)s) = (e + (dei)ro) + o,

where de; = ejw] + hijX's, lim —0; = 0.
Since fort = t'e; with arbitrary constant ¢*, there holds dt = t/ w’iei+t’hinfs+
t'o; with (wi/.),\(o) = 0, it follows that for # 4+ v in Corollary 8.4.2 one can take

(t +dt)0) =t + 1 (hij)ro)X’s + t°0!"™, which yields v = t'h;; X/s + '™,
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Hence, the system of sides of Lemma 8.4.1 is determined from oW/ atl = 0,
where W = (v, v) + ({t, ) — 1). Then dividing by s and taking the limit as s — 0
one gets ‘ ‘

11 (i, hia) X X! — agix) = 0, (8.4.3)

and thus ‘
det [{hij, hig) X7 X' — rgix| = 0.

Hence the solutions do indeed depend only on x and X.

The directions defined by (8.4.3), and thus by Lemma 8.4.3, are called the prin-
cipal directions with respectto X € TyM™.
Eliminating X from two arbitrary equations of (8.4.3), it follows that for each of
these directions ' _
1P (hijs  gpghit — gprhg) X/ X! = 0. (8.4.4)

Remark 8.4.4. The concept of a system of mutually orthogonal principal directions
with respect to a given tangent direction was introduced by Wong in [Won 52] in the
special case m = 2, n = 4; it was then generalized to the situation of Lemma 8.4.3
by Mullari in [Mu 61], [Mu 62a], where equations (8.4.4) were also deduced.

These same authors also introduced in these articles the concept of a system of
absolute principal directions of M™ in E" (in [Won 52] for the case m = 2,n = 4
only), which they defined as the system of mutually orthogonal directions formed
by the principal directions with respect to all tangent directions of M™ at a point
x € M™, if such a system does exist.

It is seen from (8.4.4) that these directions are defined by the tangent vectors
t = e;t! satisfying

t'tP[(hij,  8pghii — &pkhat) + (hit.  8pghkj — gpihq;j)] = 0. (8.4.5)

Due to Lemmas 8.4.1 and 8.4.3, the absolute principal directions are mutually orthog-
onal if they exist; therefore the basis vectors e, (¢ = 1, ..., m) of the orthonormal
frame adapted to M™ can be taken in these directions. Then equations (8.4.5) are
satisfied by ' = 82, &pq = dpq and reduce to

(haj,  Baghit — Sakhqi) + (hat,  Saghij — dakhgj) = 0,
and thus to trivial identities, except for a = g # k:
(haj,  hi) +(har,  hij) =0 (a #k); (8.4.0)
here a = k # g gives the same, only £ is to be replaced by g.

Lemma 8.4.5. If M™ in E" has a field of absolute principal directions which form a
conjugate net, then M™ has flat connection V. Conversely, if M™ has flat connection
V, then its principal basis at an arbitrary point x € M™ consists of vectors with
absolute principal directions of M'™.
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Proof. For the adapted frame above one has (8.4.6), and since the net is conjugate,
one has h,j = k48,4, etc. Hence (kq, kx) = 0 (a # k). Then in (2.1.9) (with ¢ = 0)
hf‘] = kf‘Sij and thus Ripq = Rg,pq = 0; hence this M™ has flat V.

The argument works in reverse, and hence the converse is also true.

The last lemma states, in other words, that the class of those submanifolds M in
E™ which carry a conjugate net of lines with absolute principal directions coincides
with the class of M™ having flat V, i.e., with a subclass of semiparallel submanifolds
in E".

The rest of the present section presents some results obtained in [Mu 61] and
[Lu 87b] about the structure of submanifolds belonging to this subclass.

Recall that a normally flat submanifold M™ having m distinct orthogonal nonzero
outer principal curvature vectors at each point is said to be of Cartan type (see Re-
mark 5.4.3). Due to (5.1.4) they have flat V.

Theorem 8.4.6. Let a Riemannian submanifold M™ in ¢E" with flat van der Waer-
den—Bortolotti connection V be not of Cartan type, and suppose that on an open
set U C M™ there are exactly m* = m — q nonzero vectors, 0 < m* < m,
among its principal curvature vectors. Then there exists a normally flat Riemannian
submanifold M™ c U of Cartan type, with its normal field v of q-dimensional
Euclidean subspaces which is parallel with respect to V**, so that U consists of
open subsets of q-planes through points x € M™", in the direction of v{.

Conversely, if one has a normally flat Riemannian M™ in (E" with a field v
of q-dimensional Euclidean subspaces normal to M " and parallel with respect to
V*L then the submanifold M™, m = m*+q, in ¢ E", formed by all points of g-planes
through arbitrary x € M™ in direction of vi, is a Riemannian submanifold M™ in
s E" with flat V*. This M™ has flat ¥ if and only if the components of the principal
curvature vectors of M™" at every point x € M™, orthogonal to the q-plane at this
x, are mutually orthogonal.

Proof. Let the principal curvature vectors ki, ..., k,, of M’ be renumbered so that
the first m* of them are nonzero and the next ¢ are zero: kjx # 0 for 1 < i* < m*
and k@) = k, = 0form* +1 < u < m. Since M" with flat V is assumed to
be semiparallel, the nonzero ki, ..., k;,» are mutually orthogonal, due to Theorem
5.1.2. One can use (5.1.2), which for i = u yields L,;+ = 0, and thus from (5.1.6)
Ayir =0, 0);4* = )Li*ua)i*.

The last relation together with a)f; = —o}, shows that the differential system
o' = 0on M™ is completely integrable. The leaves of the corresponding foliation
are g-planes, because for them dx = w"e,, de, = w}e,.

The differential system o" = 0 on M™ is completely integrable as well. Indeed,
do = o' Ao+’ Aol = o' Awly. The leaves of this foliation are m*-dimensional
submanifolds M™" . Consider one of them. On it one has

. .
dejx = ej*a)ij* + e 0l +kixa'

hence
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m
hi*j* = ki* —|— Z eu)\i*u Sl*j*

u=m*+1

Now it follows easily that this M ™" has flat normal connection V*L.

Along this M™" one has de, = — Z:’lll )Li*ua)i*e,'* + ey, and therefore the
field v? of g-dimension subspaces normal to M m* subspaces spanned by ¢, is parallel
with respect to V*L because the normal component of de, outside of v is zero (see
[LCh 81], Proposition 1).

The argument in the reverse direction works, verifying the converse assertion; for
details see [Lu 87b].

Now consider a submanifold M™ in E" with flat V of Cartan type. Its m prin-
cipal curvature vectors are all nonzero and mutually orthogonal, as follows from
Theorem 5.1.2. Suppose that among the latter there exist m™* vectors, m* < m, so
that the field of m™-dimensional tangent subspaces spanned by the corresponding
principal directions is parallel with respect to the Riemannian connection V induced
on this submanifold M™. This parallel property means, as is known, that for an arbi-
trary vector field belonging to the above-considered field of m™*-dimensional tangent
subspaces, its differential has components only in this latter field and normal to M™.

Analoguously, a field of p-dimensional normal subspaces on M"™ is called parallel
with respect to the normal connection V- of M™ if for an arbitrary vector field
belonging to it, the differential of the latter has components only in it and in the
tangent subspace of M"™ (see [LCh 81]).

Theorem 8.4.7. Let M'™ in E" be a submanifold with flat van der Waerden—Bortolotti
connection V of Cartan type. The following four assertions are equivalent to each
other:

(1) The field of m*-dimensional tangent subspaces spanned by unit vectors e;+ having
the principal directions of M™, 1 < i* < m* < m, is parallel with respectto V.

(ii) The field of (m — m*)-dimensional tangent subspaces totally orthogonal to the
previous field (thus spanned by unit vectors e;r in the remaining principal direc-
tions) is parallel with respect to V.

(iii) The field of m*-dimensional normal subspaces spanned by principal curvature
vectors ki, . .., ky* is parallel with respect to the connection Vd‘ induced in the
bundle of first normal subspaces of M™.

(iv) The field of (m — m*)-dimensional normal subspaces spanned by the remaining
principal curvature vectors k41, . .., kpy is parallel with respect to Vol.

Proof. The orthonormal frame can be adapted to this submanifold M™ so that ¢;
are in the principal directions and e,,+; are in the directions of the corresponding
principal curvature vectors; let ¢, be the remaining basis vectors of the frame normal

to M™. Then k; = kjep+i, thus h;’;*k = K,-Sijélj‘., and hfj = 0. Substituting this into
(2.2.3), one obtains k;§; ja)ﬁl = hipj ka)k . Since the coefficients on the right side are
symmetric with respect to lower indices, only hfi ;
follows that

can be nonzero among them. It
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P b,
a)m+l.—ll.w.

Substitution into (4.3.3) and (4.3.4) implies, after some straightforward calcula-
tions, that

a)l] = ;cic,.ja)i — ch;-a)j, (8.4.7)

ot =kicto' —kjclwl, (8.4.8)

di; =y’ + ) wFclowl, (8.4.9)
J#i

J —2 7 m+i +i
where ¢/ = «; Ll’.’J‘. "andy; = K"
From these formulas (8.4.7) and (8.4.8) it follows that each of the four assertions
of the theorem is equivalent to the system of equations

Remark 8.4.8. An easy computation shows that (8.4.7) and (8.4.9) yield d (k') = 0
therefore, at least locally, there exist functions u’ on M with flat ¥ of Cartan type,
so that k;w' = du’. In these parameters u’, the system (8.4.7)—(8.4.9) takes a simpler
form, e.g., (8.4.7) is

a)lj = cl.jdu’ — cljduj.
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Umbilic-Likeness of Main Symmetric Orbits

As mentioned in the introduction, the concept of umbilic-likeness (introduced in [Lu
96¢, d]) is defined as follows: A symmetric orbit is called umbilic-like if the second-
order envelope of a family of submanifolds similar to this orbit is a single symmetric
orbit or its open subset. (Note that in general such an envelope is a semiparallel
submanifold.) The guiding example is the sphere, being the only submanifold all of
whose points are umbilic, i.e., at each of its points the submanifold is second-order
tangent to a sphere.
In this chapter the phenomenon of umbilic-likeness is investigated in detail.

9.1 Two Kinds of Symmetric Orbits

According to Theorem 8.1.2, a semiparallel Riemannian submanifold M™ in Eu-
clidean space E" carries a conjugate system (in the sense of [AG 93], Chapter 3) of
eigenfoliations of the mean shape operator Ag. By Theorem 4.5.5, such an M™ is
a second-order envelope of the corresponding parallel submanifolds, which are, if
complete, product submanifolds

M™ x oo x M™ x S (egqn) X - X Sl(cH_q) x E™0,

where M™!, ..., M™s are main symmetric orbits (see Theorem 8.2.5 by Ferus). Each
of the latter is minimal in a hypersphere and is a standard imbedding of a symmetric
R-space.

If M™ is normally flat in E”, then these main orbits are spheres, as is shown
in [Wa 73] (see above Section 5.2). According to Theorem 5.4.1, the eigenleaves
of a general normally flat semisymmetric submanifold M enveloped by these
spheres are then these spheres themselves. At the same time, the circle components
S'csq1), ..., St (¢s+4) envelop some curves of M™ that are orthogonal trajectories
of these spheres.

This circumstance has a simple explanation, already noted in the introduction to
this chapter, which is more thoroughly explained as follows.

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_10, © Springer Science+Business Media, LLC 2009
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A point of a submanifold M™ in E” is umbilic if and only if M™ has second-
order tangency at this point with some sphere S (c) (see Sections 2.4 and 4.5). It
follows that M™ is totally umbilic if and only if M™ is a second-order envelope of
m-dimensional spheres. But it is known that if m > 1, then a totally umbilic M in
E" is a sphere (see Propositions 3.1.2 and 5.2.2), thus the enveloping is trivial: the
family of enveloped spheres reduces to a single sphere, the envelope itself.

Form = 1 the situation is different; here every curve M Iin E™ is the second-order
envelope of its circles of curvature.

Situations similar to these two occur also for other symmetric orbits. For instance,
Theorem 4.6.1 above states that the second-order envelope of Segre submanifolds
S(p,q) (k) with variable k is, in the case p > 1 and ¢ > 1, a single Segre submanifold,
and then k is a constant; and in the case p = 1 and ¢ > 1 this envelope is a logarithmic
tube. From Proposition 6.3.1 and Corollary 6.3.6 it follows that in N (c), so also in
E?, a second-order envelope of Veronese surfaces is a single Veronese surface, and,
due to Theorem 6.4.1, there exists in E7 an envelope of Veronese surfaces that do not
reduce to a single Veronese surface.

The concept of umbilic-likeness introduced above is useful in order to distinguish
these two situations.

If for a main symmetric orbit, every second-order envelope of submanifolds con-
gruent or similar to this orbit is a single such orbit or its open subset, then the orbit is
umbilic-like.

So a Segre orbit without circular generators is umbilic-like, independently of the
dimension of the ambient space, whereas a Segre orbit with circular generators is not
umbilic-like. A Veronese surface (orbit) is umbilic-like in E°, but in E" withn > 5
it is not umbilic-like.

The problem in this chapter is to decide which main symmetric orbits are umbilic-
like and which are not. Note that this is related to the extrinsic analogue of the Nomizu
problem for semisymmetric Riemannian manifolds. Namely, in 1968 K. Nomizu [No
68] conjectured that if such a manifold is complete and irreducible, then it reduces
to a locally symmetric manifold. This conjecture was refuted in general in [Sek 72]
and [Ta 72], and so the question arose as to whether or not there are some particular
cases where it is still true.

Now instead of semisymmetric (resp. locally symmetric) Riemannian manifolds,
one can consider semiparallel (resp. parallel) submanifolds. Therefore, the following
problem, called the modified Nomizu problem, arises (see [Lu 92a], [Lu 95b]): When
does a semiparallel submanifold reduce to a parallel one?

The question of deciding the umbilic-likeness of main symmetric orbits is a par-
ticular case of this general problem.

Let us consider from this point of view some main symmetric orbits and their
second-order envelopes in more detail.

From (4.6.1) it is seen that for a Segre submanifold S(, 4)(k) in EPI*"+1 the
vector-valued second fundamental form has the components

hiyj, = (emg1k — cx)8iyjy,  hiyjy = eijjpk,  hiyjy = (emi1k — x)Biyjy,
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wherem = p+q,c = k2, and x, em+1, €, j, are mutually orthogonal vectors normal
t0 S(p,q) (k) (see Section 3.2). Hence the mean curvature vector is H = e, 11k — cx
and thus hiH. = 2¢6;, ji» h =0, nf, = 2¢6;, j,. This, together with the results in
1J1 1 2
Section 3.2, shows that S, 4)(k) is a main symmetric orbit.

As mentioned above, guided by Theorem 4.6.1, it is umbilic-like if p > 1, g > 1,

and not umbilic-like if one of p, g is 1.

Next, let the Pliicker submanifold G*P (r) in A2(RP) be considered. Here A%(RP)
can be made into a Euclidean vector space RzP(P—1 (see Example 1.5.4 and Sec-
tion 3.2; also [Lu 92a], [Lu 96b], [Ste 64], Chapter I, Section 4). The action of
SO(p, R) by isometries on Euclidean R” also induces an action on AZ(RP), called
the Pliicker action, and G>P(r) is its orbit, which is by Theorem 3.2.3 a parallel
submanifold.

Moreover, this Pliicker orbit is a main symmetric orbit. Indeed, from (3.2.8) it
follows that the mean curvature vector of this orbit is H = —%x and thus

1 1
hlflv = r—2x28uu, hlill_) = O, h% — r_2x28ﬁ17.

Therefore, the mean shape operator Ay has only one nonzero eigenvalue rizxz, and
this characterizes main symmetric orbits.

The fact that this orbit is umbilic-like will be proved in the next section.

Also the Veronese submanifold (see Sections 3.3 and 4.7) is a main symmetric
orbit. Let us consider such a submanifold of dimension m in Euclidean space, i.e.,

let s = ¢ = 0. Indeed, by Theorem 3.3.1 it is a parallel orbit in £ %”’("”3), for which
due to (3.3.4) one has

1
(hij, hiq) = (28;6r + 8ixdj1 + 5[15,/k)r—2,

because now h}; = h;; (cf. (4.4.13)); here the notation k = riz is used. Such a

Veronese orbit will be denoted by V™ (r) below.

From the last formulaitis seen that the vectors /2 i (j # k) are mutually orthogonal
vectors normal to V"' (r), and h11, . .., A are orthogonal to the vectors 4 i (j # k)
and form a regular simplex part in the space normal to V" (r) at an arbitrary point;
the side length of this simplex is 2r =1 (cf. (4.4.8)-(4.4.11)). Here H = % >y hiis
therefore,

m4+1 _ . .
M= = nl, =" a0 %)),
and thus V" (r) is indeed a main symmetric orbit.

The problem of its umbilic-likeness is more complicated than for the preceding
examples, and will be studied separately in Section 9.7 below.
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9.2 Umbilic-Likeness of Pliicker Orbits

As stated above, the Pliicker submanifold G (r) is an orbit of the Pliicker action

of SO(p, R) in R27=1 More precisely, it is the standardly imbedded symmetric
R-space SO(p,R)/SO(2,R) x SO(p — 2, R).

Theorem 9.2.1. The Pliicker orbit G2’p(r) is umbilic-like; i.e., a second-order en-
velope M™ of Pliicker orbits G>?(r) with variable r and with m = 2(p — 2) in an
n-dimensional Euclidean space, n > %p(p — 1), is a single Pliicker orbit or its open
subset.

Proof. If p < 4, the assertion follows from the known results (see, e.g., [Wo 72],
9.2) that for p = 3 the Pliicker orbit G>3(r) is equivalent to the sphere S2(r) C R3,
which is umbilic, and for p = 4 the Pliicker orbit G24(r) is equivalent to the product
S2(J/r) x S*(/r) € R? x R3, which is umbilic-like, as shown in [Ri 88].

Solet p > 4 andlet M™ be the postulated envelope. The components of its second
fundamental form with respect to the adapted frame are the same as for G>7(r) and
thus are given in (3.2.8), where one has x = e; A e = E[12]. Using w in place of the
notation 6 of Section 3.2, it follows that this envelope M™ is defined by the system

o2 — pluvl — & 0, 9.2.1)
[12] L, [12] L
W= — o, ol = o, 9.2.2)
r r
[vw] 1 v, W w, v [vw] 1 w, v v, w
o " =G =80, ot = =" — 8", 9:2.3)
wf = ol =0, (9.2.4)

where £ runs {%p(p —D+1,...,n}.
Exterior differentiation of equations (9.2.1) leads to identities, but those of (9.2.2)
lead to

[12]
[uv]

[12]

(o] N o’ =0.

dinr Ao +wp A0’ =0, dinr Ao —w

Since p > 4, u takes more than two values here, and the same holds for i; hence
these exterior equations imply that

r = const, w{m =0. (9.2.5)

uv]

Equations (9.2.4) give
a)‘[guv] Aw’ =0, a)‘[guv] Ao’ =0,

thus
wf 0. 9.2.6)

uv] =

The more complicated equations (9.2.3) lead to
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vw t vw 3 vw t vw i
i AN+ AN =0, ¢ N+, Aot =0,

where
= I8 — )+ fY — B, ©27)
o = ot — 0U5Y + 028 — 0P8 + w5y, 92.8)
Yo = wllsl, — ol 8l + 8l — 8 (9.2.9)

vw

are all antisymmetric in v, w, and ¢;}",

By Cartan’s lemma,

»i are also symmetric in u, .

oLl = AV w* + BYo, (9.2.10)
oo’ = Bitio® + Coll, 9.2.11)
Yol = Chtie® + Do’ 9.2.12)

Here A})}) and D}}" are symmetric inu, ¢, s, B}/» and C}% are symmetric in u, ¢, and
all of them are antisymmetric in v, w.

If p > 6thent, u, v, w can take four different values, for which (9.2.7) and (9.2.9)
imply that ¢}’ = ¥/’ = 0, and so in (9.2.10) and (9.2.12) A} = B.jy = Cly =

uts uts uts
D}%i = 0. The result is that also ¢}’ = 0, and hence

{:;l])] =0 (¢, u,v,w distinct). (9.2.13)

If p = 5, then u, v, w can take three Qifferent values, for which (9.2.7) and
(9.2.10) give ¢}y = w; = AL @0® + By @®. Onthe other hand, if u = w =1t # v

uws uws

then ¢, = 2w}, = A .@° 4+ Bl w®. Hence
DAY = Al 9.2.14)
In particular, 2A)% = A% . Here the roles of u and w can be interchanged;
therefore, A}, = 2A%),,,. Due to symmetry in the lower indices, A}, = 2A0, =
w e -
4Aw  =4An  thus AYY = 0if u, v, w are distinct.

It follows that for every four distinct values u, v, w, s, the right side of (9.2.14)

vanishes, and thus also A}}) . = 0. The result is that

v _ v u v v vw S
w, = Fuuw + Fuvw + Buwsw ’

where «, v, w are distinctand I'}},, = ALY 'Y = A" .

The same argument applied to v};" yields the result

vV _ vw oS u v u u
w, = Cuswa) +va1w +Fvﬁw .

Hence

Vv __ U o, u v u v u o u
w, =T,,0" +T, 0 +T 0" +T 0",
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where u # v. Thus for distinct u, v, w

B'Y — Fu—, B'Y — Fu—, cv — FD cvw :FT)

uwv Vv uwu vu unw uu’ uvw uv? (9'2'15)

and if u, v, s are also distinct, then

va — Cuw =0

uws usw

Furthermore, ¢}/’ = 0, which implies By, = Ci}vc = 0.

One can see that for three distinct u = v, w, ¢

uw w uw 1
Gup =~ Yy =~y

Therefore, Ffm = —B"" =), Ffuw =-C" =0,

utw uwt —

uw _ _pw uw _ _pw
A = TP DI = T (9.2.16)
Now
uw _ _pw .S uw _.§ uw _ ~uw S w8
uw stw + Buwsw ’ 1/fuw - Cumuw stw ’

but for the other side

¢uw — 1puw — ot — wg'

uw uw u

Thus

a)Z - a):ﬁ = —Fg{va)s - Fg’wa)§.
Similarly,

off —of = ~Tf,0" T
hence ') = —T% , T" = —Ffﬁ for every two different # and w. In general, if for
some quantities y; one has y, = —y,, for every pair of distinct u, w, then for three
distinct u, v, w it follows that y, = —y, = —(—=Yw) = Yw = —Yu, and thus all
Yy = 0. Therefore,

Fgu = Fsﬁﬁ =0,

and consequently all quantities in (9.2.15) and (9.2.16) are zero. All this leads to

v i v v v
w,=w, —w, =w; —w, =0 (U #v),

[uw] w o__
[ =

uv] v 0 (u,v,w distinct),

but this together with (9.2.13) verifies the assertion.

Remark 9.2.2. Theorem 9.2.1 was first proved in [Lu 92a] and then announced in
[Lu 96b].



9.3 Unitary Orbits of the Pliicker Action 181

9.3 Unitary Orbits of the Pliicker Action

The Pliicker action in A2(R?) = R27(P~D is defined by the differential equations
dEpj) = Epji6F + Epro®
lij1 = Ewkj1t; + Efint;,

where Ej;j) = %ei A e are elements of the moving orthonormal basis in AZ(RP)
corresponding to a moving orthonormal basis {e1, ..., e} in R?.

An arbitrary element of A?(RP?) is then given by ¢/ E|; j1- If the ¢/ are some
constants satisfying ¢/ = —c/’, then this element describes an orbit of the Pliicker
action. Itis known that {eq, ..., e,} can be chosen so that for this element, in general,

v

o= Zcp(;gp_lsﬁ, c, >0, 2v=<p

p=1

(see [Sch 24], Chapter I, Section 16; a more explicit presentation is given in [Shi
61], Sections 10 and 23). With this choice of basis, the element ¢'/ E[;;; assumes the

canonical form
v

Z cpERp—12p1- 9.3.1)
p=1

Theorem 9.3.1. If n = 2v, then the orbit of the Pliicker action described by (9.3.1)
with ¢; = --- = ¢, # 0 is a symmetric orbit.

Proof. Let the common value of all ¢, be denoted by c¢. Then by (9.3.1),
%
x=c) Epy120
o=1
and the differential equation defining the Pliicker action implies
dx = " (I1go), @M + g1, '® 1), (9.3.2)

summed over g, 0 for 1 <o <o < v, and

1

I[QU]l = E(E[ZQ—LZJ—I] - E[ZQ,ZU]) = _I[O'Q]ly 9.3.3)
1

Iipo1, = E(E[ngl,&r] + Epg20-11) = —lisp), 9.3.4)

are mutually orthogonal unit vectors of RV~ (j.e., elements of A2(R?)) tangent
to the orbit, and

ool — C\/i(ezzgf] + 9225—1) = —loah, (9.3.5)



182 9 Umbilic-Likeness of Main Symmetric Orbits
o0k = — V20377 - 037) = —0l70h.
The same differential equation yields

[oo]y

dlgo), = I[QU]2w[QU]1

[to] 0] [oT]
+ Z (zon @)gq, + 1[Qr]1“’[ga]1 + o, @ ]2 + I[Qf]za)[ga]zl)

T#0,0

Z (Jiro wltel _ J(gmw[ﬁ]z + J(m)za)[wh + J@ﬂza)[

r;égcr

1
~ 35Ul + Jiml®h,

loo]
dligot, = — ligo), @),
[to] ot [to] lo7]
+ Z (I[TU]lw[Qa ; + IQf]Iw[Qa]lz + ITU]Zw[Qa ; + IQT]Zw[Qa]zz)
T#0,0
f Z (Jizo) olrell 4 Jio ol 4 J(Tff)z“)[w]2 + Jior), @
T#0,0
1
——(Jpy + J w[@ff]z’
7e o) + Jio)
where o # o,

Jio) = E20-1,201

(9.3.6)

01]1)

[GT]2)

Jigo) = %(EBQI,%I] + Eo.201) = —Jioo)» 9.3.7)
Jigoy, = %(5[29—1,20] — Epo20-11) = Jioo), (9.3.8)

are mutually orthogonal unit vectors of RV®~1 normal to the orbit, and
fon = -(955 L[0T = w0k (9.3.9)
DR = SO T, ol = SR ), Ao 9310)

the other components of the connection form w of V vanish.

The nonzero essential components of the vector-valued second fundamental form

h of the orbit are

1
higoliloo = — E(Jm) + Ji0)) = higorloolss (9.3.11)
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1
higonlerly = — mJ(aﬂz = higohlot, T # O, (9.3.12)

higoliforl = mJ(GT)lv T #0; (9.3.13)

the other components of & vanish.
A direct calculation can now be used to verify that condition (3) of Proposi-
tion 3.1.1 is satisfied for the orbit being considered, and hence the orbit is symmetric.
For example, in the expression of Vhgp fora = l[ooli, b =[otl, T # 0,

1
dhap = dhjgsor], = — E(dE[za—l,zr] —dEpe2r—17)

1 291 20
1 Y AEpp-1.201650 ) + Ep2p201658
@

+ Epo—120-1105¢ ' + Ej2o—1.29165]

— [Epp-120-11650 ' + Ezg2e-1165

+ E[2o,2<ﬂ—11‘922:)—_11 + Epopif3e 4 1)
Thus the normal component of this dh, is

1 291 2 201 2
— ——= > Wigrnbsi 1+ T8 1+ Jiopn 058 + Jiogn0yY
46‘«/5 P

-1

2 2 20—1 2
- J(wrh@zf J(wt)zezc(f + J(w)zezf—l - J<mp>1923—1}’

which coincides with

[ow] loe]
Z{h[gwh[arhw[goﬂ + higphlor) Do),
@

[ [
+ hiooliloel @) QT]] + +higolileel, [Qr]12

as is easy to see. Hence Vg, is tangent to this orbit and thus condition (3) of
Proposition 3.1.1 is satisfied for this choice of @ and b.

For other choices of a and b, the verification is quite similar. This concludes the
proof.

A group theoretic characterization of the orbit of Theorem 9.3.1 can be given as
follows.

Equations (9.3.2), (9.3.5), and (9.3.6) imply that for a point x of this orbit, the
isotropy subgroup K in G = SO(n, R) is given by the completely integrable Pfaffian
system

201 2_20’1
0 929 > 02 92,91’ l<o<o<v.
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It follows that the skew—symmetric matrix of the Maurer—Cartan 1-forms Gij of G =
SO2v, R) restricted to K consists of blocks

oml e 201 2w o
920 p2o-1 - 92@—1 -1 "‘92971' n, l<po<o=v,
T Y201 Y20-1

where

10 o 01
].1= 5 =
(01) = (o)

can be identified with the complex units 1 and i, i> = —1. Thus the Lie algebra of
K is isomorphic to u(v, C) = {6 : ' = —0} and therefore K is isomorphic to the
intersection of the unitary group U (v, C) = {A : A A= Id} with SO(2v, R), i.e.,
to SU (v, C). This shows that this orbit can be considered as a standardly imbedded
SOQ2v,R)/SU (v, C). Therefore, it will be called a unitary orbit.

Remark 9.3.2. In [Lu 96b], where the unitary orbit is considered in this way, it is
shown that the other orbits of the Pliicker action, other than the Pliicker orbits and
unitary orbits, are nonparallel submanifolds.

9.4 Umbilic-Likeness of Unitary Orbits

It can be shown that a unitary orbit is umbilic-like, i.e., the second-order envelope of
unitary orbits is a single unitary orbit. The proof is rather complicated. The first step
is to prove the codimension reduction theorem.

Theorem 9.4.1. If a submanifold M"V~V in E" n > v(2v — 1), is a second-order

. ; . 2 . . .
envelope of unitary orbits, then there exists an E?'" C E", which contains this
MYV~ and all the unitary orbits enveloping it.

Proof. Suppose the submanifold M"®~D in a Euclidean space E", n > v(2v — 1), is
the second-order envelope of unitary orbits of Pliicker actions. Then it has an adapted
orthonormal frame bundle, whose frames have tangent vectors I[,5), and Ijys1,, and
normal vectors Jy), Jipo),» J(os), and Jr, where

ligol, = —liools Tigol, = —lisolas o) = —Jioays Jioo)y = Jioo)y (941

with o # o (cf. (9.3.3)-(9.3.8)), 1 <p,0 <v,andv2v — 1)+ 1 < g“‘ <n.
By (9.2.9), (9.3.10), the role of the Pfaffian equations wf = hf‘jwf (see (2.1.4))

for MV~ is now played by

(o)  _ [oo] (o) _ [oo]
Do, NG Olpol, = v 2wle%l2 (9.4.2)

(eT)1 _ (ot)2 _ [ot]
Do)y = ~ Do)y, = KO oth, (9.4.3)
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(ot)2 __  (oth __ [o7]
C0[@0‘]1 - w[go‘]z = —kKw ot lv (944)
all other ")([xgah and w‘[)i?d]z are zero, (9.4.5)
where k = —ﬁ; also recall that [oo' |1, [00 ]2, (00)1 are skew-symmetric index

pairs, and (oo )2 is a symmetric index pair with o # o, as follows from (9.4.1).
In particular, (9.4.5) implies that for the upper index ¢,

¢ _ ot _
Doy = Ploot, = -

Exterior differentiation according to (1.4.3), used for the last two equations, now
gives

\/E(a)fg) + wfa)) Aol 4 Z(wfgth nol7Th — w%‘”’)l n ottt
T

¢ e .
= Wy, AT F @l AT =0, (9.4.6)

ﬁ(wfg) + w?g)) Awleol _ Z(‘”fgm Aot _ w(fm)l A wleth
T

e ¢ _
+ @y, A ot — Oy, A wlo™h) = 0. 9.4.7)

From (9.4.6) together with Cartan’s lemma, it follows that 955 = ﬁ(wfm +

a)fg)) (0 # o) and the other forms in (9.4.6) having upper index ¢ must be linear
combinations of the basis 1-forms o€l wle™h ploth yletlz ,loTh of the coframe
bundle on MV—D, Substituting this into (9.4.7), one sees that the terms obtained
from 95(, A @@L and thus containing w[?12 as a multiplier, are all different from
the terms of the other part. No cancellations can occur between these two groups of
terms, and hence ng =0or

¢ ¢ _
W) + @, =0. (9.4.8)
S0 (9.4.6) yields
a)§ — Z (A§ 7?2 4 B¢ olovl + cé ploeh + D¢ a)[Q(p]l)
(oT)1 0TY oty oTe ore ,
p#0,0
¢
—Wfpry, = Z (ngrw[oﬂz + ngw[@w]z + Fgww[atﬂ]l +G§T(pw[g“’]‘),
p#0.0
¢
— 0y, = Z (Cémw[wh + Fgww[gw]z +H5t(ﬂw[a<p]1 _{_Iggww[g(p]])’
$pF#0,0
wfar)z = Z (ngw[aw]z + Gf,(pra)[g‘/’]2 + Igwa)[‘”/’]l + J(fww[g“’]l),
pF0.0

where o, o, t are three distinct values and the coefficients in diagonal blocks are
symmetric in T and ¢; recall that the index pairs are skew-symmetric, except that
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(o7)2 is symmetric. Thus from the first row, Agw = —Aiw = —Agw for three
distinct o, o, @, i.e., a cyclic permutation of these indices changes the sign; after the

third, one obtains Aéw = 0 for ¢ # t. The first row also gives ng = —ng(/,, and
from the third row one obtains Cé(pr = cﬁq,g, thus Céw = 0 for T # ¢. The same
argument shows that Eéw =0, Gfmp = 0 for T # ¢. Moreover,

Hy=Hiyy iy =T

Interchanging ¢ and o in the second and third rows, one obtains

orr + A 07 Bgrgo + B O’ DQT(P + FQT¢ O’

Gt

err T Cg” =0, Ior(p + Igrpr =0, Hanp + JO"[(/) 0.
All this shows that

a)% = AS__loth 4 C{ oot 4 Z (ngw[gtplz + Dgww[ewh)’

oT)1 otT
p#0,0
¢
Wlyry, = — anw[w]z + Z (Dg(prw[ﬂwlz + [gww[ﬂwh _ ngw[w)]l).
YF#0.0
Now (9.4.7) gives
Z . Agn “”]z—l—Cg”a)[”]‘ +Z (ngw[w]z +D§ww[w]‘) Aoloth
T#0.0 p#0.0

+ Agrr [Qf]z_i_cgnw[gf]l + Z (ngw[wh-FDgww[W]') A wleth
p#0.0

— |Gt UT]2+ Z (D§¢,w[9“’]z+l§ww[9‘”h _Hgﬁww[awh) A wloth

ort®

pF0,0

+ ngw[gf]z + Z (Dg(ﬂw[mﬂ]z +[Qs“(prw[0<ﬂ]1 _ Hgﬂpw[gw]l) A ploth
p#0.0
=0.

This yields Abrr + Horr = 0 and Hipp = 0if T # ¢, but

+15,,=0, DS, +D;,,=0.

QT‘/’ oty eyt

So

¢
Wlory, = Agnw[orh CC w[or Z (DC wlevl 4 BC @y,
9#0,0
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Interchanging o and 7, one obtains

¢ _ [oo] [oo] ¢ [ty] ¢ [ty]
Dloo) = Aggaw 7 + CEQQw e+ Z (Broy@ WE Dy i,
Ao
¢ ool ¢ [ty] ¢ [ty]
Blrg)y, = Aieew oeh C{ o® 7R — Z (Drww Tk + waa) i D
Y#T,0
Here
¢ ¢ _ ¢ _ _
Dloryy T Olrgy = Digry, ~ Plzg), = 0,

thus Agn = Cg” =0,

Bgtr - ngg =0, B{r =0 (tr#9¢),

¢ p¢f = ¢
DQT‘L’ DTQQ 0, Dgrga_o (t #9),

but at the same time

Q‘L"[ + ngg =0, Q‘L"[ + Dggg 0
and hence ng = Dgw = 0. It follows that
¢ _ ¢ _
Dgr), = Digry, = 0-

Together with (9.4.8), equations w a a)< o =0, a)fg) + a)ff> = 0 also hold for

every three distinct values g, o, 7. ThlS shows that
¢ _
(g = 0.

Now E2" in E", spanned at x by all Ijys],, Ijgo], Plus all Jipy, Jioo),s J<§g)2, is
invariant, because dx and the differentials of these vectors belong to this E2V".

This finishes the proof of Theorem 9.4.1.

It remains to give the final step in proving the assertion of this section.

The same process as above must be used, applied now to the remaining equations
of the system (9.4.2)—(9.4.5). In fact, this system is a particular case of a)f‘ = hf‘ja)/

for the bundle of adapted orthonormal frames of M""~1 in E 2> Now the deduction
of = hY a)j = Vh“ Aol =0= Vh‘x _hljkw

has to be performed in this particular case. Lengthy calculations will show that the
result is h{;, = 0; this result proves the desired assertion.

This process will not be presented in full generality below, but rather demonstrated
for a model case, namely for M 6in E18 i.e., forthe case v = 3. Here the presentation
can be simplified by denoting for every even permutation o, o, 7 of 1,2, 3

[ooli=7, [eoch =1 (=7+3),
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(oo)y1=11 (=749), (0o)r=1 (=714 12).
The system (9.4.2)—(9.4.5) then takes the form

a)ég) =0, wé‘ﬂ = a)(f) = kv20°, 9.4.9)

a)g' =0, a)gl =Ko a)gl = —/ca)a/, (9.4.10)
02 __ oy _ T v _ .0

wgz =0, a)g2 = —Kkw', a)g2 = —kw?, 9.4.11)

0l =0, o = o) =kv20? (9.4.12)
o1 __ ol __ T T __

Wy =0, Wy =—KO', @, = ko’ (9.4.13)
Q2 __ 0y __ 7/ v o_ o/

W, =0, Wy = KO, Wy ==K . (9.4.14)

Exterior differentiation of equations (9.4.9) and (9.4.12) gives

V2(w <“>+w<’>)Aw@+(fw —0P) Ao’ + (V20L — o) AoT

+ («/Ew“ — () A o® + (ﬁwf + @) A ' =0, (9.4.15)
\/E(dln/c— )/\wQ—(«/_wQ—a) )/\a) —i—a) /\a)f
~ (V20! —0ll) Ao — 0l Ao =0, (9.4.16)

V2dInk — a)«;)) Aof + w? Aw® — (ﬁw? — a)?f)) Aot

ol Ao” = (V208 +oll) Ao’ =0, (9.4.17)
(x/iw”, + a)T1 DA o’ + (ﬁa)r, — a)g' DA o + (a)(g) + w<t§) Aa?

+ (V205 — o) Ao + (V20h, — 0f) Ao’ =0, (9.4.18)

- (\/Ea)g + a)&lj)) Ao’ + a)?{b Awt +2(dInk — a)<;>) Aa?

~ (V2% 02 A0+ 0"+ 0 A =0, (9.4.19)
—a)zl)/\a} —(«/_a)g—wal)/\w +x/_(dan—a) )/\a)Q

ol Ao - (ﬁwf, —0P) Ao’ =0. (9.4.20)

The following result about the congruence of enveloping unitary orbits summa-
rizes the intermediate stage of the proof for the model case.

Proposition 9.4.2. If M% in E'3 is a second-order envelope of unitary orbits in E'%,
then these orbits are congruent, i.e., r = const.

Proof. From (9.4.16), (9.4.19) it follows by Cartan’s lemma that v/2(d In & — (7)),
a)g) and a)& are linear combinations of @?, ©°, %, @° , w* and also of ®°, w7,
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wQ/, a)”,, ® . This can be repeated with (9.4.17), (9.4.20), and after permuting
(0,0,1) — (1,0, 0), it shows that the same w?(;), w% must be linear combinations

! ’ ! ’ ’
of w9, 0%, w", w? , w° and also of w9, W, w?, w° , w" . So

«/—(dln/c —a) )_a(mw + 50" + dgor® +am/w
1) ;) =byo’ + bw/a)” , 9.4.21)

!

a)?(; =Coo 0’ + Coor” (9.4.22)

«/_(dln/c+a) ) =doo0” +dyr0" + dyg10” ‘.

Further, it follows from (9.4.15), permuted by (o, o, ) — (0, 7, 0), and from
(9.4.16) that \/Ea)g — w(Z) is a linear combination of w?, w?, ', w®, w® and also

’ !
of w?, w?, w", ®° , " ; thus
T !
ﬁa)g — a)é) = €500 + 5007 + €5 0" + et . (9.4.23)

By the same argument, (9.4.15), permuted by (o, 0, 7) — (7, 0, 0), and (9.4.17)
imply

V208 — 0% = frot® + fro0” + frr" + fror” . (9.4.24)
Similarly, (9.4.18), (9.4.19), and (9.4.20) give
«/_a) =eg 0" + ey Q/a) + ey ” + eg/,/a) (9.4.25)
V2o, - a)?% = frr00” + frg@® + foga® + fff,/wf’. (9.4.26)
Substituting this into (9.4.16), one obtains
(5o 0° + agr0" + aaa/wU, + aor/wrl) A
- (edgwg +eor0" + ear’wr/) A% + (oo’ + CGU/(UG/) Aw*
— (V20l, — 0l)) A0 = (boe + byera” ) A" =0,
thus a6 + €op = Aot = Aoy = Cogo + €57 = bss — €5y = 0and
_(ﬁwi’ o w(r(lﬂ) = Qo' @0° + Coor 0" + goa’wd/ - boo’wr/§ (9.4.27)
substitution into (9.4.17) gives
(doo@” +dor" + daa’wa/ + dar’wr/) A + (crr0" + Crr’wr/) Ao
- (erwQ + fro0” + frn/wa/) A@" + (b0 + btr/a)r/) A 0)0/

— (V202 + 0} Ao =0,
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thus doo = dor + frp = dso' = Crv + fro = bee + fror = 0and
~ (V202 + 7)) = dor@® + € + by + hepo (9.4.28)

From (9.4.19) and (9.4.20), one obtains ay; = bss’ + €5/t = oo’ + €50 =
Ay = Coo! + €577 = 0 and

~ (V202 + 0}) = ige®” + boe®" + g 0° + Coo0” . (9.4.29)

dog = by — fro =dgor =doo + fr/g/ = Cr¢ + fror = 0 and

~ (V202 = o)) = —brr 0 + 0" +dpr0® + 110" (9.4.30)
Hence
V2dInk — a)g))) =dye’ + aw/wa/,
V2(dInk + o) = dero” + doro”

and after summation one can see that the expression of d In ¥ does not contain w? and
w?. Similarly, after cyclic permutations of g, o, 7, it also does not contain w?, o®
and o7, o® . Hence

oo =g’ = dor = dgr =0,

and thus
K =const, )= 0. (9.4.31)

This verifies Proposition 9.4.2.
Note that also e5p, = frp = €5/ = frgr = 0.

The final result for the model case is given by the following.

Theorem 9.4.3. If the submanifold M® in E", n > 18, is a second-order envelope of
unitary orbits, then this M® reduces to a single unitary orbit or its open subset.

Proof. The exterior equations (9.4.15) and (9.4.18) must be used, substituting first
(9.4.23), (9.4.25), (9.4.27), (9.4.29) after permuting (o, 0,t) — (7,0,0), and
then substituting (9.4.24), (9.4.26), (9.4.28), (9.4.30), after permuting (o, 0, T) >
(o, 7, 0), and also considering (9.4.31). The result

+ (for@" + foo®® + fQ,/a)T/) A7 + (egow® + ego @’ + eg(,/w”/) Ao’
— (=bpo®" + joo® + cQQa)T,) A — (oo + boow’ + cQQa)”/) At
=0,
— (copr@" + bQQ/a)T, + hQQ/a)Q/) A7 = (copr’ + gQQ/a)QI - bgg/a)a/) Ao’
+ (fore @™ + for@" + frgo®) Ao +(egoew” +egga® +egora”) Aw”

=0



9.4 Umbilic-Likeness of Unitary Orbits 191
yields
Jor = €00 = foo = for' +boo = €00 = €00’ — bog = Joo = oo =0,
bQQ/ + eg/(r =hgg/ = gQQ/ = bQQ/ — fg/r = fg/r/ — eg/a/ = fQ/Q/ = eQ/Q/ = O

Hence (9.4.23)—(9.4.26) reduce to

V208 — 0 = —Coet0" + bgotr” , (9.4.32)
V202 — 07 = —c1:0” — brro” (9.4.33)
V20, — 02 = ~begr0” — Coora” | (9.4.34)
V268, — o) = brva” — crpa”, (9.4.35)

but (9.4.27)—(9.4.30) reduce to

V208, — wpl) = —cog0” + bogr@” (9.4.36)
V208, + oy = —crr0” — bryo? (9.437)
V20 + 0 = ~bog” — cog” (9.4.38)
V20l — o)) = beeo® — 0. (9.4.39)

Now one has to turn to (9.4.10), (9.4.11), (9.4.13) and (9.4.14). By exterior
differentiation,

V2@l +0fl) Ao + (@] +0R) Ao + (@f — o) Ao”
+ (@ — 0l Ae” — (@] — ) AT =0, (9.4.40)
\/_(\/_a) +wal)/\w9+(a) —o2) Ao’ + (o7 —a)gl—a)gf)/\a)r
—(wz)—w;/)/\a)g +(w;,—w;1)/\w“ =0, (9.4.41)
—ﬁ(ﬁwi/—wa))/\wé’—i—(w —a)g + o) Ao + (o —i—a) A"
— (@] - wg) A® + (@, —of) Ao" =0, (9.4.42)
\/E(a) +a)92)/\a)9+(a) + o) Ao’ + (0f +02) Aot
—i—(a) —w? )/\a) —i—(a) —|—a) )/\a) =0, (9.4.43)
—ﬁ(ﬁw?—w” )/\a)9+(a) +02) Ao + (o] —wg/)/\a)g/

— (02 —+—a) Ao +(a)9 -l —i—a) )/\a)f =0, (9.4.44)
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—«/z(ﬁa)g—a)g —w?)/\a)g (wy +@2) Aot +(a) —a)g/)/\a)g/
+(@f — 0 —o?) A" — (@ —02)Ae" =0, (9.4.45)

(w,—a) )/\a) +(w —a) )/\a)

(a)g—f—a) ) A @ +(a)9—a) )/\a) (9.4.46)
— (wp — a);,) AN —(0y — o) Ao + «/z(ﬁwg/ — w'(’r')) A a?
+ (@ —02) Ao + (0 —of —oP) Ao’ =0, (9.4.47)

(0 — wg,/) Aaf — (@] — ol) Ao — V2(vV208 + HAA w°
+(a)gl—a) —a)rz)/\a) (a) + 7)) A o" "=0, (9.4.48)

(a)Q —oP) Ao +(wQ + @) A" —\/_(a)g2 +a) )/\a)g/
(a) +a)T2)Aa) — (wy —i—a)az)/\w =0, (9.4.49)

(@5 = 02) AP + (@ + o) Ao + (@F —wf — o) Ao

V2208 — o — 0P Ao + (@8 +02) Ae” =0, (9.4.50)
(wg/ —wf;,)/\a)g—i—(w —a)@ —{-a)fz)/\a) —i—(a) — W )/\a)

— V220l — 0 — o) A — (0l +02) A" =0, (9.451)

Now considering (9.4.33), (9.4.35), (9.4.37) and (9.4.39), after permuting
(0,0,17) — (0, 1,0), together with (9.4.32), (9.4.34), (9.4.36) and (9.4.38), one
sees that they yield

( ) + w = (Coo + Coo)®" + (boo — baa)a)
= (boor = bog)0" + (co + 000" |
w(%) + a);[tlT) = (oo’ — bQQ)wT + (Coo — boo )"

— (cop + boo )" — (bQQ’ + ng)a)r/,
thus
Coo T Coo = boor — bgg’a Coo’ + Coo’ = bgg —boo.
Applying the permutation (g, o, ) > (0, T, 0) to these results, and substituting
into (9.4.43) and (9.4.22), one obtains ¢, 4’ + C;y/ = Coo + crr = 0 and thus

o o
o) + o = 0. (9.4.52)

Of course, one also has ¢y +cppr = Crr+Cpp =0, €' +Co0' = Cop+Co6 =0,
and hence ¢,y = Cpp = Coo' = Coo = Crv' = ¢ = 0. Consequently, byp = bso =
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bT'L’ = /3, bQQ, = bO‘O" = b'L'T’ = /3/ and

( y + a) =—Bo" — fw (9.4.53)
By (9.4.40) 8/ = 0; thus
‘02) = Bw?, a)‘(Z> =0, (9.4.54)
\/Ea)g — a)ffﬂ = Bw’, \/Ea)i/ - a)(?7> =0, (9.4.55)
V2wl - wily =0, V20g + o, = —po’ (9.4.56)
and consequently
V2l —o2) = 0¥, V2] —of) = Bor. (9.4.57)
From (9.4.48) and (9.4.51), it follows that wg/ —a)g/ —a)ﬁ is a linear combination of
0°, 0", 0,0’ , 0" and also of ¥?, w”, ®*, w€, ®" ; and (9.4.41) and (9.4.44), after
permutmg (o, o, r) e (o, 7, 0), imply that the same form is a linear combination of
w?, 0", v, o , , and also of 0%, 0%, w? , ®* a)Q Hence
o —wf — ol = A,0° + Avo . (9.4.58)

Now (9.4.47), (9.4.48), and (9.4.40), the last after cyclically permuting once and
twice, give
ol — ol = Byw® + ByaX. (9.4.59)

The same procedure applied to (9.4.44), (9.4.45), and (9.4.43) gives
0l — 02 = Cow® + Cya?'; (9.4.60)
similarly, from (9.4.41), (9.4.42), and (9.4.46),
0l — ol = Dy + Dya? (9.4.61)
and from (9.4.50), (9.4.51), and (9.4.49)

0l — 02 = Ego + EgaX.. (9.4.62)

o’

Taking (9.4.42) and (9.4.44), and then (9.4.40) after (o, 0, 7) — (7,0,0), and
(9.4.49) after (o, 0, ) — (0, 7, 0), One obtains

o? + 02 = Fpof + Fya?'; (9.4.63)
similarly, from (9.4.41), (9.4.45), (9.4.40), and (9.4.49)

0l — 02 = Gow® + GyaX. (9.4.64)

[ea
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Finally, (9.4.43), (9.4.47) and (9.4.48), (9.4.50), together with (9.4.46), give

0l — 0 = Hyo + Hyo” (9.4.65)
a);/ +o? = Koo + Kgra)g, + Lofa)"/. (9.4.66)

All these expressions (9.4.52)—(9.4.66) are to be substituted into (9.4.40)—(9.4.51).
The latter, except (9.4.41), (9.4.44), (9.4.47) and (9.4.50), give some relations between
the coefficients of these expressions.

Namely, from (9.4.42) A, = Ay = D, = F, = Fy = 0, p = v/2D,. Now
(9.4.40) and (9.4.49) yield B, = E;, = G, = 0.

Further, from (9.4.45) C, = 0, G, = B2, B = —Cy+/2; from (9.4.48) and
(9.4.51), respectively K,» = 0, By = —,B\/E, B = Kgﬁ and £, = Hy = 0,
B = Hy2.

Now (9.4.43) and (9.4.46) give B = 0, L, = 0. Thus all coefficients of these
expressions are zero.

The exceptional (9.4.41), (9.4.44), (9.4.47), and (9.4.50) reduce to

(«/ia)f/ + a)%) Aaw® =0, («/ia)ﬁ’ — a)?rz)) Aw? =0,
(«/zwf/ — w?rl>) Aw? =0, («/wa: - wz’f)) Aw? =0,
thus
V20, + Wl = Ppa®, V20f — Wl = Qo0®,
\/Ea)f/ - a)‘(?) = Pg/a)Q/, «/Ea)f, - a)‘(?) — QQ/a)Q/.
It follows that
\/E(a)g/ — a)g/) = Py0? + PQ/a)Q/,
\/E(a)g — a)f,) = QQa)Q — Qg/a)gl;

comparing with (9.4.57), where B = 0, one concludes that P, = P, = 0,
=Qy =0.

This concludes the proof of Theorem 9.4.3.

It is clear that the above proof of the theorem, already complicated for the model
case v = 3, will be much more complicated for the general case of arbitrary v.

Nevertheless, it can be claimed that the general result about the triviality of the
second-order envelope of unitary orbits is indeed valid for any dimension, i.e., that a
unitary orbit is umbilic-like independently of the dimension.

Remark 9.4.4. The results of the last two sections were published in [Lu 96b] (with
some misprints, now corrected), where the above claim was also presented. All this,
together with the statement of Remark 9.3.2, can be summarized as follows.

The only symmetric orbits of the Pliicker action are the Pliicker orbits and the
unitary orbits. All these are umbilic-like.
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9.5 The Segre Action and Its Symmetric Orbits

Now it is of interest to consider the situation for other actions having symmetric
orbits, such as the Segre and Veronese orbits.

First consider the Segre action. The Segre submanifolds S, 4)(k) in E patm+l
m = p + g, were introduced above in Section 3.2 and then investigated in Sec-
tion 4.6. The orthonormal frame bundle can be adapted so that S, 4)(k) is an integral
submanifold of the totally integrable system

"t = 1) =, 9.5.1)

" =ko', 0" =6k, 0" = 57k, 9.5.2)
J2_ m+l _ (kily) _ cky I ki ol

@ =00 @Gy =00 @G ) =8 @), + @8, ©:5:3)

where k = const, | <i <m, 1 <ij,ky <pandp+1 < jo,lr <m (see (4.6.1),
(4.6.6), (4.6.3), (4.6.7)—(4.6.9)). Since the coefficients here are constants, this system
determines a Lie subgroup in the Lie group O((p + 1)(¢ + 1), R) of motions in
§P4+P+4 (k2) which is isomorphic to O(p + 1,R) x O(g + 1, R), and for which
o', w2, a)l].(ll, a)l?z are the Maurer—Cartan forms. This subgroup acts in E79 +m+l gq
that S, 4)(k) is its orbit. Here e,,41 and ¢;, j, are mutually orthogonal unit vectors
normal to this orbit. This action is called the Segre action (see [Lu 9le]).

For the frame bundle in EP4+"+1 adapted to Sp,g) k), (9.5.1)=(9.5.3) imply that

dx = eila)” + ejza)jz, (9.5.4)
dei, = e, + kem10™ + keg, o, (9.5.5)
dej, = elzw% + kemi10”? + ke, j @', (9.5.6)

demi1 = — k(e 0" + ej,0), (9.5.7)
deg jy = — k(e + ej0'") + e(kljz)a)l’?l‘ T e(illz)wl]?z_ (9.5.8)

Every other orbit of the Segre action is described by a point x* in the normal
space of the Segre orbit S, 4)(k), which has in EPZ+"+1 the radius vector
'X* =X + Mem+1 + viljze(iljz)v

where 1 and vi1/2 are some real constants. Under independent orthogonal transfor-
mations of {ey, ..., ep}and {e, 11, ..., ey}, the system of viL2 behaves as an element
of the tensor product of two vector spaces of dimensions p and ¢. Hence for a given
orbit these transformations can be chosen so as to make all v/1/2 zero, except possibly

vli = v, where | = p + 1, and thus
x*=x+ peni + ve( i)

Now
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dx* = e10' + 6191 + (1 — pk)(eq 0™ + ebzwbz) + ealia)i” + elbzwl{z,

where2 <aj,...<p,p+2=<by, ... <m,and

0l = (1 — pho' — vko!, 6l = —vko' + (1 — ph)w!.
Denoting A = (1 — /J,k)2 — (vk)2, one gets
Aw' = (1 — wh)o! + k6, Aw' = vk0! + (1 — k)0,

It is convenient here to write 091 = (1 — uk)w®, 622 = (1 — pk)w, garl — w?',
01})2 — 6()1—)2
-
Suppose that A # 0. From (9.5.5)-(9.5.8) it follows that for the orbit described
by x*,

1= kAT (= pk)em 1 +vke) = hin, B = kAT [vkep 1 + (1 — pk)e].
If in addition 1 — uk # 0, then

Wyay = k(L= 1) emar =l By, = k(L — k)™ eaypy,
and h*fal = h)ika. = thz = h’sz =0.

This orbit is parallel due to Proposition 3.1.1 if and only if

i’y — by 05 — %60 9.5.9)

has zero normal part for all values of j, k. Consider this for j = 1 and k = a;, where
the normal part is

K= = )™+ ATHA = pb)lem+1 + A7 ke oy

It is zero only if v = 0. Then A = (1 — uk)? and thus the coefficient before e, is
also zero. The orbit is a Segre submanifold S, 4)(k*), which has the same center as
the original S(, 4)(k) and is homothetic to the latter.

If 1 — uk = 0, then

dx* = e10' + ;0! + €@ + e(lbz)wl{z,

where 9! = —vkwi, 0l = —vko!. Again from (9.5.5)-(9.5.8) it follows that for the
orbit under consideration,

-1 -1
= —voean =My hp= v emns Ry g = eans
* _ * o px o B * o
hi by =€ M an) = Mty = €ay M@ = C@b:

and the remaining vector components of 2* are zero.
The normal part of (9.5.9) fori = 1 and j = 11is k(=1 — 1)(eq, 0 + ebzwb2),
thus for a parallel orbit one must have v = 1. The normal part of (9.5.9) fori = 1



9.6 The Veronese Action and Its Symmetric Orbits 197

and j = (1by) is —k(1 + v’l)e(mwb% which cannot be zero if v = 1. Therefore, if
1 — vk = 0, then there are no parallel orbits.
Finally, suppose A = 0. Then 1 — uk = evk, where ¢ = =1, thus 6! =

vk(sw! — w!) = —e0!, and
dx* = 0! + evk(eq 0™ + ep,0?) + ean@) + e(lbz)a)lfz,

where e*l‘ = e] — gej is tangent to the orbit.
If v # 0, then

b _
dej = eq 0" — eep, i + k(e(1py @™ — g€ 1)) +ev Yemer — 8em))91.

It follows that A}, = v Nemyr — ge(;1)) and the other components of h* having
subscript 1 are zero. i
By (9.5.5),de,, = %(e’lk +e’1“)a);1 +ec, wq) +k(emt10™ —}—e(ali)a)l +e(arhy)0??),

*

— -1
ajep, — &V eH1+18111C|7

where e}‘ = e1 + ¢ej is normal to the orbit. Therefore,
oy = ev= e by h:l(ali) = %e%‘, and the other components of 2* having subscript
aj are zero.

Now the normal part of (9.5.9) fori = 1 and j = ay is

—ev™! (%eerl + se(11)> ol + v_le(albz)w?z + %ske”fw‘”
and hence nonzero. Thus the orbit is nonparallel.

Finally, if v = 0, then A = 0 implies 1 = k~', thus x* = x 4+ k™ 'e,,41 and
hence dx* = 0. Therefore, in this case the orbit degenerates to the center of the
original S, 4) (k).

All this can be summarized as follows.

Theorem 9.5.1. Among the orbits of a Segre action in E®P+VGD  the only parallel
ones (i.e., symmetric orbits) are the Segre orbits S, 4)(k) with different constants k,
which constitute a cone of mutually homothetic Segre orbits, having vertex at their
common center.

Remark 9.5.2. This is the result of [Lu 91a], where the essential part of the proof was
also given.

Remark 9.5.3. Theorem 9.5.1 shows that for the symmetric orbits of the Segre action,
the problem of their umbilic-likeness is completely solved by Theorem 4.6.1: only
the S(p,4) (k) with p > 1 and g > 1 are umbilic-like, and for other cases of p, g they
are not.

9.6 The Veronese Action and Its Symmetric Orbits

. . . . . 1
Now consider an m-dimensional Veronese submanifold in ;N 2”3 (¢) (cf. Sec-
tions 3.3 and 4.7). It is assumed in this section that s = ¢ = 0; then the ambient
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space is the Euclidean space E 2m0n+3) For a Veronese submanifold, in addition to
the usual formulas (cf. Section 2.1)

dx:el-a)i, de,-:eja)ij—i—hija)j, a){+a)§~=0, ]’lij=hj,', (e,-,hjk)zO,
9.6.1)
there hold (3.3.4) and (3.3.2), which can be written here as

(hij, hi) = r= 2288k + 8ik8j1 + 88 ji), (9.6.2)

dhij = — rfz(e,-a)j + eja)i + 25ijeka)k) + hkja)f-‘ + h,-ka)lj‘-, 9.6.3)

since here h;“j = hij, B = 2a, and o = r~2. A Veronese submanifold, defined

here in E 27 (m+3) by the differential system (9.6.1)—(9.6.3) together with some initial
conditions, will be denoted below by V" (r).

Equations (9.6.1) and (9.6.2) show that the vectors e; and ejx = rhji (j # k)
form an orthonormal part of the moving frame adapted to V" (r), and the vectors
hi1, ..., hy, are orthogonal to them and form a regular simplex part of the frame
having side length 2r~!. Thus the frame made up of all these vectors moves as a rigid
system in E %m(’”+3>, so that the ¢; are tangent and all others are normal to V" (r).

It follows immediately from (9.6.1) and (9.6.3) that dzp = O for

mr2

20 =

where H = % >, hi; is the mean curvature vector of V" (r), and (9.6.3) implies
dH = —%dx. Also (9.6.2) implies that | H|| = r_l,/ %; hence V" (r) lies
in a hypersphere of E 3mm+3) with center zo and radius r /5% Moreover, V™ (r)

is a minimal submanifold of this hypersphere, since by (9.6.4) its mean curvature
vector H is directed to the center of this hypersphere. Below, this center zo will be
called the center of V"' (r).

Since now g;; = 4;; and ¢ = 0, it follows from (2.1.10) and (2.1.11) that QIJ =
—(hik, hj1)o* A@'. Then from (9.6.2) it follows that Q! = —r 2w’ A/, and hence
V™(r) is intrinsically of constant sectional curvature r2. Globally, V™ (r) is an
elliptic space isometrically imbedded into £ %’”(’"”), because at a point x € V"' (r),
two geodesics of V™ (r) going in two different directions have no other common
point, as is easily seen.

Equations (9.6.1)—(9.6.3) for the moving rigid frame {x; e;, /;;} in E3m0n+3) can
be considered as giving infinitesimally an action of the Lie group SO(m + 1, R) in
E%’"(’”H), by rotations around the center zo of the Veronese submanifold V" (r),
which is an orbit of the action. Therefore, this action is called the Veronese action.

By means of totally geodesic /-dimensional submanifolds of V" (r), it is possible
to introduce an imbedding of the Grassmann manifold G/ into E 2mm+3) 55 another
orbit of the Veronese action.
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A totally geodesic /-dimensional submanifold of V™ (r) through a given point
xo € V™(r) is defined by adding to equations (9.6.1)—(9.6.3) the totally integrable
system w? =0, wf =0, with1 <a,b,...<landl+1<p,q,... <m.

This system and these equations together yield the same equations with a, b, . ..
instead of 7, j,.... Hence the totally geodesic submanifold defined is Vl(r). If
one considers V" (r) as an isometrically imbedded elliptic space, as above, then
the submanifold V!(r) is the imbedded image of an /-dimensional plane into this
space. Therefore, the manifold consisting of all such totally geodesic V! (r) realizes
an imbedding of the Grassmann manifold G-

According to (9.6.4), a Vi(r) can be represented by its center, whose radius
vector is

l
x* = 2(1+1 X_: 9.6.5)

The centers of all these V' (r) of a given V" (r) form an orbit of the Veronese action,
called a Veronese—Grassmann orbit VGr'-™ (r) of the Veronese action.
For this orbit, (9.6.1) and (9.6.3) imply that

dx* = 4+ D)7 epo? + 721+ 1) hgpol.

The (I + 1)(m — 1) mutually orthogonal unit vectors e, and e,, = rhy, are the
tangent vectors of VGrh M (r); its normal vectors are e, hqp and h pqs here a, b and
p. g both run over their full range of values, and hqp = hpq, hpy = hyp. Denoting
I+ D)7 'wP =07, r(l + 1)"'wl = 69, one obtains

dx* = e,0” + e,,0%". (9.6.6)

Futhermore, from (9.6.1) and (9.6.3) one gets

de, = eqa)?, + eaprfla)“ + eaa); + hpgo, (9.6.7)
degy = — r_lepa)“ + epq (wZS% + 8b ) rle,w?
+ rhapoly + rhgpof. (9.6.8)

The normal parts of the right-hand sides are, respectively

h* 09 + h* .0,

pag) 07 + hiapy )0

(ap)q

where
-1
Wiy =+ Dhpg, W =—1""(+1Dpgea.
h?ap)(bq) = (l + 1)(3abhpq - habapq).
In the tangent parts it is natural to denote

08 =wh, 689 =r 1890 = =0k, 604 = l8d + 80w (9.6.9)
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Now it can be proved that VGr™(r) is a symmetric orbit, like V" (r). Indeed,
(9.6.3) implies that dh;q has normal component

—2r (1 + 1D pgeat” + bl o), + s o)

which coincides with

* * * *
15qOp + Masyg®p + psq + Mpias)O”
and this, according to Proposition 3.1.1, is necessary for the submanifold to be parallel.
Easy calculations show that the same holds for dh* (@q) and dh’("a )b By the same
proposition, these results are also sufficient for the submanifold to be parallel.

Theorem 9.6.1. A Veronese—Grassmann orbit VGrl'm(r) is an (I + 1Y(m — I)-
dimensional parallel submanifold, thus a symmetric orbit, which is also a main

%m(m+3)

symmetric orbit and lies in a hypersphere of E as a minimal submanifold.

Proof. The first assertion has just been verified above. It is seen that the mean
curvature vector of VGri™ (r) is

1 1
X k k
H = m—1 ZhPP + I(m —1) Zh(ap)(ap)
p a,p

I+1
=T =D [(1+1)Zp:h,,p—2a:haa]

Now one can show by using (9.6.2) that (H*, h;.kj) is proportional to §;;, as required
for a main symmetric orbit.

According to a result of Ferus (see Theorem 8.2.4 above), VGr!" (r) is a minimal
(I + 1)(m — [)-dimensional submanifold of a hypersphere in E 3m(m+3) around the
center of the Veronese action.

Now this can also be directly verified by means of the formulas above. Indeed,
from the expression for H* one can deduce that H* has constant length, and (9.6.4)

and (9.6.5) imply that 29 — x* = 5/2=~1 - F*. This finishes the proof.

A given Veronese orbit V™ (r) and the corresponding Veronese—Grassmann orbit
VGrh™ (r) are not the only symmetric orbits of the Veronese action in E 3mm+3)  For
example, under this action, every point on the straight line through a point x of V" (r)
and its center zg describes a Veronese orbit, which is homothetic to the initial one.
The same holds, of course, for Veronese—Grassmann orbits. But even these orbits do
not exhaust all the symmetric orbits of this action.

egs Lo 1 .
Proposition 9.6.2. The Veronese actionin E2"""%3) has in every hypersphere around
its center 7 two different Veronese orbits; all Veronese orbits of the action lie on two
cones with a common vertex at z.
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Proof. In the case | = m — 1, due to the polarity in elliptic space, the corresponding
Veronese—Grassmann orbit VGrm’l’m(r) is actually a V™ (¥), where ¥ = m~r.
Analytically, the unit tangent vectors in (9.6.6) are now ¢,, = ¢,, and ¢, = eq,, where
1 <a,...<m—1; moreover, @" = 0" = m~'wP and &% = 9" -1

=rm ol
Equations (9.6.7) and (9.6.8) can be written in the form (9.6.1), where

~

ham = _r_lmea, Eah = maphmm — hab), Emm = mhym.

An easy calculation shows that for these vectors, equations (9.6.2) and (9.6.3)
hold, with ™. Moreover, this Vm(r) is not homothetlc to V" (r) with respect to zo.

But by repeating the construction, one can see that V (N) is homothetic to V" (r).

Remark 9.6.3. In the special case m = 2, this result can be found in [Bre 72], Chap-
ter IV, Exercise 8, as the following statement: An SO (3, R)-action on S4 with a three-
dimensional principal orbit has two singular orbits, which are projective planes.

In its general form, this result was established in [Lu 95a] (see Corollary 3.4
there). The following assertion was also proved in [Lu 95a] (as Theorem 1): All other

. . . 1
orbits of the Veronese action of SO(m + 1, R) in E2""*3) | except the Veronese and
Veronese—Grassmann orbits, are nonsymmetric.

9.7 The Problem of Umbilic-Likeness of Veronese Orbits

It was shown above that the Segre orbits S, 4)(r) without circular generators (i.e.,
with p > 1 and g > 1), the Pliicker orbits G2, ,(r) and the unitary orbits in Euclidean
space E" are all umbilic-like. But the situation with Veronese orbits V" (r) is more
complicated.

Theorem 4.7.2 and Proposition 6.3.1 together show that for m > 2, the second-

order envelope of Veronese orbits V" (7) in E %’”(’"H), where 7 varies, is a parallel
submanifold, and hence a single Veronese orbit V™ (r) or its open subset. Here
%m(m + 3) is the minimal dimension of a Euclidean space containing V™ (r). Hence
in an ambient space of minimal possible dimension, a Veronese orbit V™ (r) with
m > 2 1s umbilic-like, under certain conditions.

For dimensionm = 2, where %m(m +3) = 5, Theorem 6.4.1 shows that there exist
semiparallel surfaces in E7 which are second-order envelopes of Veronese surfaces
Vz('f:) and do not reduce to a single Veronese Vz(r). Therefore, unless there are
restrictions on the dimension n of the ambient space, a Veronese orbit is not umbilic-
like, at least form = 2 and n > 5.

The following theorem shows that this assertion generalizes to dimensions m > 2.

Theorem 9.7.1 (see [Lu 91b]). In Euclidean space E %m(m+3)+1, m > 2, there exists
a second-order envelope M™ of a one-parameter family of congruent Veronese orbits
V™ (r) (i.e., with r = const) not reducing to a single V'™ (r), and it has intrinsically
the same Riemannian metric as V'™ (r), i.e., this M™ is a constant curvature manifold.
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Proof. Let us consider such an envelope M™ in E", n > %m(m + 3). As is seen
from the proof of Theorem 4.5.5, for this M™ and for the moving frame adapted to it,
the expressions for dx and de; must be the same as for a V" (r), i.e., must coincide
with (9.6.1), and also (9.6.2) must hold. But now there are n — %m(m + 3) additional
mutually orthogonal unit frame vectors eg, orthogonal to all e; and 4;;. So the frame
vectors normal to M™ are e(;jy = h;; and ez. The first of these are not mutually
orthogonal unit vectors, but satisfy the conditions

ej) = ey (e eqn) =r~ (2818 + 8ikdji + 8udjr), 9.7.1)
which follow from (9.6.1), (9.6.2); moreover
(ei,ej) =8ij, (eijy.ex) = {eijy.es) =0, (e, ey) = dgy. 9.7.2)
Equations (2.1.3), (2.1.5), and (2.1.7), the last two with ¢ = 0, now give

o =0, f =0, 9.7.3)

o =ol, oY =0 @ j kdistinct), of =0. (9.7.4)

1

For M™ one has

degiiy = i + D €0l + ) e(,k)w(”) + Z eé“’(zw’
J#i Jik

deqij) = eiy) + ejo; + ) el +Ze<kl>w(u>) + ) ey
k#i,j §

This can be compared with (3.1.2) for a V" (r), where hf‘jk = 0, and due to the
second-order tangency of M™ and V" (r) the vectors e(; ;) are the same as the h;; of
V™ (r) at the common point. Here equations (9.6.2) have also to be considered. This
coincidence leads to

o) =20, ol =0k (#)), alother o)) =0. (9.7.5)

Differentiation of (9.7.1) and (9.7.2) leads to

a)lj —i—a); =0, a)g +a)§, =0, (9.7.6)
: 2 i “24,0
Wy = — 420 2m+ Dr 2ol +moj, =Y o), =0, (9.17)
J#
Wy = — 20l ol =,
wiy = —r 2ol # ), (9.7.8)
@iy =0 G, j, kdistinct). (9.7.9)

In the situation of Theorem 9.7.1, the index & takes only one value & = %m(m +
3) 4+ 1. The envelope M™ is defined by the differential system (9.7.3)—(9.7.5). For
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investigation of this M™, exterior differentiation must be used together with equations
(9.7.6)—(9.7.9).
Equations (9.7.3) give identities, due to (9.7.4). The exterior equations obtained
from (9.7.4) are satisfied due to (9.7.5), except a)i(kl) A wfkl) = 0, which give
3 ' § i
I o'+ Za)(ij) ANw! =0.
J#

From this it follows by Cartan’s lemma that

Wy = piot + Y pijo, (9.7.10)
i
gy = pijo’ +pjiel + Y et G # ), (9.7.11)
kA,

where ;¢ is symmetric in all its mutually distinct indices.
The first equation in (9.7.5) yields a)i. H A wé” ) = 0. If j = i, then one gets from
(9.7.7) that

¢ £ _ g
Wi A Zw(m =0; (9.7.12)
J#i
if j = k # i, then by (9.7.8)
Wiy A gy = 0. (9.7.13)

From the second equation in (9.7.5) it follows that a)fi oA a)gk) =0.Ifk =1,

then by (9.7.7) and (9.7.13)
& 5 _ 0.
Wiy A Y @y =0; (9.7.14)
i,
if k = j, then (9.7.8) leads to an identity; if k # i, j, then
3 5 _
Wiy N Oy = 0. (9.7.15)
Among the last equations in (9.7.5), sz]l])) =0 (i # j) give, similarly, a)i.i) A
wéjj) = 0. Using (9.7.7) one obtains

3 § £
@iy AN | mety = 22 @ | =0
ki, j

which together with (9.7.14), written in the form

£ ¢ e | _
Wiy N | @Gp T > O | =0
ki,
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gives
Wiy A @) = 0.

This and (9.7.13)—(9.7.15) imply the mutual proportionality of all 1-forms on the
left sides of (9.7.10) and (9.7.11); recall that £ takes only one value. Hence all rows
of the matrix of coefficients of these last expressions are mutually proportional, and
therefore the matrix has rank 1. It follows that the columns of this matrix are also
mutually proportional.

It can be assumed that at least one of the coefficients py, ..., p, is nonzero;

otherwise the proportionality of rows and columns implies wi. H = wf i = 0, and

.. 1 . .
thus M" would lie in E2"*+3) and be a Veronese orbit or its open subset. By
renumbering the frame vectors ey, ..., e, if needed, one can make p; = p # 0 and
write p1, = Ay p, With2 < u, v, ... < m. Then

wfn) =5 (a)l + vaa)v) , (9.7.16)
v

and due to the proportionality,

Oy = My (9.7.17)
W =@ (9.7.18)
(uv) v s

It is easy to verify that the conditions obtained from the other equations (9.7.5)
are satisfied because of (9.7.16)—(9.7.18). It remains to take exterior derivatives of
these last equations to get

0 A C0?]1) +po Z wu Aot = O’ Wu A wfll) = 0, (9719)
u

Auty + A ¥u) A w?ll) =0, (9.7.20)

where

0=dlnp—3> rof, Yu=dr—Y (A —ldro}) + 0.
u v

Since p # 0, the m 1-forms wfn) and " are linearly independent and therefore
can be taken as basis forms. Then 6 and 1, are m linearly independent secondary
forms. It is seen that equations (9.7.20) are consequences of (9.7.19), so the first
character (the rank of the polar system for (9.7.19)) is s; = m and hence the Cartan
number is Q = s; = m. Then Cartan’s lemma gives

0= pa)f“) +p Zpuw", Yy = Puwf“)~
u

Here p, p, are N = m new coefficients. For the differential system under con-
sideration, Cartan’s test criterion N = Q for involutivity is satisfied. Hence the
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second-order envelope M™ of Theorem 9.7.1, not reducing to a V" (r), does exist
and is defined, up to m real holomorphic functions of one real variable (see [Ca 45],
[Fin 48], [BCGGG 91], [AG 93])).

It remains to compare (9.7.1) with (9.6.2) in order to establish that the curvature
2-forms Qlj of M™ are the same as for V" (r). Hence this M" is intrinsically also of
constant curvature r 2.

This concludes the proof.

The assumption about congruence of enveloping Veronese orbits in Theorem 9.7.1
is superfluous for dimension m = 2, since Theorem 6.4.1 shows that for this dimen-
sion the conclusion of Theorem 9.7.1 is true without that assumption. On the other
hand, the following result shows that for dimension m > 2, the congruence assump-
tion is satisfied automatically, and thus not needed.

Proposition 9.7.2 (see [Lu 91b]). If a submanifold M™ with m > 2 in E" is a sec-
ond-order envelope of Veronese orbits V" (), then these orbits are congruent, i.e.,
¥ =r = const.

Proof. As noted in the proof of Theorem 9.7.1, the envelope M™ and every V™ (F)
must have the same vector-valued second fundamental form 4 at their common point.
Therefore, by (2.1.9) and (2.1.10), they also have the same curvature 2-forms Qlj .
For V™ (7) these 2-forms are @ = —7 2w A »/ (see (3.3.3), where now & = 1,
B =2a, a =7 2; cf. Section 9.6).

For M™, the curvature forms are the same, and now exterior differentiation (lead-
ing to the Bianchi identity (1.3.5)) shows that for d7 = Fy* one has >k Tk Aot A
w/ = 0. Ifm > 2 and thus i, J» k take more than two values, this implies 7 = 0, and
hence 7 = r = const. This concludes the proof.

Remark 9.7.3. Theorem 9.7.1 has been generalized to pseudo-Euclidean spaces only
for m = 2 in [Lu 99a] (Proposition 4), where it was also shown that the lines of
tangency between the envelope and Veronese surfaces are geodesics of constant cur-
vature.

For the situation of Theorem 9.7.1, it was proved in [Lu 91b] that the envelope
M'™ and Veronese orbits V" (r) have second-order tangency along the congruent
Veronese orbits V71 (r). Also some properties of the curve described by the centers
of V" (r) (which are a one-parameter family) were investigated in [Lu 91b].

9.8 Umbilic-Likeness of Veronese—Grassmann Orbits

It is remarkable that the Veronese—Grassmann orbits VGro™ (r) with0 < [ < m — 1,
which are the other symmetric orbits of Veronese action, are umbilic-like, while the
Veronese orbits are not, when the ambient space does not have minimal possible
dimension, as shown above. (Recall, that VGr’”_l”"(r) is actually a Veronese orbit
V™ (), as shown in the proof of Proposition 9.6.2, so that the assumption 0 < [ <
m — 1 is essential here.)
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The umbilic-likeness of VGr/"" (r) with 0 < I < m — 1 is proved in two steps.
First, the following codimension reduction theorem will be proved.

Theorem 9.8.1 (see [Lu 95al). If a submanifold MUAD=D iy En i g second-order
envelope of Veronese—Grassmann orbits VGrl-m r),0<l<m—1,n> %m(m +3),

1
then there exists an E2""3 < E" containing this MUY "=D and all these orbits.

Proof. Any given VGrl™(r) lies in an E 3m(m+3) C E" and satisfies equations
(9.6.6)—(9.6.8), where e, e,, = rhyp are mutually orthogonal unit tangent vec-
tors and eg, hap, hpy are normal vectors. Moreover, e, are also mutually orthogonal
unit vectors, but A4y, hp, are not, as shown by (9.6.2). Indeed,
(hii, hii) = 4r~2,
(hiis hjj) = 2r=2, (hij, hip) = r =2, if i # J,
° <hii’hjk> = <hij7hik> =0f0ri,j,kdistinct,
(hij, hig) = O0fori, j, k, [ distinct.
Here e;; = 2rh;; are unit vectors having angle % between each pair of vectors
(they form the “unit regular simplex part” of the frame). The vectors e;; = rh;; with
i # j are also unit vectors, mutually orthogonal, and orthogonal also to the preceding
vectors. |

For the moving frame in E2™"*+3 consisting of a point of V" (r) and of the

VECtOrs €1, ..., en; €11, - .-, €mm; €12, €13, - - - , €u—1)m at this point, the formulas
(9.6.1) are
dx =) e, dei=Y ejw! +2ei0' + ) ;6 (9.8.1)
i J JF#
where »! + @', = 0, terms without )" have no summation, and 6/ = r~'w!. For

i =, (9.6.3) appears as

dejj = — 2e,<9i + Zejej + 2Zeijw,'j, 9.8.2)
J# J#

and fori # j as

deij = —(ei0! +¢;0") +2(ejj — eiNw! + Y (erjof + ). (9.83)
ki,

The formulas (9.6.7) and (9.6.8) now are
dep =Y eg0f + Y eagbp’ = ea(p®)
q a.q a

+epp(2007) + D epg(p0?), (9.8.4)
q#p
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b
degp = Zeqegp + Zebqeag —eq(p6?)
q b

+ (epp — €aa) 2p0P) =D ean(p07) + Y €pq (p0°Y), (9.8.5)
b#a qFp

where p = r~!(I + 1), and any summing is indicated by 3", as specified. Due to the
orthonormality of the tangent frame vectors, one has
q p aq p bq ap
9[7 +9q 29[; +eaq :9ap +9bq =0.
This follows directly from (9.6.9); moreover, it is seen that

07 — 659 =699 =0, 041 —0l =0forp+£q, 6 =0fora#b, p#q.
(9.8.6)

For the envelope M {+D=D 'some complementary mutually orthogonal normal
frame vectors eg can occur, which are orthogonal to the previous normal vectors; their

index range is %m(m +3)+1<é&,n,... <n. From (9.6.6), (9.8.1), and (9.8.2) for
MDD,

0% =% = 9 = PP = 9P = 9% =0, (9.8.7)
04 = —po, 03 =03 =0, (9.8.8)
05" =2p07, 6037 =0, 05 =p07, 05 =0, 65=0, (9.8.9)
05, = —p0", 65, =0, 05 =—2p0%,
Our = — po™, 600 =600 =0, 9.8.10)
0Ly =200, 0] = po*d, 04 =08 =05, =0, ©9.8.11)

where p, g, r take distinct values, as do a, b, c.
For the other frame vectors, one has

deq = e,00 + eppi? + ep0F + epc0? + €09 + €65, (9.8.12)
deay = ep07, + ecp0? + .05, + ecabsd + epg077 + e:6°,, (9.8.13)
depg = €505, + eas0ss + ea0%, + eaploh + e, 030 + 05, (9.8.14)

dec = ep0f + eapt” + ealf + eapt® + €pgOL + €,0] (9.8.15)

where the usual summation convention is now used for all paired upper and lower
indices.

For the displacement 1-forms, the usual structure equations hold (see Section 1.2).
By means of these equations, it follows from 9§ = 0 that

—0P N O + 09105, =0.
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Cartan’s lemma then gives

§ pb 3 &
_65 = Aabe P+ ngeq’ Aab = Aba’

§ _ B pw £ ps & _ ¢t
Opg =Bag?™" + Cpgs®s Cpys = Chsq-

: 3
Since Gp Fq
ng = 0, thus 95 =0, Oiq = cf,qxeﬁ the coefficients Cf,qs are symmetric in the
three subscripts.

= 951,, and since p, ¢, ... take more than one value, one has Aib =0,

Similarly, the equations 951, = 0 yield
5 b §
09I C5, 08 — 0" A6, =0.

Thus C5y, = 0if p # ¢, 50

@5, — 8abC5,,07) AP =0

ppp
and hence
65 = 8abCS,, 07 + D, 6.
Taking this for two different values of p, one can see that C,é,,,p = ngc = 0.
Consequently,
&
05 =05,=05=05,=0,,=0. (9.8.16)

Hence the subspace E %m(’"”), spanned at a point of M{+Dm=D by the vectors
€p, €ap, €a, €ab, €pq, s invariant, and contains all enveloping orbits VGrl-m (r) and
the envelope M (H'?) (m=1) " This concludes the proof.

Note that due to (9.8.16), the last terms in (9.8.12)—(9.8.15) vanish.

Now considering these formulas (9.8.12)—(9.8.15) for VG (r), then compari-
son with (9.6.1) and (9.6.3) shows that for VGrhm (r),

ap aq b b
0y = — ng =099, 0y = (9;[1 = 9;; = 9;,, = 9;; = G;jq =0, (9.8.17)

0" =07, 00 =20 02 =06,

oo = o = gbc = g2 = 911 =0, (9.8.18)
04 = —20%, 0b =—-0" o, =—0",

08 =200, 6% =267, (9.8.19)

O =64t =0k =0, 6, =—0", (9.8.20)
ob =205 O =0, Oy =05 65, =0, =06, =0, ©.8.21)

Opp= —207, 6, =—07, 05 =—06° (9.8.22)

Opp =205, Opy =205, 6050 =050 =0, (9.8.23)
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q a9 q aq rq
Ofg= —07, 04 =200, 630 =0% 0,0 =00,

Opg =0pa = Opg =0, (9.8.24)

where p, ¢, r have three distinct values, as do a, b, c.

Proposition 9.8.2. In the situation of Theorem 9.8.1 one has p = 171 = const, i.e.,

. . 1
all Veronese—Grassmann orbits VGr-™ (r) in E 2™+ are congruent.

Proof. The proof will be obtained by differential prolongation of the system (9.8.7)—
(9.8.11) which defines the envelope M+ D=0 Recall that this procedure consists in
taking exterior derivatives of the equations of this system, and then applying Cartan’s
lemma to the resulting exterior equations (cf. Chapter 2 above).
The following identities for the frame vectors:
(€as eb) =dab, {ea, epq) = (eq, epc) =0,
(€ab, €cd) = 28ab8cd + 8acObd + SadSbe,  (€abs epq) = Z(Sab(qu,
(epq» ers> = 26pq(srs + 6pr‘sqs + 6ps‘sqr

give, after differentiation, the following relations:

1

62 +6f =69, +2 (apq > 6l + 95‘7>

=608 +2 (5,,6 > o6+ 9};0> =0, (9.8.25)

1

Och + 057 +Sab ) 6y +8ca ) Ol
i i
=00 + 00 480y Y 01 48,0 > 01, =0, (9.8.26)
i i

O+ 0K +8p5 ) 61+, ) 04, =0. (9.8.27)

1 1
Exterior differentiation of equations (9.8.7) yields identities, due to the other
equations of the system. For instance,
a __ pp a ap a bp a
do° =07 A0S+ 0P AL, + Y 0 AOL .
b+#a

where the right side is zero by (9.8.8) and (9.8.10). Thus 8¢ = 0 leads to an identity.
The situation is similar for other equations (9.8.7).
For the first equations in (9.8.8), the structure equations

do? =07 A 057 + 6% A (8F6f + 6789,
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must be used. Since here

dos =" (5508 — 6585 A OL + 0,7 A0S,
b.q
+ Y 0T A0s 05 A0S, + Y08 A6,
a#p q#p

taking exterior derivatives and using (9.8.6)—(9.8.11) leads to

200, +05,) AOP + > 08, AT —dInp O =0.

q#p

a
pp
Then Cartan’s lemma implies

20,7 +04,) = P07 + Y 0g"69 + RO,

q#p
08, = Q07 + > SgPo" + TP0P. (p #q).
r#p
—dlInp = RP9P + Z T;Peq + Uwpar,
q#p

Since the index p takes more than one value, all coefficients in the last equality turn
out to be zero. Hence p = const, thus » = const, and in the previous equalities the
last terms disappear. This verifies the proposition.

Theorem 9.8.3. A second-order envelope M+ =D ofVeronese—Grassmann orbits
VGH ") inE",0 <l <m—1,n> %m(m +3), is a single VGrl"™ (r) or its subset.

Proof. By Proposition 9.8.2, all these orbits are congruent here, and hence each 7
equals r.
Now the preceding analysis can be continued. As was noted, the last terms in the
equations obtained by Cartan’s lemma vanish, i.e., T,” = 0. Then 64, = 64, implies
Zp = SZ?, and ng = SZ‘,’ for three distinct p, g, r, so that

20," +63,) = PPOP + Y 0567, (9.8.28)
q#p
05, = Q407 + Q3107 + Y g6 (9.8.29)
r#p.q

Exterior differentiation of the remaining equations (9.8.8) gives

2000 AOP + ) 058 A0+ (20,7 — 64 NIV + Y05 A6 =0,
q#Fp b#a
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200 AOP + Y 090 A 6T+ (8, — 63°) A6

q#p

+ (07 — 670y A 6P+ Z 698 A GP = 0. (9.8.30)
c#a,b

In (9.8.9), the first equations lead to
2058 AOP + Q205 — 05 AOT+ Y087 A0 =0,
q7p a
the second equations to
—2008 AOP + 0] — 03 A 0T — D" 03I A0+ 017 A9 =0,

S#ED.q a
(9.8.31)

the third equation to

r#p.q
200 —0pH AOP + Y OF =05 A0T+Y 0T A0 — Y 69 A0 =0,
r#p.q a a

and the fourth equations to

=200, AOP + (0, — 0p) AOT+ (0] —0757) AO" + Zeg’ AP = 0.
’ (9.8.32)
In (9.8.10), the first equations lead to
2000, + 057 —09) AOP — 300 A6+ > 6 A =0,
q#p b#a
the second equations to

©% +6,7) A6 +2(65, — 6%,) A O —

— Y O A6+ 05, A"+ Y O AOP =0, (9.8.33)
q#p c#a,b

the third equation to
02" —20,") AOP +2(029 — 9%) A QWP —

— Y O AOT Y (O — 0p0) A O =0,
q#p b#a

the fourth equation to
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@20 —6,7) A 6P +2(828 — 690 — 61 A 6P

= DO AU+ D (05 — b)) AT =0,

q#p c#a,b

the fifth equations to
020 A OP 42020 — 650) A OV + (628 — 2000) A 6P —

Y el A 3 ol o =0,
q#Fp c#a,b

and the sixth equations to

02 A OP +2(005 — 055) A O + (025 — Oab) A OPF +

(9.8.34)

NGRS UL N L S S PN}

q#p d#a,b,c
In (9.8.11), the first equations lead to
07 N OP + 2058 A O — 2008 A O +
+ > Q04 — 05 A0YT+ Y 0l A6 =0,
q#p b#a

the second equations lead to

(9.8.35)

O AOP + 205 + 05 —0by Ao — 3 ORI A0+ 08 A0 =0,

r#p.q b#a
the third equations lead to
047 A OP + 20007 — 031 A O +
= (207 — 08 AO“ Y 0 A0 — " ofl Ao =0,
b#a r#p.q
and the fourth equations to
02" N OP +2(000 — 6pp) AOP + (05, — Opg) A OY +
+ O — 0P AOT D 0L A0 — S 05 A0 =0.
b#a SEPGT

Here the relations (9.8.6) are taken into consideration, like p =
(9.8.25)—(9.8.27) not yet.

(9.8.36)

(9.8.37)

const, but

The analysis of these exterior equations by means of Cartan’s lemma leads to
several consequences. Here all 87 and 6“7, the primary 1-forms, are linearly inde-

pendent.
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Let us consider (9.8.34). Here every Qé’b must be a linear combination of these
primary 1-forms for some values of the subscripts p. As a result ijb = 0. For the
same reason, in the next exterior equation 95“ = 0. Now it follows from the third
equation of (9.8.25) that 6, = 0 for every three distinct a, b, c.

Substituting (9.8.29) into the equation preceding (9.8.33), one sees that the only
term with 67 A 099 has the coefficient Q) and the only term with 6” A 694 has the
coefficient Sg;’. Hence these coefficients must be zero and thus 64, = 0, 26, +
Ggp) = P%@P. Now it follows from the second equation of (9.8.25) that 6/¢ = 0
for every two distinct p, g.

This procedure can be continued. After a rather complicated analysis, several
relations will be obtained for the secondary 1-forms in these exterior equations, which
turn out to coincide with (9.8.17)—(9.8.24). This will then finally prove that the
assertion of Theorem 9.8.3 is valid.

Remark 9.8.4. The final part of the proof is only given in outline. The details are left
to the reader, since they are technically rather complicated, and would take up too
much space here.

There is in fact an alternative way to prove Theorem 9.8.3. Namely, one could
replace the “unit regular simplex part” of the frame by the orthonormal part, and then
work further in the context of the orthonormal frame bundle.

One way to do that is via the formulas

e =2e1y,

e =211 + V30,

1 2
e =€+ —=exn + 2\/;533,
V3 3

5.

eq4 =€) + —=en + —=e33 + 644,

1
\/_
k-1
ekk = Z A + Bieg,

k=1

f

m—1
€mm = E Aee + Buemm,
k=1

where A, = 1/% and By, = @ Now from (9.6.7) and (9.6.8) it follows
that the normal parts of de, and de,), are, respectively,

p—1
o | —e,0% + Z epqgt? + ZAKEKK + Bye,p, | 67|,
q#p k=1
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a—1
p| —ead” = > eartd (Z A + Baam> 6

b#a k=1
p—1
+ D epa0* | D AcB + Bppp | 07 |
q7p k=1

where, p = (I + 1)r~1, as defined earlier.
Now for this new completely orthonormal frame bundle, replacing the previous
“0” by the symbol “##,” the equations become w* = 0, of = h;?;.a)/ and we now have

9 =9 =91 =0,

Dy == 0T =p0t (g #Ep), O =pAI’ (sk=p-1)
97 = BpoP, oI == pmm — o,

9, = —psloP, 9 = —p9” (b#a). V=0 (a.b.cdinstincy.
195151 = p* (g # p), ﬂf{; =0 (p,q,s distinct),

Ok =0 (I<k<a—1), 948 =p(A,— B)v?,

Ohy = AP (a+1<k<p-1), 95 =B,

195},‘:0 (p+1=<Kk<m.

The prolongation of this system by exterior differentiation and Cartan’s lemma
is the alternative way to prove Theorem 9.8.3. Since this is also technically very
onerous, details are also omitted here; but see below.

9.9 Detailed Analysis of a Model Case

It is instructive to give the details of the proof of Theorem 9.8.3 in a particular model
case. The simplest case is VGr1’3(r), which can be called a Veronese—Pliicker orbit.
For this VGr!3 (r) the subscript a takes the single value 1 and the subscripts p, g
only the two values 2 or 3; one also assumes below that p # ¢, which implies that
(p, q) is either (2, 3) or (3, 2).
For the sake of symmetry, let the “unit regular simplex part” {ej, €22, €33} be
replaced by the orthonormal part {¢11, €22, €33}, so that

epp = €11 + cp2en + ¢p3€33,

where ¢ and ¢ 3 are some suitable constants.
Then the system (9.8.7)—(9.8.11) is replaced by

pl=p92 =l = prr =0, (9.9.1)
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9y=—o0'P, 93 =00 ) =ov”,

922 =cpot?, 03 =cpon?, 9.9.2)
9, = —ov?. 0P =0o0". 9] =—00'". B =cpev'’. (993
97, =cped', (9.9.4)

where 0 = 2r~! replaces p. Exterior differentiation of the equations of the last
column yields

(cp3dIn o + D3 + cpadas) AOP 4 [(cps — cg3) 08 + D331 A 94
— DB AR 4 (cp3 — g0 A =0,
— DB AP + (e — cp3)0y" A D
+(cpadIng — DT — cpa033) A O+ [(cps — cga)0) ! + D351 A 017 = 0.

Here the simplest situation refers to ¢33 = c¢33. This implies ¢ = —c32 = 1, i.e.,
cp2 = (—=1)P, and c23 = ¢33 = V2. Now the first relation implies via Cartan’s
lemma that

V2ding + 935 + (—=1)PD35 = A, 0P + B9 4+ C,0'?,
933 = BpoP + Dol + E,0'P,
— P =Cp0? + Epp + Fpo'P.
Putting first p = 2 and then p = 3 in the last two equations, one obtains
By9? + D293 + Ey9'? = B39 + D3w? + E3n 3,
C29% + Ey° + F9'? = C30° + E39? + Faol3,

El}usDz = B3, D3 =B, E) = E3=0,Ch) =C3 =0, F, = F3; = 0 and so
1?133 = 0. The second relation yields

(V2dIng — 33 + (=1)P933) A 9P 4+ (By9? + B3) A919 =0,
thus B, = B3 =0, so 55’;’ =0, and
(V2dIno — 9} + (=1)P935) = G ,o'7.
Now
V2ding + 93} + 93 = A2,
V2ding + 93} — 93 = A3,
V2ding — 93 + 93 = G2,
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V2dIng — 93 — 935 = Gy,
Consequently,
2V2dIng = A2 + G393 = A3093 + Gav'%;
hence Ay = A3 = G, = G3 =0, and so
© = const, 15‘11 = 1922 =0.
Exterior differentiation of the equations of the penultimate column gives
IR AP +[2(=1)T0L —FRIA 0T+ DR AP 4 2(=1)T0)? A0 =0,
=19y AP + D2 A 0T — [2(— 1)P19 + 92 A0 49 Al =0,
From the first relation
29” =a,0? + byt +c,'P +d,p0',
2=1)10) — 035 =bp0? + €07 + 97 + g0,
03 =cp0P + f07 + hpo'P 4 ip0le,
2(=1)99,7 =dp0P + g, +ip0'P + j,o1e.
Since the left sides do not change when p and ¢ are interchanged, one has
ap=bg=ep, cp=dg=8p=1Ffq. hp=iqg=jp.
Now the second relation gives
(cpO? + hg®'P + h ') AOP + (cp0P + hpo'P + hy') A0
—[2(— 1)P191‘1 +IZIA 0P — (a0 4 ag99 4 ¢,9'P) A1 =0,
and yields i, +a, = 0. Hence
—522 =apd? +a,09 + cpﬁlp +cq 1,
2119} — 935 = ag®” + apd? + g0 + cpo e,
02 =, 0P +cy99 — apo'? —a v,
=)0 )1 = cy?P 4,97 — a0 — a0,
2=1)P0)1 + DR =ag0” +apd? + g0+ cp0',
and therefore

(=P~ 0§) = ag0? + ap0? +cg0'? + ¢,
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Exterior differentiation of the equations of the middle column yields
(—D)PFRADP — 0 A9d — 20,0 — ol Av!P =0,
Q0" — 0 AP 20,7 A9+ (—1)IFFE AP + 92k A9l =0.

Substituting the expression of 51212 and noting that 192131 do not change when p and ¢
are interchanged, the first relation implies that ¢, = 0 and

23 = (- Dfa,0f + (=D)%a,91,
20,0 — 9!l =v,9'7.
Now the second relation yields v, = a, = 0, thus
IR = 0B 4205 =02 =0 =012 = vl =207 —w]l =203 v/l =0

and hence 19]2 1913
The equat10ns of the second column give

93 AP =0,

IP AOP + @01+ (—1)PIR) Av'P =0,

thus 933 = K017, 2007 + (—1)?33 = K97 + Lp»'P. For p = 2and p = 3,
this is

08 = K02 = K303, 2003 4+ 933 = Kaw? + L' = —(K39° + Lo '),

hence K> = K3 =0, L, = Ly = 0and 97 = 0, 932 + 293 = 0.

Now exterior differentiation of the equations of the first column gives the identity
0=0.

Therefore, the system defining the given second-order envelope M* (where now
I+ 1D@m—1) = 2-2 = 4), consists of (9.9.1), (9.9.2), where ¢ = const, and
(p,q) =(2,3)0r(3,2),

2 =0v8, 9P =vl2=0 v =03, (9.9.5)
9B =0, o/l =2002(=2013), 9P =9 =0, (9.9.6)
9 =0, 9F=-203(=-203), 935 =0, (9.9.7)
1911 —1911 = Z(}22 =V (9.9.8)

recall that the matrix ||19[J||, 1,Je{2,3,12,13,1,23, 11, 22, 33}, is skew-symmetric.
This system is completely integrable, because exterior differentiation of each of its
equations gives the identity O = 0. This conclusion of the analysis is summarized by
the following proposition verifying Theorem 9.8.3 for this particular model case.
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Proposition 9.9.1. An envelope M* of Veronese—Pliicker orbits VGr'3 (r) reduces to
a single such orbit VGr]’3(r).

Remark 9.9.2. 1t is interesting that Proposition 9.9.1 can be considered as a conse-
quence of Theorem 4.6.1. This is true because VGr'-3(r) can also be considered as a
Segre orbit S 2) (%ﬁ).

To establish this, let us show first that VG 3(r) carries two two-dimensional
foliations. One of them is spanned at an arbitrary point x by the orthogonal unit
vectoNrs fi= \/Li(ez —ep3)and fr = \%(63 + e12), the other by f; = \/Li(ez + e13)
and f» = %(63 — e12). Indeed, now

dx = e300 + e39° + en0'2 + 1397 = f19! + 07 + f1d' + [r¢°,
where

¢1=L(l92—l913) ¢2= L(ﬁ3+ﬁl2)’

V2 ’ V2
¢'= %(ﬁz +o1), ¢ = %(93 —0'2).

From (9.9.6),
dp' =¢* A (=¢]), d¢* =¢' n¢T, do' =P A (=D, dF’ =" A G,
where ¢2 = 03 +912 and ¢2 = 93 912 Hence the differential systems ¢! = ¢? = 0

and qbl ¢2 = 0 are both totally integrable and define the foliations above.
A straightforward computation shows that

dfi = o7 + pl(fs + fo)d> + (f1 — f2)d' + V2 fop'], (9.9.9)
dfs= — fi¢> + pl(—fs + fo)d' + (1 + f)8° + V2fo0],  (9.9.10)

dfi = fdi + ol(— fs + fo$* + (f1 — o' +V2fo'].  (9.9.11)
dfs= — 1§} + pl(fs + fo)d' + (f1 + f)* + V2 fod*.  (9.9.12)
where f5 = ey, fo = ex3, f7 = e11, fs = €2, fo = e33. Due t0 (9.9.2)~(9.9.8),
dfy = —2p(e20* + e30° + e9'? + e1391%) = —V2pdx.
Hence d[x + (v/2p)~! fo] = 0, where p = 2r~! as above. Thus ¢ = x + 57519

is the radius vector of a fixed point in E°. So x is a point of a hypersphere S8(r*),
r* — r

227

From (9.9.9)-(9.9.12) it follows that the leaves of the two foliations above are
great 2-spheres in S8(r*), totally orthogonal at the arbitrary point x € VG 3(r).

All this shows that VGr 3(r) is actually the Segre submanifold S 2)(r™).

Therefore, Proposition 9.9.1, which is Theorem 9.8.3 for the model case, can

indeed be considered as a consequence of Theorem 4.6.1.
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Geometric Descriptions in General

Normally flat semiparallel submanifolds were geometrically described in Section 5.4
as warped products which are second-order envelopes of products of several spheres,
circles, and a plane. In this chapter this kind of descriptions is investigated in some
more general situations.

10.1 Products of Umbilic-Like Orbits

According to Theorem 4.5.5, every semiparallel submanifold M™ in E” is a second-
order envelope of parallel submanifolds. By Proposition 5.2.1, every parallel nor-
mally flat submanifold in E” is a product of several spheres and, possibly, some circles
and a plane. Therefore, every normally flat semiparallel M in E” is a second-order
envelope of such products. In Theorem 5.4.1 these envelopes were described as cer-
tain warped products, which in general are not parallel submanifolds. The simplest
situation occurs when the enveloping parallel submanifolds are products of multidi-
mensional spheres only, i.e., there are no circles, nor a plane. The spheres are umbilic
submanifolds, and now the problem arises: are their products umbilic-like? In other
words: is a second-order envelope of products of spheres a single such product?

A similar problem also arises in a more general setting. According to a result of
Ferus (see Theorem 8.2.5 above), a complete parallel submanifold in E” is a product
of several main symmetric orbits which are standardly imbedded symmetric R-spaces,
and possibly a plane and some circles. Therefore, every semiparallel submanifold in
E" is asecond-order envelope of such parallel products. The simplest situation occurs
when the latter are the products only of main symmetric orbits, and even simpler is
the case where all these are umbilic-like orbits. So the following generalization of our
problem arises: Are products of umbilic-like main symmetric orbits also umbilic-like?

The following result gives a positive answer to the first problem.

Proposition 10.1.1. Every product of multidimensional spheres is umbilic-like in E".
Proof. A second-order envelope of products of spheres $”'!(c1) x --- x $" (c,)

with m, > 1 and variable c,, p € {1,---,r}, in E" is a semiparallel normally flat

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_11, © Springer Science+Business Media, LLC 2009
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submanifold, and therefore the results of Chapter 5 can be used, where all k(,) are
now nonsimple, and (k(,), k)) = 0 for p # o (see (5.1.5), where now ¢ = 0 in
E™ and therefore k;" = k;). In particular, formulas (5.1.1)—(5.1.3) hold, together with
Lemma 5.1.2.

By differentiation, one obtains (dk(y), k(o)) + (k(p), dk(s)) = 0. Now substituting
from (5.1.2) and applying Lemma 5.1.2 gives

<Z Mo je kipy = ki)™, k(a>> + <k<p>’ Y rorje ki) — k(r>)wj’> =0.

T#p T#0

This leads to
2 s 2 e
D A ookioy @’ + D e, kipy@ = 0.
Jo Jp
Here the superscripts j, and j, run over disjoint index ranges.

Therefore, w’/> and w/# are linearly independent, and since k(20) and k(zp)
nonzero, A(p)j, = M(o)j, = 0. Thus, due to (5.1.6), L;,;, = 0 for every pair p # o
also Li, j, = Ki, = 0 for every p. This implies that all 4 = 0; hence the above
envelope is a parallel submanifold and so is a single product of spheres, as claimed.

Now consider the problem in a more general setting, where it turns out that the
second problem also has a positive answer.

Theorem 10.1.2. Every product of umbilic-like main symmetric orbits in E" is
umbilic-like, i.e., if a submanifold M™ in E" is a second-order envelope of prod-
ucts M™ x - x M™, with every M™» an umbilic-like main symmetric orbit for
1<p<r,m=my+---+ my, then this M" is a single such product.

Proof. The vector-valued second fundamental form of this envelope M™ is at every
point the same as for such a product. Consider the orthonormal frame bundle adapted
to M™ so that the tangent vectors ¢;, are also tangent to M""» at their common point
x, the normal vector e, 4, is collinear with the mean curvature vector H” of M"»,
and e, are the remaining frame vectors in the principal normal space of M"’ at x.
If there are more frame vectors at x normal to M™, they will be denoted by eg. Then
M™ is defined in E" by the Pfaffian system

" =% = =0,

O = §Pkpl, W = SR o, wf =0, (10.1.1)

iy o lp/p ip

so that h;,j, = Kp8ipjpem+p + ha"‘ e, and hi j = 0,if p # o. This implies

HP =kpemyp +m), eap > hl i) and since ej,1, is taken collinear with H”, one

concludes that
> hih =o. (10.1.2)

lplp
Ip
Exterior differentiation of equations (10.1.1) gives the covariant exterior equa-
tions. The first ones with p # o lead to
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pFo
] j —1 m+ 107
wlj‘; A w!? + K, Z(ainjvl(g m+§ + ;e erp) Awl = 0.
Jo

By Cartan’s lemma

_ iy kp io ja
]p )\'] kp +Mjpjnw ’
_1 + o -(7 j 1 k()’
€5 Gig jo Koo +hi7;, 0 ) = Wi @ Vg, @0
iy i Lo _ o i Jo _ s . o __5Jp
where )‘j,,k = A o Vieks = Vhojo- Then wp + w;” = 0 implies L
and thus
io ok o ko
jp = A] k@ =N @, pF#o. (10.1.3)
The same first equations (10.1.1) with p = o lead to
1% m+p _ k k jp —
8ipjpd iy + 1y Y, Wl Mot | Awh =0,
ke, T#p
and so
+ ko ko _ . . k
SiyjpdInicy i, hy" TP — Y e ol =k, 0 (10.1.4)
k(r»U?ép
where the last coefficients are symmetric in all the indices.
Similarly, the second equations of (10.1.1) with p # o imply
o %p Bs @ ko — %P ko
Siv joKoWpio +h; 7 a)ﬁ +)‘la/gh/pkp P =X ik @ (10.1.5)
io %p _—
Z(xjpkp =M nS ) =0, (10.1.6)
and the same equations with p = o imply
TEP L
- 1,%0 L. xp xp T ke _ % k
Vohi s+ 81y lp@nyp = Y hi My @ = X o, (10.1.7)
Lp,ke

where . iy 5
o ,% __ Qp % p "‘p p p O‘ﬂ
Vphipjp = dhipjp hk,,j,)“)i,, h ot h wg. s
moreover, the coefficients on the right sides are symmetrlc in all three subscripts.
From the last equations (10.1.1) it follows that
8.

ipJp

k
KpOpip +hi, 0F, =H 0 . (10.1.8)
Now consider on M™ the distribution of all tangent subspaces M"™ for a fixed
value of p. It is defined by the Pfaffian system o'l = .. = @r-1 = @irt!l = ... =
' = 0, and it is a foliation, since by (10.1.3) for o # p the differentials
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p#o '
do's = @l A a)l" + Z w’r

o ]rr
Jp

vanish due to the equations of the same system. The leaves of this foliation are
second-order envelopes of M, for every fixed value of p. Since all M"» were
assumed to be umbilic-like, these leaves are the exemplars of the single M"», hence
parallel ones. This implies that

h.

ipJokp

=0. (10.1.9)

m+p
ipjpkp

(2.2.2), (2.2.3), and h?;};p = kp8i,j, implies

In particular, & = 0; but for a leaf with a fixed value of p, this together with

dicpbiyj, + i, 0l = 0. (10.1.10)

%p
which by (10.1.2) leads to dk, = 0, and also to hftp . wgl:'p = 0. In the last equation,

the matrix of coefficients with row pair-index (i, j,) and columnindex «,, has maximal
rank; hence it follows that

dx, m+/’ =0. (10.1.11)
Substitution into (10.1.4) gives — Zk ip fp] ko — = Ti,jk, o*r. Since all wk*
and w*» with o # p are linearly independent, it follows that
M7y, =Tk, =0 (10.1.12)

for every pair of distinct values of p, o. Now (10.1.3) implies a)l]; = 0, and the

equations preceding (10.1.2) give

_1 m+p o m+ _ ko
(8101«7 Opto +hloja p) V o ko w™

. L m—+p — . . m+p
Summing over iy = j5, One gets w,, [, = kp (m,,/c,,) Vi, @ ko . and since Wi+

a)ﬁig = 0, one has v, = 1, = 0, whence
mis =0, it = o, (10.1.13)
where p # o.
Now for all fixed values of p € {1, ..., r}, the foliations on M™ tangent to M"*»

are parallel in the Riemannian connection V induced on M™ by immersion. The
argument used in the proof of Theorem 8.1.5 then shows that M™ is the product of
the leaves of these foliations. For these leaves, equation (10.1.9) holds; hence they
are parallel submanifolds, which must therefore coincide with M. This concludes
the proof.

In addition, note that (10.1.6) is now satisfied due to (10.1.11), and since h;"jp K, =
£
ipJokp o

. e o .
Moreover, since h;,j, = 8;,j,kpm+p + hip j,Ta, SPan the principal normal subspace

= 0, the relations (10.1.7) and (10.1.8) become trivial identities 0 = O.

of M™r, the matrix of coefficients on the right-hand side of (10.1.8) has maximal

rank, as noted above, and therefore wfn tp = a)i , = 0.
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10.2 General Semiparallel Submanifolds and Their Adapted
Frame Bundles

A general semiparallel submanifold M™ in E" is, by Theorems 4.5.5 and 8.2.5, the
second-order envelope of products

M™ - M™% S (egq1) X - x S (egrq) X E™M

of main symmetric orbits M™», p =1, ..., s, each imbedded as a minimal submani-
fold in a sphere $"#(c,), and of circles s! (Cs+a), 1| <a < g, and an mo-dimensional
plane E™0; here m = mo + m* + g, m* = Zp mp, and ¢p, ¢4 can vary on M™.

The orthonormal frame bundle can be adapted to such an M™ so that, as in
Section 10.1, the tangent vectors ¢;, are also tangent to M™# at their common point
x, the normal vector e,,4, is collinear with the mean curvature vector H” of M"»,
and ey, are the remaining frame vectors in the principal normal space of M™» at
x. Moreover, let e,+4, and e,, 451, be the tangent and the normal, respectively, of
the circle S'(cs44) in its plane at x, and let ej, belong to EM, m* +q +1 <ip <
m* + g + my. If there are additional frame vectors normal to M™ at x, they will be
denoted by e¢.

Then M™ is defined in E" by the Pfaffian system consisting of equations (10.1.1)
plus the equations

o
WM = P = T = T = f =, (10.2.1)
0 io ) 0
wm+s+a _ wm-H) _ w — a)s =0 (10 2 2)
ip = Pmrta T *+a = Umtta T -
*
a)m;:&‘:b _ (Sst+awm +a (10.2.3)

These additional equations do not alter the conclusion obtained by exterior differ-
entiation of the first equations (10.1.1) with p # o; namely, as above, (10.1.2) and
(10.1.3) still hold.

Equations (10.2.1) give

io Jp — Z ap ip Jp — io m*+a __
E a)ija) =0, hipjpa)io/\a) =0, Ops g N @ =0,
] ipsJp
and therefore

io __ io kp § _ § 0‘/7 ’0 10 io, m*+a
wjp - Z)”jpkpw ’ lpjp m*+a — )“a w ’

kp ip
(10.2.4)
where those coefficients on the right sides that have two subscripts are symmetric in

those subscripts, so that, in particular,

Z( po gt pdoy — . (10.2.5)

ipJp lpkn ipkp™ipJp
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From (10.2.2) it follows that

. a, *
przﬂ Awm+s+a 4 § : hi ) a)ff’ /\wm+s+a + Ky +awm *+a Ap™ T4 — 0,
ol

m+p
Jp-%p

_ m*+a ip m*+a m—+p _ 1 2

Kp ) @ " AOF +Kyiqw ANy =0, (10.2.6)
ip
* o i
Ksra®" TN O+ D Oy A 07 =0, (10.2.7)
ipjp

mra b =0 (10.2.8)

w Ompsta = Y- i

By Cartan’s lemma, one gets from (10.2.6) that

WMt = Zx,p 5@+ M;’pa)m*“, (10.2.9)

s ray iy = D i 0l + i, (10.2.10)

ip

and from (10.2.7) and (10.2.8) similarly
Z h *+a Z)"]pkp kp + Mzﬂa)m*-i-a’

o o i o *
K~V+awmp+s+a _ Ma/)wjp + q)uﬁwm +a’ 51+5+a — v§ m +a
here the coefficients with two subscripts on the right sides are symmetric in those
subscripts.
In the penultimate equation, the index j, takes more than one value. This implies
that s = 0, and so

“pd %o — % m*+a & £ mita
Zhlﬂ]ﬂ m*+a ZA Wytsta = Va @ sy Wygstag = Vg

tp

(10.2.11)

Substituting (10.2.9) into the first equation (10.2.11), one obtains Z hee iri ué P =

0. Here the matrix of coefficients with the row pair index (i, j,) and the column index
o, has maximal rank; therefore, /,L?p = 0, and thus

o *“—Zm Z(h“ﬂ A =R Ay =0 (102.12)

ipjp"ipkp — Vipke™ipjo

It remains to apply the same procedure to (10.2.3). If a # b, this gives

m*+b m*+a m-+s+b 0

m*+b
w *+aAKS p + Kg4q® NOpisia =
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and further, due to wm*is + wm*iz =0and T3 10 4 Wi T4 = 0 one gets

m*+b __ m*+b m +a
wm *+a T (paKS+ba) - @bKS+ w
m+s+b __ _a m*+b b m*+a
a)m+s+a = (pbl(s_i_ba) — QP Ks+a® .

For a = b, exterior differentiation of (10.2.3) leads to
dInkgyy — Zﬂlp w'P —KH_aZwu m +b+2)\;0wi0 — waa)m*+a.
b#a io
Now the first equations of (10.1.1) with p = o imply that on the left side of
(10.1.4) some new terms must be added, due to (10.1.2), (10.2.4), and (10.2.12), so
as to obtain

m+p ke ke a m*+a _ Jo ji
Z A W Z)Lipjpa) : kipjpw(’

Ap
SijdInky +x, h i@y vy
ko, 0F£p a Jo

= iy i, (10.2.13)

The same argument applied to (10.1.7) yields

—
Vohi,j, + 81pJpKPwm+P

TEp
ap ke ke ™ *+a i
SO DI +kap +Z)‘m v
1, ke
o k
=1 . (10.2.14)

The second equations of (10.1.1) with p # o now give the same equations (10.1.5)
and (10.1.6); and finally, the last equations of (10.1.1) give the same equation (10.1.8).
The above argument allows some geometric conclusions to be drawn about the

foliations on the given M.
Equations (10.1.2), (10.2.4), and (10.2.12) imply the expressions

pFo
'a J— .a ‘U -] + '
dofr =) 0 Ao+ A o +Z%m § “+Z
Ja i
(10.2.15)
do™ e = Zwm SN RS TR 1 P YIOLN (10.2.16)
(10.2.17)

da' = w0 A "
jo?

and so the following geometric consequences can be formulated.
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Theorem 10.2.1. A semiparallel submanifold M™ in E™, as a second-order envelope
of products

M™ X - x M™ x SM(egq1) X - x S (egtq) x E™,

carries two totally orthogonal foliations, whose leaves are second-order envelopes of

(1) the products M™! x --- x M™s of main symmetric orbits, and
(2) the products S'(cs+1) x -+ x S (cytq) x E™.

(i) The last ones are generated by mo-dimensional planes, have flat van der
Waerden—Bortolotti connection NV, and carry q families of mutually orthogonal
lines of curvature, orthogonal also to the generating planes.

(i1) The tangent subspaces of these leaves are invariant along every plane generator.

(>iii) If all main symmetric orbits M™!, ..., M™s are umbilic-like, then the leaves of
the first set are also umbilic-like and hence parallel submanifolds.
(iv) Then for every fixed value p € {1, ..., s}, the tangent subspaces of M™» are

parallel along the leaves (2).

Proof. Consider the Pfaffian system w'» =0, where 1 < p =< s and every i, takes
all its values. This system is totally integrable due to to (10.2.15), and so defines a
foliation on M™. Its leaves are (m( + ¢)-dimensional submanifolds that are second-
order envelopes of the products (2).

For one of these leaves, consider the Pfaffian system T = 0,where 1 <a <
q. Then (10.2.16) implies that this system defines a foliation. For each of its leaves
one has

i Jjo
dx = €;w", dej, = ejyw;,

due to (10.2.1) and (10.2.4). Therefore, these leaves are mo-dimensional planes, as
asserted in (i). Also the other statements of (i) hold, since they are valid for the
products (2), and so can be transferred also to their second-order envelopes.

The distribution defined by

. .
W =00 =0, 1<a<q, m*+qg+1<iyg<m,

is also a foliation, due to (10.2.16) and (10.2.17). Its leaves are second-order envelopes
of the products (1). These leaves are orthogonal to the previous normally flat locally
Euclidean submanifolds.

If all main symmetric orbits M™!, ..., M™s are umbilic-like, then by Theo-
rem 10.1.2, their product is also umbilic-like. Hence, due to umbilic-likeness, the
above leaves reduce to these products, and therefore are parallel submanifolds, as
asserted in (iii).

This implies that modulo ™ 4 and ', equation (10.2.13) reduces to (10.1.10).
It follows that )Lff;’jp =0,if p # o, and 7;,j k, = 0 (cf. (10.1.12)). This together with

(10.1.2) implies a)’/‘; = 0 for p # o, and shows, together with (10.2.12), (10.2.4),
and (10.1.1), that
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. Jo a a0 k
de’p - efﬂwip + Z Z em*+akipkp + Z elo)\i/)kp W
kp a io

ip % kp
+ emypkpw'” + eaphipkpa) .

Since along the leaves (2) one has w*» = 0 for p =1,...,sand all values of k,,, one
now gets de;, = e; pa)ijp” , as asserted in (iv).
That concludes the proof.

Remark 10.2.2. Most parts of Theorem 10.2.1 were first announced in [Lu 96d], many
of them without detailed proofs. Some consequences on the special geometric struc-
ture of semiparallel submanifolds and their intrinsic semisymmetric Riemannian man-
ifold structure were also stated in [Lu 96d].

10.3 Warped Products and Immersed Fibre Bundles

The foliations introduced on M™ in the previous section provide a special geomet-
ric structure for the Riemannian manifold as well as its immersion, which will be
considered now.

A Riemannian manifold M is said to be reducible to a product if M =
M x --- X My, and the component submanifolds My, ..., M} are mutually or-
thogonal in the Riemannian metric of M.

A generalization of this is the concept of a semireducible Riemannian manifold
(see [Kr 57]) or warped product (see [BiO’N 69], [DN 93], [N6 96], [Ch 2000], 3.5).

Let My, ..., Mj be Riemannian manifolds, M = My x - - - x M}, their product, and
i : M — M; the canonical projections, i =0, 1, ..., k. If o1, ..., ¢ : Mg — R4
are positive real-valued functions, then

k
(X, Y) = (0« X, T0:Y) + Y _ (@i 0 70)* (i X, 7Y )

i=1

defines a Riemannian metric on M called a warped product metric; M with this metric
is called a warped product, denoted My Xy, My Xy, -+ X M.

Theorem 10.3.1. If a semiparallel submanifold M™ in E" is a second-order envelope
of parallel M™ x --- x M™ x S'(cgq1) x -+ X Sl(ch) x E™ whose main
symmetric orbits M"r are umbilic-like, then M™ is intrinsically a warped product
M0 X MM X, - X M™s, where M0, ng = mo + q, is locally Euclidean, and
M"r, p=1,...,s, are symmetric R-spaces.

Proof. M is defined as a leaf with flat V of the foliation (2) of Theorem 10.2.1.
Orthogonal to these leaves are the leaves of the foliation (1), for which, due to umbilic-
likeness, equations (10.2.13) and (10.2.14) reduce to
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—1@ + J _
dinic, +x, B 0P kap =N Wi =0,

’pJp pJp

Jo
(10.3.1)

o ap ap a m*+a Z io io |
v hl n +5,pijpa)m+p Zhipl,, Z)‘ipjpw + klpjpw =0.
Iy o

a

(10.3.2)

In (10.3.1), setting i, = j,, summing, and using the relation (10.1.2), one obtains
dlnk, = Y, A+ a4 Y 30w, where A =i Y A and g =

lp

m;l Zip Afgip. This can be written more compactly as
diy =kp » Mo, (10.3.3)
u

where the index u runs over the ranges first of m* 4 a and then of iy.
Similar summing in (10.3.2) leads to

= Z pl o, (10.3.4)
u

where g = (mpkp)~ le ip lp iy
The leaves orthogonal to all M"° are the products of main symmetric orbits.
According to a result of Ferus, formulated as Theorem 3.6.1, every main symmetric
orbit is a standardly imbedded symmetric R-space. Each orbit is pseudoumbilic (see
Theorems 8.2.2 and 8.2.4) and hence minimal in a sphere, by Proposition 8.2.1. For
one of these pseudoumbilic orbits,
de;, = ejpa)i]/’j + eukﬁ‘pjﬂa)j/’ + em+p/cpa)i” + eaphipjpwjﬂ,
due to (10.2.4) and (10.2.12). Here the vector-valued second fundamental tensor is
o . . . . o e g
eul} i + em+pkpdi,j, + eo,phl.pﬂjp. Summing with i, = j, and dividing by m,,
one obtains the mean curvature vector H, = eppkp + eyry, for which (Hp, Hy) =

K2 +>, (p ). As can be seen from the proof of Proposition 8.2.1, this pseudoumbilic

orbit lies in a sphere with radius r, = [K + Z ()J‘ )2] . The metric form of this
orbit can be obtained by multiplying by ¢, = r2 » the metric form of a standard orbit,
which corresponds to the value r, = 1.

From (10.3.3) one gets via exterior differentiation and Cartan’s lemma

drs = Z(A”w + 240",

Therefore, d ), ()»Z)2 =2y, Mg hpy@?. This and (10.3.3) show that ¢, are func-

tions on M"9, thus concluding the proof.
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Remark 10.3.2. Theorem 10.3.1 can be considered as a generalization of Theo-
rem 5.4.1, which deals with the case where (due to Proposition 5.2.1) the umbilic-like
main symmetric orbits are spherical submanifolds, hence simply spheres in Euclidean
space E”. But there is a difference between these theorems. Namely, Theorem 5.4.1
describes a normally flat semiparallel submanifold as an immersed warped product
submanifold, while Theorem 10.3.1 concerns only the inner geometry of the given
semiparallel submanifold, where instead of spheres one has general umbilic-like sym-
metric orbits.

Remark 10.3.3. The semiparallel submanifolds M™ of Theorem 10.3.1 can also be
considered as immersed fibre bundles with homogeneous fibres, associated to some
principal bundles. These kinds of fibre bundles have been studied in [KN 63], [Hu
66] (see also [Lu 66], [Lu 71]).

Recall that every main symmetric orbit is a standardly imbedded symmetric R-
space K /Ko and can be realized as a minimal submanifold of a sphere. Therefore,
the Lie group K is a subgroup of the orthogonal group O (n, R). If a submanifold
is a second-order envelope of main umbilic-like symmetric orbits, then it reduces
to such an orbit, according to the definition of umbilic-likeness (see Section 9.1).
By Theorem 10.1.2, a product of main umbilic-like symmetric orbits is umbilic-like.
Thus the leaves in M™, being second-order envelopes of the products of these main
umbilic-like symmetric orbits (i.e., the leaves of the foliation (2) of Theorem 10.2.1),
reduce to such products, and therefore are products of standardly imbedded symmetric
R-spaces. Hence each of these leaves is a symmetric space G/Go, where G =
Ki x--- x Ky and Gy = Ko1 X --- x Kos. Now considering the principal bundle
with structure Lie group G and its associated bundle with fibres G/ G, one can see
that M of Theorem 10.3.1 is an immersion of this associated fibre bundle.

The leaves of the foliation (1) in Theorem 10.2.1 are orthogonal to these fibres
above. This foliation can be considered as the horizontal distribution of an inner
connection (in the sense of [KN 63], [Lu 66], [Lu 71]) for M™ as an immersed
associated fibre bundle. Since the horizontal distribution is now a foliation, this inner
connection is locally flat, i.e., has zero curvature 2-form with values in the Lie algebra
of G.

This point of view for the semiparallel submanifolds of Theorem 10.3.1 was
briefly described in [Lu 96d], where only three particular cases of umbilic-like main
symmetric orbits were considered, namely spheres, Segre orbits, and Pliicker orbits.

10.4 Semiparallel Submanifolds of Cylindrical or Toroidal
Segre Type

The above general investigations will now be illustrated by considering a particular
case. Namely, let us consider the semiparallel submanifold M™ of Theorem 10.2.1
for a single main symmetric orbit M™! which is a Segre orbit S, 5)(k), plus a single
other component which is either a straight line E!, or a circle S'(c). Such an M™ is
said to be of cylindrical or toroidal Segre type, respectively.



230 10 Geometric Descriptions in General

The Segre orbit S(, p)(k) was introduced above in Section 3.2 as a (p + p)-
dimensional submanifold of the sphere S”P+" (k?),m = p+ p, having two families of
generating great spheres, of dimensions p and p, respectively, and totally orthogonal
atevery point x € S, p)(k) (see also Section 4.6). Note that in this section p is used
in place of the notation g used in Sections 3.2 and 4.6; also , o, .. . replace iy, ji, ...
and7, o, ... replaceis, ja, . ... Recall thatby Theorem4.6.1, this S, 5) (k) is always
umbilic-like only if p > 1, p > 1 (see Section 9.1); otherwise it is in general not
umbilic-like.

10.4.1 The case of umbilic-like Segre orbits

Suppose the Segre orbit S, 5)(k) is umbilic-like. Then p > 1 and p > 1. In this
case, the semiparallel submanifolds of cylindrical or toroidal Segre type are described
geometrically by the following two theorems.

Theorem 10.4.1. If p > 1, p > 1, thenasecond-order envelope MP+P+! of products
S(p.py (k) x EY with variable k is either

(i) a single S¢p. 5y (k) x Elin E(p+1)(_1_’+1)+1 or its open subset, or
(ii) an open subset of a cone in EPTV P+ yith q point vertex and one-dimensional
straight generators, intersected orthogonally by Segre orbits S(p p) (k).

In case (i) this M phtligq parallel submanifold, and, if complete, then a symmet-
ric product—orbit. In case (ii) MPTP*! is a semiparallel but not parallel submanifold,
which is not complete (the vertex of the cone is a singular point). Note that (i) can
be considered as the limiting case of (ii), where the vertex of the cone has moved to
infinity.

Theorem 10.4.2. If p > 1, p > 1, then the second-order envelope MPTPT! of
products S(p, p) (k) x S'(c) with variable k and c is either

(i) a product S(p p)(k) x M or its subset in E", where k = const, and M is a
curve in an E"~PTD@TD 1orally orthogonal to the subspace EPTDP+D of E1
containing S(p py(k), n > (p + D (p + 1), or
(i) a subset of a bundle of Segre orbits over a base curve, immersed into E", n >
(p+ 1(p+1), sothat
(1) these orbits have their centers on the base curve and lie in parallel (p +
1)(p + 1)-subspaces orthogonal to the subspace E"=P+tDP+D containing
the whole base curve,

(2) the radius of the orbit is a linear function on the base curve,

(3) if one considers tangent lines to the orthogonal trajectories of the orbit fibres,
then the set of such tangent lines taken at all points of an orbit fibre lies on a
cone, and the vertices of all such cones lie on an evolvent of the base curve.

Here in case (ii) this M 7P+ is a semiparallel but not parallel submanifold, which
is not complete (the singular point of the evolvent is a singular point of this “warped
cone”).
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As preparation for the proofs, one derives a Pfaffian system describing such a
second-order envelope in a suitably adapted bundle of orthonormal frames. So let
M™F! be a second-order envelope of products S, 5)(k) x M! in E", where m =
p+p.n>(p+1(p+1)+1,and M! is either a straight line E! or a circle S!(c).
According to the adaptation in the proof of Theorem 3.2.1 and equations (4.6.1), the
required system is the following:

" =™ = 0¥ = of =0, (10.4.1)
o™ = ko™, a)j—f“ = ko, w'1"*+1 =0, (10.4.2)
wl" =8%ko", Wl =8Lke”, off =0, (10.4.3)
w2 =0, 2=0, oh=co', (10.4.4)
@ =0, =0, o =0 (10.4.5)

Indices 1* = (p+1)(p+ 1)+ 1and 2* = (p+1)(p+ 1) + 2 refer to the unit tangent
and normal vectors e+ and e»+ of S!(¢), and & e {2" +1,...,n} refers to the other
normal vectors of M™T!,

The case M = Sl(c) corresponds to ¢ # 0, and M! = E! to ¢ = 0, in which
case & can be replaced by " € {2*,2* +1,...,n}.

This Pfaffian system will be investigated via exterior differentiation and Cartan’s
lemma.

Exterior differentiation of equations (10.4.1) yields identities, but differentiation
of (10.4.5) leads, for fixed values v and 77, to

77 3 G & _
w /\a)mH—i—Za) Nw. s =0,
o

b & o & _
w /\a)mH—i—Za) Nw, - =0,
o

X
co'” A a)g* =0.

Since now p > 1, p > 1, the indices 7w and 7 can both take more than one value.
Therefore, one gets by Cartan’s lemma

W = whs =0, cos =B (10.4.6)

The last equations a)‘]’*f = 0 in (10.4.3) imply that for every fixed pair of values
ofo, T ) ) )
o7 A" + ofs Ao® + ck o A w3f = 0. (10.4.7)

From p > 1, p > 1 it then follows that
% =10’ —ck ol (10.4.8)

a)f* =ro’ —ck Wil (10.4.9)
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The equations a)g* = 0 together with w%* = 0 now give
oT __ m+1 __ 1*
wyx =0, kwy™ = —cho” . (10.4.10)

Substituting all this into (10.4.7), one obtains (1) in_case ¢ = 0, an identity, (2) in
case ¢ # 0,dueto p > 1, p > 1 the relations u? = v* = 0; thus from (10.4.8) and
(10.4.9) for both these cases,

o = ra?, wh = ra'. (10.4.11)
The equation a)%z = co!" yields
de =k . (10.4.12)
Equations (10.4.2) give
dink = —ro', W™ = 0. (10.4.13)

The equations wgf =47 kw® and a)?rf = 8; kw® imply

0y =0, off =of, oI =0, o7 =0 (0EmTFY).
(10.4.14)
This concludes the first differential prolongation.
The second differential prolongation deals with the additional equations. Taking
exterior derivatives and using the equations of the extended system, almost all of
them give identities. Exceptions to this are the equations

cwg* = B‘ga)l*, dc = Ka)l*, (10.4.15)
dink = —ro', oy = 20", a)’l_f* = A", ka)gi"'l = —cho'.
(10.4.16)

The first equation (10.4.16) yields dA A ' =0, thus dA = yo' . Now from the
next two groups of equations (10.4.16), (y + )Lz)a)l* Aw’ =0;hence y = —22and

dr =220, (10.4.17)

This is one of the results of the second prolongation. After that, all equations
(10.4.16) give, by exterior differentiation, identities, plus the new additional equation
(10.4.17).

If c =0 on M™H! then 2* = (p+ D(p + 2) + 2 can be considered as the first
valueof &’ € {(p+ 1)(p+1)+2,...,n}, equations (10.4.15) vanish, and the whole
extended system is totally integrable. It follows that in this case the required M *!
exists and depends on some constants.

Suppose ¢ # 0 on M1 If Bseg = 0, then equations (10.4.15) reduce to

@5 =0, dc=rko". (10.4.18)
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The first one gives identities, and the second gives dk A w!" = 0, which is the only
essential covariant equation of the whole extended system. By the Cartan theory,
this shows that in this case M 1! exists and depends on a real function of one real
argument.

Suppose ¢ # 0 and Bée; # 0 on M™*!. Then (10.4.15) gives d B¢ A 0" = 0,
dk A »'" = 0; hence M™ 1! exists and depends on g + 1 real functions of one real
argument, where ¢ is the number of linearly independent differentials among d Bf .

It remains to interpret these results geometrically. They show that

dx = ez 0" + ez0" + epr0' (10.4.19)
dey = e’ — Aepr@™ + kepi 10" + kepzol, (10.4.20)
dez = egwg — e " + kepp10" + kegz o, (10.4.21)
deps = Meg @™ + ez ™) + cerr’ (10.4.22)

demi1 = — k(ex@™ 4 ez0”) + ck™ hero', (10.4.23)
densy = — k(e @® + e507) + ergol + er50l. (10.4.24)

. * — = ~ = *
Since dw”™ = ® Aa)g—i—)»a)l AT, do”™ = a)‘r/\a)g—l—ka)l* Aw”,and dw!” = 0, the

Pfaffian systems " = 0, o' =0and "™ =0, 0" = 0 are both totally integrable
on M1, For integral submanifolds of the first system, one has

dx = ez 0", dey = e, + (—rerx + kepyt1)0™;

hence each of them is totally umbilic and thus is an S? (Z) or its subset, where k=

2+ kz)%. Similarly, every integral submanifold of the second system is an S? (%)
or its subset. Both of the spheres S” (k) and S? (k) through a given point x € M"+!
are totally orthogonal in M"*1 and have the same center y with radius vector y =
x + (k)~'€,41, where _

Cm+1 = k(—rers +keyma1) (10.4.25)

is the unit vector along the radius of this S? (k). 1t follows that every integral sub-
manifold of the Pfaffian equation '" = 0 on M"*! is a Segre orbit S, 5)(k) or its
subset.

Proof of Theorem 10.4.1. Suppose ¢ = 0 on M™*!, ie., consider a second-order
envelope M+ of products Sip,p) (k) x E'. Then w%: =0,and2* = (p+ D(p +
1) + 2 can be included in the set {(p + 1)(p + 1) + 2, ..., n} of values of &', so that

a)frl = ws = a)i =0.

This shows that de;;, dez and dej+ have zero components in the subspace spanned
by the e;/, and likewise for de;; 11 and deys, due to (10.4.23) and (10.4.24). Thus
M™+! lies in an EPHDGHD+L « pr

For the integral curves of the system o” = »® = 0 on M"™*!, one has
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dx = el*a)l*, deix =0,

therefore these curves are straight lines.

If A # 0 on M™+!, then all of them go through a fixed point z with radius
vector 7 = x — A~ ley«, because dz = 0. Hence M™*! is a subset of a cone with the
vertex z and one-dimensional generators. This cone consists of Segre orbits S, p) (E),
intersecting the generators orthogonally.

If L = 0 on M, then all the straight lines above are mutually parallel, all Segre
orbits are congruent due to k = const, and M"*! is a product S, 5 (k) x E! orits
subset.

This ends the proof of Theorem 10.4.1.

Proof of Theorem 10.4.2. Suppose ¢ # 0 on M™*+!, ie., consider a second-order
envelope M™*! of products Sip.py k) x § 1(¢). To the derivation formulas (10.4.19)—
(10.4.24), one must now add

dey = [—c(ex + kil)»em_,_l) + cilBéeg]a)1
If x moves freely on M™*! then for y = x + (E)_15m+1 one has
y = k(k) el*a)

where ¢+ = (’kv)_1 (keyx + depm1) is a unit vector orthogonal to €,+1. This shows
that the centers y of the Segre orbits S, 5) (k) whose one-parameter family generates
M" 1 m = p+ 13, describe a curve_ w1th umt tangent vector €)= at y, and with
arclength parameter 5, where ds = k(k)~'w!". This curve is called the base curve
for M+ and M+ can be considered as (a subset of) a bundle of Segre orbits on
this curve.
Since d (k) I = A(k) o!”, the function (k) ! on the base curve has the deriva-
tive d(k) = k, which is a constant because d% = 0. Thus (k) 1'is a linear function
on the base curve.

Moreover, the orbit fibre S, 5) (E) lies in an EP+D®P+D whose vector space is
spanned by ey, €z, €m+1, €x5. Due to equations (10.4.20), (10.4.21), (10.4.24), and

depi1 = —(K) Nex 0™ + ez,

which follows easily from (10.4.25), this vector space is invariant for M™+!. Thus
all orbit fibres S(,, 5) (%) lie in parallel (p 4+ 1)(p + 1)-dimensional subspaces of E",
totally orthogonal to the subspace of the base curve.

The orthogonal trajectories of the orbit fibres S, 5) (k) are defined by 0™ = ™ =
0on M™*! Atx € M™*!, such a trajectory has unit tangent vector e1+.

If A # 0 on M1, there is a point z along this tangent with radius vector
7 =x — A ey, whose differential is

. *
dz = —ch lez*a)l .

On the other hand, y — z = Q)»_Wé'l*, so that z belongs to a tangent line of the base
curve. If x moves freely on M™+! | this point describes a curve whose tangent at z is
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orthogonal to the tangent of the base curve at the corresponding point y. Hence this
curve of z is an evolvent of the base curve. At the singular point of this evolvent, one
has k = 0, so this point is also a singular point of M *!. The latter can be considered
as a warped “cone” of orbit fibres S, p) (E), whose “axis’ is the base curve and whose
“vertex”’ is the singular point.

If A — 0, then k — k = const, Cmil — emi1, €1+ — eq, and in the limiting
case A = 0, this M™*1 is the ordinary product of S, 5)(k) and the base curve.

This concludes the proof of Theorem 10.4.2.

Remark 10.4.3. For normally flat semiparallel submanifolds M in N"(c), Theo-
rem 5.4.1 holds, which for the case where N"(c) is a Euclidean space E" states that

such an M™ is in general a warped product submanifold B" X S;’ ") Xy oo Xr,

S;” (1), where the base submanifold B™ has flat V, the warping functions 71, ..., 7
are nonconstant linear functions (with respect to some local affine coordinates in
B™"), and the fibres are products of spheres, hence umbilic-like.

Theorems 10.4.1 and 10.4.2 show that in two particular cases, similar assertions
are true, where instead of spheres one takes other umbilic-like symmetric orbits,
namely, a Segre orbit. It is an open problem whether this analogy can be generalized
to other umbilic-like main orbits. In [Lu 96d] it was asserted, without a detailed proof,
that this can be done at least for products of umbilic-like Segre orbits and Pliicker
orbits.

10.4.2 The case of nonumbilic-like Segre orbits

Now consider the case of nonumbilic-like S 5)(k); here p = 1, p > 1, so that
the index 7 takes only one value 1, and 7 takes more than one value. Differential
prolongation of equations (10.4.5) then leads to

1 & I 5 _
w Aa)mH—i—Za) /\a)l(;—O,
G

N

1 & _
1 T @ Aojz =0,

*
col” A a)g* =0.

Therefore, instead of (10.4.6) one obtains

v = Afol, o, = A5, ol = Bfo!'; (10.4.26)
and (10.4.8) and (10.4.9) are replaced by
ol = 10" —ck Tpo', ol =fo' + 10’ —ck Wi, (10.4.27)

and (10.4.10) by

a)%f =cpw’, w’Z’f[H = c(po' — Ak o). (10.4.28)
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Substituting into (10.4.7) then gives c¢ = w, vT = 0, and hence

= = = = = _ *
s = Kol + r0°, wéi = uo’, a)gf["l = po' —crk ol

1

but from a)%: = cw!” it follows after prolongation that xT =0, so that, in particular,

ol = Ao’ (10.4.29)
Moreover, equations (10.4.14) are replaced by

a)7l'r T 17

=—vo", w:=0w0;.

(10.4.30)

Qi

From these last equations, an interesting geometric conclusion can be drawn.
Namely, on the envelope M *!, the distribution defined by the system ™ = 0 is a
foliation, because then all do™ = w! A (—va™) + o' A L™ become zero due to the
equations of the same system. Moreover, the leaves of this foliation are intrinsically
locally Euclidean, because it follows from (10.4.29), (10.4.30), and the last equations
in (10.4.2) and (10.4.3) that dw%* = 0 holds.

The differential prolongation of the whole system above must be carried out, of
course, and the results can be interpreted further geometrically. This was done in
[Lu 96c¢], where the following two theorems were proved (with notations differing
somewhat from those used above).

Theorem 10.4.4 (see [Lu 96c], Theorem 3). A second-order envelope of products
Sc1,py (k) x E' in a Euclidean space, is an open subset either

* of a cylinder over a (1 + p)-dimensional logarithmic spiral tube (see Theo-
rem 4.6.1), or

o of a cone CP*2 with a point vertex z in E*P2) consisting of a one-parameter
Sfamily of (p + 1)-dimensional round cones with a vertex z, whose axes belong
to a plane angular domain D and vertex angles x vary according to sin’ y =
sin? yo — cos? xo - tan2 v, where  is the angle between the axis and bisectrix of
D, 0 < < xo = const.

The (p + 1)-dimensional submanifolds which are cut from this cone C p+2 by the
hyperspheres $27*3 around z were also described geometrically in [Lu 96¢].

Theorem 10.4.5 (see [Lu 96c¢], Theorem 4). A second-order envelope of products
S,p) (k) x SY(¢) in a Euclidean space is an open subset either

e ofaproduct of a (1 + p)-dimensional logarithmic spiral tube and a curve, or

e of a sphere bundle, whose base is a developable surface M* and whose p-
dimensional sphere fibres have their centers on M, and their (p+1)-dimensional
subspaces totally orthogonal to the osculating subspace of M.

Some particular subcases were also described in [Lu 96¢] (see Propositions 5 and
6 there), e.g., the subcases where the base is a plane domain with a base curve on it,
or a cylinder which can be bent onto a plane angular domain.
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Isometric Semiparallel Immersions of Riemannian
Manifolds of Conullity Two

A new point of view for semiparallel submanifolds is to consider them as special
isometric immersions of semisymmetric Riemannian manifolds. Each of these is
locally isometric to a direct product of infinitesimally irreducible simple semisym-
metric leaves and, possibly, a Euclidean space; moreover, each such leaf is, due to
Szabd [Sza 82] (see Theorem 1.6.1 above) either (a) locally symmetric, (b) an elliptic,
hyperbolic, Euclidean cone, (c) a Kédhlerian cone, or (d) of conullity two (i.e., foliated
by Euclidean leaves of codimension 2).

For type (a), the problem of parallel immersions was solved by Ferus [Fe 74c,
80] (see Theorem 3.6.1): such immersions exist only for symmetric R-spaces and are
their standard immersions. Hence by Theorem 4.5.5, alocally symmetric Riemannian
manifold can be isometrically immersed as a semiparallel submanifold only if its
metric is a second-order envelope of the family of metrics of symmetric R-spaces, in
the sense of [KoN 98].

For types (b) and (c), their isometric immersions can be taken as submanifold
immersions of the corresponding cones. So type (d) appears to be the most interesting
case, and this will be the topic of this chapter.

11.1 Semiparallel Submanifolds with Plane Generators of
Codimension 2

To start, consider the case where the immersion is into Euclidean space and Euclidean
leaves are immersed as Euclidean planes. In this case the semiparallel submanifold
M™ in E" is generated by planes which are of codimension 2 in M"™, and thus M™
is intrinsically of conullity two.

Let the frame of O(M™, E™) be adapted further so thate, (3 < u,v,... < m)
belong to the (m — 2)-plane through x € M™. Then these planes are the leaves of the
foliation defined by the differential system w® = 0 (1 < a < 2). Therefore,

de, = eq0 + ey} + hyaw® + hyyo', (11.1.1)

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_12, © Springer Science+Business Media, LLC 2009
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taken mod{a)1 , a)z}, must be expressed only in terms of es, ..., e,, whence, using
the notation in (1.6.4), one gets

ol = A,0" + B,o?, @ =Cuo' + F0?,  hyy =0. (11.1.2)

Now suppose additionally that M™ is semiparallel, i.e., it satisfies condition
(4.1.2), which is equivalent to

Z(Hi[k,llphpj + Hj.nphip — Hij, pikhnp) =0, (11.1.3)
p

where Hji 1; = (hik, hij) (cf. with (7.3.1), where now ¢ = 0 and so h;“j = h;j; see
Remark 4.2.3).

For such an M with generator (m — 2)-planes in E”, condition (11.1.3) reduces
for (k,1) = (a, u) to

Z[(Hia,up - Hiu,ap)hpj + (Hja,up - Hju,ap)hip - Hij.puhup + Hij.puhup] = O:
p

and for (i, j) = (v, w) this gives, due to (11.1.2),

Z(Hva,uhhwb + Hwa,ubhvb) =0.
b

Setting ¥ = v = w in the last equation leads to the pair of equations
(hut, hut)hur + (huts hu2) o =0, (11.1.4)
(hu2, hutYhut + (huz, hu2)huz = 0. (11.1.5)
Now the following lemma can be applied.

Lemma 11.1.1. If two vectors p, q in a real Euclidean vector space satisfy the two
equations (p, p)p +(p.q)q =0and (p,q)p + (q,q9)q =0, then p = q = 0.

Proof. The two vectors p and ¢ lie in a two-dimensional vector subspace. An or-
thonormal basis can be chosen such that p = (p1, 0),q¢ = (q1, ¢2). The two equations
then become

PP, 0) + p1gi(q1,2) =0,  p1gi(p1,0) + (g +43)(q1, ¢2) = 0.

For second coordinates, this means that pjg1q2 = (‘112 + q%)qz = 0 and leads to
g2 = 0; and then for the first coordinates, (p% + qlz)p1 = (p% + q%)ql = 0; therefore,
ri=q =0.

Theorem 11.1.2. If a submanifold M™ with generator (m — 2)-planes in E™ is semi-
parallel, then its tangent m-planes along each of its (im—2)-plane generators coincide,
so that the tangent plane of M™ depends on at most two parameters.
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Proof. Indeed, then the pair of equations (11.1.4) and (11.1.5) must be satisfied, and
Lemma 11.1.1 then leads to /&,, = 0. Now

dei = — Z(A”wl + Bua)z)eu + w%ez + (h]la)l + hlza)z),
u

dey = — Z(Cuwl + Fua)z)eu — w%el + (hlza)l + h22w2),

u

dey = e,0" + (A,0" + B,w?)er + (Cu0' + Fyo?)er;

the latter due to (11.1.1) and (11.1.2). This shows that the two subspaces of Ty M
spanned by ¢, (1 < a,b < 2) and by ¢, (3 < u, v < m) are invariant along each
generator (m — 2)-plane, since the latter are defined by w” = 0. This concludes the
proof.

The main result of this section is the following statement.

Theorem 11.1.3. Each semiparallel submanifold M™ with generator (m — 2)-planes
in E" is intrinsically a Riemannian manifold of conullity two of the planar type.

Proof. In this setting, equations (3.1.2) and (3.1.3) give

dhij = — Zek(hij, hkl)a)l + hkja)f-‘ + hikw]; + hijka)k,
k

where h;ji = eyh?;, are symmetric in their indices. Since hyy = hyq = 0 for the
submanifold M™ considered here, this gives, for (i, j) = (u,v) and for (i, j) =
(u, a), respectively, hypy = hype = 0 and —h,c0f, = huaha)b. Hence by (11.1.2)
(where now A, = Al B, = A;Z, C, = Ail, F, = Agz), huap = —hacAy,; and

ul?
from here via symmetry, hacA; » = hpcAy,, witha, b, ¢ € {1, 2}. Therefore,

C
ua’
hiBy +hia(Fy — Ay) — hnC, = 0. (11.1.6)

Suppose that span{fiy, 12, h2y} has the maximal possible dimension 3 at every
point x € M™. Then (11.1.6) yields B, = C, = 0, F, = A,, and this shows via
(1.6.5) that M™ is indeed of the planar type (see Remark 1.6.11).

Therefore, further analysis is needed only for the cases where this span has di-
mension < 2.

If the span has dimension O, the submanifold M™ is totally geodesic, and thus
an open subset of an m-dimensional plane, and belongs to a special case not of
conullity two.

Suppose the span dimension is 1. Then each of the vectors A, has only one
coordinate, and the symmetric matrix of these coordinates can be diagonalized by
a suitable orthogonal transformation of {ej, ep}. (Note that the relations (11.1.2)
are invariant with respect to this transformation; this also follows from the fact that
these relations have invariant geometric meaning.) Consequently, M" is in this case
defined by the equations
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0¥ =0, a)’1"+1 =Ko, a)g”rl = Kw?, a)§ =w” =0,
where & € {m + 2, ..., n}. By exterior differentiation, one gets

(dky + iqA,ila)”) Aol + [k — /cz)a)% + Iquiza)”] Aw? =0,

[(k] — Kz)a)% + /czAﬁla)”] Ao' + (dio + KgAiza)”) Aw?=0.

The semiparallel condition (11.1.3) now reduces to (k1 — «k2)k1ko = 0. Here
k1k2 = 0 implies Q15 = 0; moreover, h,, = h,, = 0 imply Q,, = Q,, = 0, so
that 2;; = 0; hence M™ is intrinsically locally Euclidean and not of conullity two.
Therefore, k1 = k2 = k # 0, and the exterior equations reduce to

(dInk + Abltla)“) Aol + Aizw” Aw? =0,

2

A2 0" A o'+ (dInk + A2 0") A @* =0.

From here it follows that
dlink + Al 0" = Po', A, =42, =0, dlnk+ A%0" = Qo?,

and hence A:tl — Aiz = P = Q = 0; and comparison with (1.6.5) shows that M" is
intrinsically of conullity two of the planar type.

Suppose the dimension of span{f1y, k12, h22} is 2. The orthonormal frame can be
further adapted to M, taking e, 41 and e, 1> as belonging to this span. Then hfj =0

form + 3 < & < n, and hence among Q% only QZS =) h;'[l,j'lh;']’iﬂwk A o' can
be nonzero.

Summing over i = j in the semiparallel condition (4.1.2), and then using the
symmetry of 4;; and antisymmetry of €2;; in i, j, it follows that H p Q% = 0, where

HF = % Y hﬁ are components of the mean curvature vector H of M"™. For the
current case, this reduces, due to antisymmetry of Q% in o, B, to
+1ggm+2 _ +1 gym+1 _
QL H"™" =0, QT H" =0.
The semiparallel submanifold in £” is minimal (i.e., has H = 0) only if it is an
open part of a plane (see Theorem 4.1.7) and thus is not of conullity two. Therefore,

only the case where iné = 0 is possible here. This leads to the consequence

that the matrices ||hZ1b‘H || and |h;"b+2|| commute and therefore can be simultaneously
diagonalized by a suitable orthogonal transformation of {e, e;}. Subsequently, 1., =
kq8qp, and the semiparallel condition (11.1.3) reduces to (k1 — k2) (k1, k2) = 0. Here
k1 — ko = 0 is impossible for the current case, since span{ki, k»} has dimension 2;
therefore, (k1, ko) = 0, so Q% = 0. Moreover, Q] = Q¢ = 0, since A,y = hy, = 0.
Hence the submanifold M™ is locally Euclidean and cannot be of conullity two. This
finishes the proof.

Remark 11.1.4. Theorem 11.1.3 was stated in [Lu 2001], where the following conjec-
ture was also first formulated: If a semiparallel submanifold M™ in E™ is intrinsically
a Riemannian manifold of conullity two, then it can only be of planar type. Later
this conjecture was repeated and confirmed in [Lu 2002a, b] and [Lu 2003] in some
particular cases, which will be considered in the following section.
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11.2 Some Particular Cases

Proposition 6.2 of [Lu 2002b] states in particular that if a semiparallel submanifold
M™ in EMT2 (i.e., of codimension 2) is intrinsically of conullity two, then it must be
of planar type. Here due to Proposition 5.1.3 and Remark 5.1.4, every semiparallel
submanifold of codimension 2 in Euclidean space is normally flat. General normally
flat semiparallel submanifolds were investigated in [Lu 2002a] from the point of view
of their inner Riemannian geometry. It was proved there (see Theorem 3.2) that if
such an M™ in E" is intrinsically of conullity two, then it is of planar type.

This result will be proved below based on the material in Chapter 5.

For normally flat semiparallel M™ in E", the principal curvature vectors k; can
be introduced so that 4;; = k;§;;. If there are r distinct principal curvature vectors
k), .., k@), then (5.1.6) holds. In Section 5.3, these vectors are divided into three
groups: (1) k(,) which are nonzero and of multiplicity > 1, (2) k, which are nonzero
and of multiplicity 1, and (3) one k) = 0. Correspondingly, equations (5.1.6) then
reduce to (5.3.2), (5.3.3).

Due to (5.1.4), then Q! = —(k;, k;)o' A / and this gives

Q= — k20 Al £0, Q@ =0, p#T
Qb= o i =, (11.2.1)

It is seen that the distribution of the tangent subspaces spanned by e, and ¢;, has
Euclidean leaves, and if r = 1 with k() of multiplicity 2, then M™ is intrinsically

of conullity two. The ranges of indices a, b, ... and io, jo, ... can be joined by
introducing indices u, v, ... running through the union of these ranges. Then (5.3.3)
yields

a)th = —X(l)ua)l, a)i = —)»(1),4602.

Comparing this with (1.6.4), one sees thatnow B, = C, = 0and A, = F,, = —A(1)4.
Hence equation (1.6.5) becomes an identity, and this shows that M™ is intrinsically
of conullity two, of planar type. This leads to the following.

Theorem 11.2.1. Ifa normally flat semiparallel submanifold M™ in E" is intrinsically
of conullity two, then it is of planar type.

Remark 11.2.2. The statement of Theorem 11.2.1 can be considered as part of Theo-
rem 6.2 in [Lu 2002b]; that article also contains Proposition 6.4, stating that among
nonsemiparallel normally flat submanifolds M™ in E™%2, there exist intrinsically
semisymmetric M" of conullity two, whose Euclidean leaves of codimension 2 are
(m — 2)-dimensional planes in E”2, and which are not of parabolic, but of hyper-
bolic type.

The other particular case where the problem is already solved is the case of three-
dimensional semiparallel submanifolds of conullity two in Euclidean space E”. The
complete classification of all semiparallel three-dimensional submanifolds M3 in E"
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was done in [LR 90], [Lu 90b] (see also [Lu 2000a], Chapter 20), and has been
presented here in Chapter 7. Their inner semisymmetric Riemannian geometry was
characterized in [Lu 2003], whose Main Theorem states that such an M3 is intrinsically
either locally of constant curvature, or semiparallel of conullity two of planar type.

The second part of this theorem will now be proved here using the results of
Chapter 7.

In Chapter 7 the semiparallel three-dimensional submanifolds were examined first
according to their principal codimension m; = dim(span{h;;}). If m; < 2, then such
a submanifold is normally flat, due to Proposition 5.1.3 and Remark 5.1.4; therefore,
Theorem 11.2.1 can be applied here, in the particular case of m = 3.

If m; = 3 and V- is nonflat, then M 3isa logarithmic spiral tube in E°, due to
Proposition 7.2.1, and equations (7.2.3) hold with ¢ = 0:

w? = —aw’, ;= —aw’. (11.2.2)

This shows that the differential system w?> = > = 0 defines a two-parameter system
of curves in M3, which are logarithmic spirals, as shown in Section 4.6 (for the case
of p=1,¢g > 1). Hence M? is of conullity two. It remains to exchange in (11.2.2)
the roles of the indices 1 and 3, and to compare the result with (1.6.4), in order to
establish that now Bz = F3 = 0 and A3 = C3 = —a. By (1.6.5), this implies that
the logarithmic spiral tube M? is of planar type.
If m; = 4, then Theorem 7.3.1 holds, together with equations (7.3.16), which can
be written as
w} = —to!, w3 =~ (11.2.3)

This shows that the differential system w' = w? = 0 defines a two-parameter system

of curves in M3, which is thus of conullity two. Now comparing (11.2.3) with (1.6.4),
one gets B3 = F3 = 0 and A3 = C3 = —71. Hence by (1.6.5), M3 is of planar type.
The analysis of the other possibilities for semisymmetric M> in E", done in
Chapter 7 and formulated in Theorem 7.4.1, shows that all such M 3 must locally
be manifolds of constant curvature. (See also [Lu 2003], where inner Riemannian
geometry was emphasized.)
These results are summarized in the following theorem.

Theorem 11.2.3. Consider a three-dimensional semisymmetric Riemannian manifold
immersed isometrically in E" as a semiparallel submanifold. Then it is either locally
a space of constant curvature, or a manifold of conullity two and of the planar type.

11.3 Semiparallel Manifolds of Conullity Two in General

The geometric description of a general semiparallel submanifold M™ in E" is given by
Theorem 10.2.1. According to this theorem, such an M is a second-order envelope
of products

M™ o M™s xS (egr1) X - x SN (egpg) X E™.



11.3 Semiparallel Manifolds of Conullity Two in General 243

The (¢ + mo)-dimensional leaves enveloped by the products S 1 (Cs41) X -+ X
sl (€s+¢) x E™0 have flat van der Waerden—Bortolotti connection V, thus also flat V,
and therefore they are intrinsically locally Euclidean.

The chief possibility for semiparallel isometric immersion of a manifold of conul-
lity two is the case where the above leaves are of codimension 2 in M, in other words,
when the product M1 x - - - x M™s of main symmetric orbits has dimension 2. Here
this product is a parallel submanifold, and thus Theorem 6.2.1 can be used, since it
classifies all semiparallel surfaces, including all parallel surfaces. Among them, the
main symmetric orbits are the complete irreducible and not totally geodesic ones.
These are the spheres S%(c¢) and the Veronese orbits V2 (k).

Here the analysis in Section 10.2 leading to Theorem 10.2.1 is useful. The
subindex p now takes only one value 1, while i1, ji, ... take two values 1, 2, which
are denoted by a, b, ..., below.

The first equations in (10.2.4) and (10.2.12) can be summarized as

ol = A, (11.3.1)
b

where the index u runs over the ranges of ig and m™ + a (here a in the old sense) and
the coefficients A7, are symmetric in a, b. Equations (10.2.5) and the last equations
in (10.2.12) can be summarized as

D (hgyrh — he Ak, =0, (11.3.2)
a

with « replacing o;.

Consider first the case where the only two-dimensional main symmetric orbit
M™ = M? is a sphere S%(c). Then the given second-order envelope M™ has flat
v+, and by Theorem 11.2.1 it is intrinsically of conullity two of the planar type.

Now suppose the main symmetric orbit M™! = M? is a Veronese orbit V2 (k).
Then m* = m; = 2. By Proposition 6.3.1 and Corollary 6.3.6, the adapted orthonor-
mal frame bundle for such a Vz(k) satisfies (6.3.1) and (6.3.2) with ¢ = 0. Therefore,
the matrices h% = ||h{, || take the form

I N R B

Equation (11.3.2) can be considered as the condition that the product of the two
symmetric matrices h% and A" = |[A;, || is a symmetric matrix. For = 3* and
a = &, this condition is trivially satisfied. Since

* kAY kAY x kAS kAh
h4 )\‘MZ( 11 12>’ hS )\u=< 21 22>’
—kAy,  —kAS, KAy, kA,

the same condition for « = 4* and &« = 5* implies )‘51 = —)Jl’z and )Jfl = /\52- This,
and the symmetricity A4, = A{,, imply that {, = A5, = 0, so that
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o) = Mol wy = A a?, (11.3.3)

where A is the common value of A, and A5,. Comparing with (1.6.4) shows that
B,=C,=0and A, = F, = —\"; hence the given M" is, by (1.6.5), intrinsically
of conullity two of the planar type.

There is another possibility for semiparallel isometric immersion of a manifold
of conullity two, namely the case where s = 1 as above, but M™! carries a foli-
ation whose leaves have flat V, and which, together with the leaves enveloped by
Sl x -+ x § 1(cH_q) x E™0 generate the locally Euclidean submanifolds of
codimension 2 in M.

This occurs if m; = 3 and M™ = M? is a Segre orbit S,2)(k). Solet M™ be
the second-order envelope of products S(j 2)(k) x Slcy) x -+ x Sl(c1+q) x E™Mo,
m = 3 + g + mo. The orthonormal frame bundle will be adapted to this M so that,
at a point x € M™, the vectors e, for 1 < a, b, ... < 2 are tangent to the generator
sphere S (k), and e3 is tangent to the generator circle S! (k) of S(,2)(k), going through
x. Moreover, letey for4 < f, g, ... < 3 + g be tangent to the circle sl (cf—2), and
lete;, for3+¢q + 1 <o, jo,... <3+ g + mpbein E™°. Among the basis vectors
of the orthonormal frame normal to M™ at x, let e, be directed to the center of
the sphere s> (k2) containing S12)(k) (see Theorem 3.2.1), and let the vectors e(,3)
in the proof of Theorem 3.2.1 be denoted now by e, 41+, With 1 < a < 2. Finally,
let ¢+ ¢ be normal to the circle S'(c s—») at x, and e; be the remaining basis vectors
normal to M in E". Then the given M"™ is defined by the following Pfaffian system,
as one of its integral submanifolds:

m+1 zwm+]+a — C()erf — wé =0,

w

oMt =ko®, Oy =ke?, o TT=8lke?, o) T =ke,  (11.34)
wr}1+1 Zwr;g+1+a _ wr}ﬂrf . yfa)f _ w’j’( =0, (11.3.6)
W =T = M = f =0 (11.3.7)

(equations (11.3.4) correspond to (4.6.1)).
The first equations (11.3.4) give by exterior differentiation

_ a m—+14a 3 a f a io __
dink A w tw, Ao’ ol Aol toj Ao =0,

—dInk A’ +Za):'nlﬂ+a Ao +a)3f- Ao’ + wig Ao =0,
a

and then by Cartan’s lemma
—dInk =k’ + Aro’ + Ajyw®, (11.3.8)

op T = ko + Bio! + Bl o", (11.3.9)
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0% = Ajo’ + Bfo® + C,0f + CY 0", (11.3.10)

ofy = Ajgo” + B’ + C o +Cf j o, (11.3.11)

wp =) Bjo" + A0’ + Dpyof + E iy, (11.3.12)
a

w; = Y Bho" + Ajy@’ + Efigo) + Fiyjyo”, (11.3.13)
a

where the coefficients are symmetric in f, g and in ig, jo.
The remaining equations (11.3.4) give by exterior differentiation
Gpol + 85w — 8L T A0 + [—8pdInk + (0 — T 1T A 0
+ SZ(a)} Aol + a)?o A @) =0,
[—8¢d Ink + (o) — 2 TITHI A 0" + 205 — 0T 1T A 0
+a)‘}/\a)f+a)fo AW =0.

Fora = b =1 and a = b = 2, the first terms in the first exterior equations reduce
respectively to

(20)% - a)z_'::%) Ao+ w% N a)f Aol + (ng - a):';j:f) N
and thus these equations together with (11.3.7)—(11.3.12), give
) = Pyo® + B;‘»a)f + Bi‘;a)io.

Substituting @ = b into the same equation leads to B} = Bj = 0, Pq) = —«, and
w% = wﬁig, so that

w3 =kw’, (11.3.14)

w‘]‘c =Aro + C?ga)g + C;‘cioa)io,

o = Ao + Ch o +CL ol (11.3.15)

The first equations in (11.3.5) give
k_]wg A yfa)f + o A w;’:i{ + o’ A “’:Z-t{-m =0,

andhence C§, = C%; = Dya = Efiy =0, oI kT Apyrol = 0,00, =0.

The first equations in (11.3.7) lead to ), of A 0% + of A > = 0, and thus

Cc¢ Fiyjo = 0. Hence (11.3.15), (11.3.12), (11.3.13) reduce to

iojo
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0% =Ar0?, o = A0 o =Ar0, @ = A0 (11.3.16)
f f ) 1) 0 ’ f f ) io i . .

The distribution defined by the system w® = 0, 1 < a < 2, is a foliation, since
by (11.3.14) and (11.3.16)

b A o}, + 0 Aka® + ol A Ao + @ A Ao

do® = w
The leaves of this foliation are generated by the second-order envelopes of the products
of circular generators of S 2)(k) and of Sley) x -+ x S! (Clyq) x E™0.
For these leaves, indices u, v, ... can be introduced, whose range consists of the
value 3 and the ranges of f and ip. These leaves are intrinsically locally Euclidean,
because ey, €11, €m+1+as €m+f» €¢ are normal to them, and by (11.3.4)—(11.3.7)

v__ a v m+1 v m+1+a v
Q,=w, Nog w0, Aoyt o), ANOpiaa
m+ f v £ vo__

+ wy, Awm+f+a)u/\a)s_0.

Hence the given M™ in E" is intrinsically of conullity two. Since (11.3.14) and the
first equations in (11.3.16) can be put together as o, = A, 0", where k = Az, this
M™ is of planar type.

All these results are summarized in the following theorem.

Theorem 11.3.1. If a submanifold M™ in E" is the second-order envelope of products
M™ x Sep) x -+ x Sl(ch) x E™0, where M™1 is either S(c), or V2(k), or
Sa,2)(k), then it is intrinsically of conullity two of the planar type.

In connection with this theorem, the following problem arises: is the conjecture
stated in Remark 11.1.4 completely verified by Theorem 11.3.1?

For the particular case m| = 2, the answer is positive, since the spheres and
Veronese orbits are the only two-dimensional main symmetric orbits.

The three-dimensional semiparallel submanifolds in E” are classified above by
Theorem 7.4.1, including the parallel submanifolds. Among the latter, the only ones
which satisfy the conditions stated above for the case m; = 3 are the Segre orbits
S(1,2) (k). Hence for this case also the answer is positive.

Only the case of m; > 3 remains open. Here the question is whether there
exist main symmetric orbits satisfying the above conditions. They are the standardly
imbedded symmetric R-spaces (see Section 3.6). A list of these was given in [TK 68]
(see also [Ch 2000] and [Na 84]), but it is not known which ones among them satisfy
the conditions.

Nevertheless, it is very plausible that the submanifolds of Theorem 11.3.1 are the
only semiparallel submanifolds in E” which are intrinsically of conullity two.

Remark 11.3.2. Theorem 11.3.1 was proved in the recent paper [Lu 2004], where the
above conjecture was also stated, that this theorem probably describes all semiparallel
submanifolds that are intrinsically of conullity two.
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Remark 11.3.3. A special case among submanifolds of Theorem 11.3.1, namely the
four-dimensional second-order envelope of VZ(k) x SY(ca) x S(cr) in E", was
investigated in [Ri 99] and [Ri 2000]. A reducibility function was introduced for
this case, which can be extended to each submanifold M™ of Theorem 11.3.1 with
M™ = V2(k), as follows.

From equations (11.3.3), exterior differentiation and Cartan’s lemma produce
i\t = =3 AY(@" — AMeY). Introducing the function y by y2 = Y, (A*)?, it
follows that dy = y? >, A'w". Hence the function y on M™ is constant along
every leaf of the foliation defined by w" = 0, with v running over its range. Each of
these leaves is a second-order envelope of Veronese surfaces.

If y = 0, then all A* = 0, thus @] = ) = 0; and this means that M" reduces
to a product of one of these leaves and of a locally Euclidean leaf (see Section 8.1
or [Lu 88a]). Therefore, following [Ri 2000], the function y is called the function
of reducibility. Some of its other properties were also established in [Ri 99] and
[Ri 2000].
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Some Generalizations

In this last chapter, some generalizations of semiparallel submanifolds in space forms
are considered. The semiparallel condition is generalized to higher orders, and then
transferred to tensor fields defined by the fundamental forms on the submanifold.

12.1 k-Semiparallel Submanifolds

Recall the concept of a k-parallel submanifold (see Section 3.1): it is a submanifold
M™ in N"(c) with V¥—1p # 0, VAR = 0 (k > 1). Here V¥h has the components
h?‘j T and therefore 1-parallel means simply parallel. By (2.2.7), the integrability
condition of the differential system Vi = 0 is

Qo h®

ijprpe = 05 (12.1.1)

which says that the curvature 2-form operator  acting on the (k + 1)st-order fun-
damental form V¥~1p gives the result 0. The condition (12.1.1) can be written more
compactly as € o VA~1h = 0 or, using the curvature tensor R of V (the tensor of
coefficients in Q), also as R(X ,Y)o V4~1p = 0. For k = 1, this condition reduces
to the semiparallel condition (4.1.2) (in (0.4) in the introduction).

A submanifold M™ in N"(c) satisfying condition (12.1.1) for k > 1 is called a
k-semiparallel submanifold, according to [Mi 96]. Here 1-semiparallel means simply
semiparallel.

Proposition 4.1.3 states that every parallel submanifold is semiparallel; and by
Proposition 4.1.5 every 2-parallel submanifold is also semiparallel. At the same
time, this 2-parallel submanifold is 2-semiparallel. Indeed, for h;"j = 0, therefore
@h?‘j « = 0; hence from the first equation in (2.2.7) it follows that Qo h;?‘j ¢ =0, and
this is 2-semiparallel.

Similarly, every k-parallel submanifold is k-semiparallel and also (k — 1)-
semiparallel, because A¢’ = 0 implies A% = 0, and this leads

_ jP1---Pk Pk+1 ijP1---Pk Pk+1Pk+2
o — o —
toQo h[.jm__.pk_1 =0and Q2o hijm...pk =0.

U. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_13, © Springer Science+Business Media, LLC 2009
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The main purpose in [Mi 96] was to extend Theorem 4.5.5 (in the particular case
s = 0) to k-semiparallel submanifolds. For this purpose, higher-order tangency of two
submanifolds at their common point is defined by means of higher-order fundamental
forms.

A common point x of two submanifolds M” and M™ in N” (c) is called a tangency
point of order k, if at x

(1) the tangent subspaces T M and T, M™ coincide,
(2) all the corresponding fundamental forms of M™ and M™ of orders up to k coin-
cide, i.e., at x
VS 2h=V'"2h (s=2,...,k). (12.1.2)

A submanifold M™ in N"(c) is said to be an envelope of order k of a family of
m-dimensional submanifolds if each of its points x is a tangency point of order k for
M'™ and some submanifold of this family.

In the particular case k = 2, this defines a second-order envelope, introduced in
Section 4.5.

Theorem 12.1.1 (see [Mi 96], Theorem 2). A submanifold M™ in N"(c) is an enve-
lope of order k of some family of m-dimensional k-parallel submanifolds (k > 2) if
and only if it is (k — 1)- and k-semiparallel simultaneously.

Proof. If M™ is such an envelope and x one of its points, then (12.1.2) is satisfied.
Since M™ is k-parallel here, it is (k — 1)-semiparallel and k-semiparallel, i.e., one has
Q*ohf, .  =0andQ*ohf ~ =0.Dueto(12.1.2),(2.1.10) and (2.1.11),
these conditions are not differential but algebraic, thus pointwise, and therefore they

hold also for M™, i.e., this M™ is indeed (k — 1)- and k-semiparallel.

Conversely, let M™ in N"(c) be (k — 1)- and k-semiparallel simultaneously.
The concept of the Euclidean fundamental triplet introduced in Section 4.2 can be
generalized to higher orders. Considering a real Euclidean vector space V and its
subspace T,leths : T x -+ x T — TL (s =2,..., k) bes-linear mappings, where
T+ is the orthogonal complement of 7 in V, such that 4, and /3 are symmetric. Then
(V, T, ho, ..., hy) is called a Euclidean fundamental k-plet (for k = 3 quadruplet,
for k = 4 quintuplet, etc.). At any point x € M"™, a k-pletis defined by T = T, M™,
V = T, N"(c), second fundamental form h, = h, third fundamental form h3 = Vh,
and so on, up to the k-order fundamental form h; = V&=2p,

Two submanifolds have tangency of order k at a common point x if their k-plets
(as just defined) coincide at x.

For a point x in N"(c), the pair consisting of x and the fundamental k-plet
(V,T,ha,..., hy), with V. = T, N"(c) and m-dimensional T, is called a centered
Sfundamental k-plet for N (c). The manifold of all centered fundamental k-plets will
be denoted by ®*. Taking for each of them an adapted orthonormal frame with origin
x, having the first m basis vectors ¢; in T, and the next n — m basis vectors ¢, in T,
one obtains a framed fundamental k-plet for N" (¢). The manifold of all such objects
will be denoted by Wk The local coordinates in W* are the local coordinates {x’} in
N"(c), the elements of the regular matrix || X IJ || which transforms the natural basis
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of 9/ ax! into the basis adapted to (V, T, ha, ..., hi) as above, and the components
h,'jplmp(kz) of hy (s =2, ..., k) in this basis.
Now the following differential system can be considered for WX:
o — 07
¥ — hf‘l =0,

dh$, — hof — hiok + hlo% — ho0f =0,
................................ (12.1.3)
/ [
Ahipy s = M1 @ = = Ay 1P
B _
+ hij]’lu-]’k—lwg - h?jmu-m—lpkwpk =0,
o' B a _
dh?]m Pr Zm e hl]Pl 1“) + hum @B = 0.
This system is based on formulas (2.1.3), (2.1.4), (2.2.3), where (2.2.2)—-(2.2.7)
in general are written for a k-parallel submanifold, taking h?jpl... e = 0. Moti-

vated by those same formulas, in particular by (2.2.4) with (2.2.5) and (2.2.6), it is
assumed that

he; Q8 + n Q8 — nl Q% + h 0l Aok =0,

ijk
............................................................ (12.1.4)
[ 1 B 1 _
%’m--ﬂk—lgi +oee At h%’m- IQPk 1 hl]pl Pr—-1 /3 + hlJpl Protped @ N ol =0,

where according to (2.1.10) and (2.1.11), Qf and Q% can be expressed just in terms

of the coordinates h,.
A framed (resp. centered) fundamental k-plet is said to be k-semiparallel if the last

equationin (12.1.4)is satisfied for hf‘jm el = = 0 (cf. with (12.1.1)). The manifold

of all framed (resp. centered) semiparallel fundamental k-plets will be denoted by W §
(resp. ok -

Now consider the differential system (12.1.3) with assumptions (12.1.4) on <I>'§ N
CD’;*I. A direct computation shows that the exterior differentials on the left sides
of the equations in (12.1.3) reduce to zero due to these equations and assumptions.
Therefore, this system is totally integrable on CDk CI>k_]

Two framed fundamental k-plets are said to be equivalent if ] = e jA] =

ep Ag with regular coefficient matrices, and

B _ i AJ AP Ps—2
hqul Gs— Agh?;m [Js_zA;cAl A‘]ll o Ag s
This equivalence defines a map Wy — @5 for every s € {2,..., k} and this map

projects the system (12.1.3) onto a differential system on &%, which is totally inte-
grable on <I>]§ N <I>]§_1.
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Now take a submanifold M™ in N"(c) which is (k — 1)- and k-semiparallel
simultaneously, and fix one of its points x. Then a centered fundamental k-plet
(TyN"(c), T,yM™, hy, ..., hfc) is defined, which is simultaneously (k — 1)- and k-
semiparallel. This can be taken as the initial condition for the totally integrable
system, and so it determines an integral submanifold of the system. The special
nature of this system guarantees that this submanifold is k-parallel having tangency
of order k with M™ at x, due to the initial condition. Since this is true at any point of
M™, this manifold is the envelope of order k of k-parallel submanifolds, as claimed.

12.2 On 2-Semiparallel Submanifolds
The 2-semiparallel condition £ o VA = 0 written out explicitly is

h 2+ S Q2+ G — hf, Q% = 0; (12.2.1)

this condition was already used in Section 6.7 and coincides with (6.7.2).
It is seen immediately that there exist two trivial subclasses of 2-semiparallel
submanifolds: the parallel ones, for which all h:?‘j « = 0, and the submanifolds with

flat V, for which all Ql] = (0 and all Qg = 0. The question arises, do there exist any
nontrivial 2-semiparallel submanifolds M in N"(c)?
The answer is positive, as shown by the following.

Theorem 12.2.1. A normally flat semiparallel submanifold M™ in N"(c) withc > 0
is also 2-semiparallel.

Proof. Normally flat semiparallel submanifolds were considered in Chapter 5. From
(5.3.4)—(5.3.6) it follows that for them, among hf; only

m—+p
hi,,ip

=kpe Hg T =k (1222)

can be nonzero. Now equations (2.2.3) together with (2.2.2) show, via (5.3.7)—
(5.3.11), that

J’_
h"ni # =KpA(p)us el = Kq K )”(p)as

ipiplt aaa
m+p+a* _ m+p+a* m+p+a* )
ipipa - K“}“(P)a’ huaa = Ya, haaio = Kd)"(a)l()s
m+p+b* m—+p+b* b
haaap th ’ haab = —KgKpY, (a #Db),

and all other h"‘ i are zero.

Among the curvature 2-forms Q] and 95, only Q]’J = 2a) P A wle, ip # Jps
are nonzero, as follows from (2.1.10), (2.1.11), and (12 2.2). Now a straightforward
checking shows that the 2-semiparallel condition (12.2.1) is satisfied. It is clear
that a normally flat semiparallel submanifold, lika a 2-semiparallel submanifold, is



12.3 2-Semiparallel Surfaces in Space Forms 253

nontrivial in general. Indeed, it is not locally Euclidean, as was shown above, and it
is not parallel, as follows from comparison of Sections 5.2 and 5.4.

On the whole, the 2-semiparallel submanifolds are not yet classified. This has
been done only for dimension 2, i.e., for the surfaces. The classification presented in
the next section shows that there also exist normally nonflat 2-semiparallel surfaces.

12.3 2-Semiparallel Surfaces in Space Forms

In Section 12.1 it was stated that every k-parallel submanifold is also k-semiparallel.
Now in the particular case k = 2 it will be shown that the converse does not hold.
This will follow from the classification of 2-semiparallel surfaces.

For surfaces M2 in N"(c), the bundle of orthonormal frames can be adapted to
M? so that (6.1.8) hold, together with (6.2.1) and (6.2.2), where now g4 = &5 = 1.
Then in equation (12.2.1) only Q% = —Q% and Qi = —Q‘SL can be nonzero, and
therefore this condition reduces to

301,91 + by Q3 =0, (12.3.1)

20, Q7 — ki Q7 + 1,23 =0, (12.3.2)
—2h11,Q7 + h3 QT + 1 Q3 =0, (12.3.3)
—3h1y Q7 + 73 Q5 =0, (12.3.4)

—h1) Q23 + 37,21 =0, (12.3.5)

—h1,9) — Q7 + 2 Q7 =0, (12.3.6)
—h 0 — 217,97 + h35, Q] =0, (12.3.7)
—h52 2 — 3h7 Q7 =0, (12.3.8)

E o E _E o2
3h11p821 = Zhip — hyy S
= (—2h5, + 15, @} = 3K5,,93 =0, (123.9)

where

Ee3lU6,....n).

Itis seen that every surface M 2 with flat connection V in N (c), which is charac-
terized by Q% = Qi = 0, is 2-semiparallel. Also every parallel surface M2 in N”(c),
characterized by h;"] « = 0, is 2-semiparallel. These are called the trivial cases (cf.
Section 12.2).

The system of equations (12.3.1)—(12.3.9) is a homogeneous linear system for

h?.. and hfj «» having determinant

ijk



254 12 Some Generalizations

0 302 0 0 Q3 0 0 0

—-Q 0 203 0 0 Q3 0 0

0 202 0 Q? 0 0 Q 0

p—|© 0 =397 0 0 0 0o
-Q3 0 0 0 0 302 0 0l

0o - 0 0o -7 0 207 0

0 0 -Q 0 0o -2 o0

0 0 0 -Q 0 0 =327 o0

equal to D = [9(Q])? — (QDPLQD? — (2]
If this determinant D is nonzero, then h?j 0= hl.Sj « = 0. If, moreover, SZ% # 0,
then (12.2.1) also implies hfj « = 0, and this gives the trivial case of a parallel surface.

It is seen that in order to have a nontrivial case, only these three possibilities can
occur:

() (QD? = (QD? #0,0r
(2) (@)= 3BeH?£0,0r
(3) Q1 =0, Q3 #0.

It turns out that nontrivial 2-semiparallel surfaces of the first two possibilities,
i.e., with D = 0, do not exist.

Indeed, in Section 6.1 one can take k > 0 and/ > 0. Then for a nontrivial surface,
two principal cases are distinguished:

M k>1>0, and () k=1I>0.

The case k = [ = 0 1is ruled out, because it leads to a totally umbilic (in fact geodesic)
surface, which is parallel (see Section 6.1).
Consider first possibility (1) above. Then Qi

EQ% # 0, where ¢ = 1 or

& = —1; thus kIl # 0. Denoting h‘hz = aqa, h?lz = b, it follows from (12.3.1)—
(12.3.9) that

hiy =3eb,  hiy =¢b,  h3yy =3a,

By = —3sa, h3y = —sa, h3, = 3b.

Now fora =4, {ij} = {12}, and also for@ = 5,7 = j, (2.2.3) leads to
ka% — la)i —aw' + sba)z, 2kw% — la)i = caw' + bw?.
Therefore, 2kw% — la)i = 8(21(1)% — ka)j), and so
2(k — el)w? = —e(k — el)wy. (12.3.10)

From this one obtains for case (I), and also for (II) with ¢ = —1, that k — el £ 0, and
SO Zw% = —sa)i. By exterior differentiation, this gives
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2 5 & &
2Q = —¢ Q4—Zw4Aa)5 ,
&

and from (12.3.9), h?jk = 0. Hence for {ij} = {12}, o = &, formula (2.2.3) leads

to —lwi = 0, and thus w = O (since here 0 # Q) = —2klw' A @?). The re-
sult is a contradiction 4(§2%)2 = (Qf‘)2 to the hypothesis (QZ)2 = (Q%)2 # 0 of
possibility (1).

In the same way it can be shown that in case (I), and in case (II) with ¢ = —1,
the possibility (2) above also leads to a contradiction. Indeed, then SZZ = 389%, and
from (12.3.1)—(12.3.9) it follows that

5 5 5 4
hiy = —ea, hiyp=¢a, hy,=—b, hjy=—eb,

S0
2kt — o] = aw' — ebe?, 2wl — ko) = caw' — bo?.

Therefore, 2ka)]2 — lcofL = 8(21(1)]2 — kwi), as above, which gives the same equation
4(2%)% = (23)?%, contradicting (€23)> = 9(Q7)? # 0.

The analysis is more complicated in case (II) with ¢ = 1. Then for k = [, one
gets from (2.2.3) that for p € {6, ..., n},

-8B+ k)a)f - ya)g — ota)g) =0,
—ka)g =0,
—(B - k)a)f: — ya)g - aa)g =0.

Thus ey = o} = wf = 0. Likewise, for & = 3, (2.2.3) gives 03 = @] = da = 0,

and the other equations of (2.2.3) reduce, in the case of possibility (1), to
dk = bo' — aw’.
aw?} — wl) = aw' + ba?,
dp =ywj +2(bo' + aw?),
dy = — Bw, + 2(—aw' + bw?).
By exterior differentiation, these equations lead to
(db + aw%) Aol — (da — bw%) Aw? =0,
[da+b(w}—o)] A o' +[db — a(@?} — @) + 201 A w® =0, (12.3.11)
[db — a(w% — wZ)] Ao+ [da + b(a)l2 — a)i) — kzya)l] A = 0,
— [da + b(w% - wi)] Aw' 4 [db— a(w% — a)i) + kzﬂa)l] Aw? =0.

By Cartan’s lemma,
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db + aw% = pa)1 + qa)z, —(da — ba)lz) = qa)l + ro?, (12.3.12)
and now substitution into the last three exterior equations gives, due to the expression
of k(2w — w3), that
12, 1o
p=k a +§k (2k — B),

1
q= k~'ab — Ekzy,

1
r=k"'b% + §k2(2k + B).
By substituting into (12.3.12) and taking exterior derivatives, one obtains
ay —b(B +8k) =0, (12.3.13)
a(p —8k)+by =0. (12.3.14)

Now if B2 + 2 # 64k?, thena = b = 0, but if 82 + y> = 64k?, then differentiation
gives
Bb —vya =32kb, pBa+yb= —32ka,

which together with (12.3.13) and (12.3.14) leads to 40kb = 40ka = 0, thus again
toa = b = 0. As a result, (12.3.11) reduces to the contradiction kK3w! A w? = 0.
For possibility (2), where €3 = 39% # 0 and thus

8k2 =3(c + a2+ 2+ 92, (12.3.15)
the system (2.2.3) reduces to

dk = bo' + aa)z,

k(2w% — a)i) =aw' + bo?,

df =ywj. dy =—poj,
and, as before, wg = wi = ng = da = 0. The equations with dB, dy lead by
exterior differentiation to 2k?y = 2k*B = 0, and hence to 8 = y = 0. From

(12.3.15) it follows that 8k*> = 3(c + «?) = const, thus a = b = 0. But instead of
(12.3.11) now

2
[da + b(w% — a)i)] Aol + [db + a(3a)12 — a)i) — §k3a)1i| Aw? = 0,
and this again leads to a contradiction.

As aresult, both possibilities (1) and (2) imply contradictions, and so this follows.

Proposition 12.3.1. A surface M? in N"(c) is nontrivial and 2-semiparallel only if
the possibility (3) above is realized, i.e., only lfQ% =0, Qi # 0; or more generally,
only if M? is locally Euclidean and has nonflat normal connection.
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Then from (12.3.1)—(12.3.9) it follows that h;f/.k = hfjk = 0, which shows that
span{h;ji} reduces to span{hfjkeg} and therefore is orthogonal to span{A, B} =
span{es, es} at each point x € M?2. Observing that due to Q% = 0, the conditions
(12.3.9) leave h?j ¢ free, it follows that if this orthogonality holds, then conversely
h?j 0= hfj « = 0, which implies that the given M 2 is 2-semiparallel. The result can
be formulated as follows.

Proposition 12.3.2. A locally Euclidean surface M? with nonflat normal connection
inaspace form N" (c) is anontrivial 2-semiparallel surface if and only if its span{h; i }
is orthogonal to the plane of the normal curvature indicatrix at each point x € M?,
i.e., is orthogonal to span{A, B}.

Now (2.2.3) imply that

dk = dl = 2ke? — lw] = 2lw? — ke =0, (12.3.16)
df = yoi +awl, dy = —pw, +aws, (12.3.17)
1 1
do + ﬂwi + ng = E(p3 +rHe! + E(q3 + ¥ w?, (12.3.18)
la)g = qéa)l + rswz, (12.3.19)
1 1
kel = 5(pg —Ho' + E("E —sHa?, (12.3.20)
P o P 1 3 J2PN 1 P Py
aw; + Bwy +yws = E(p +rw + E(q + s”)w”, (12.3.21)

where p € {6, ..., n} and the notation pf = h?ll, q¢ = h?lz, ré = h?zz’ s§ = hizz
is used.
Equations (12.3.16) give by exterior differentiation the relation da)i = 0, which
is equivalent to
4kl+p-r+q-s—q>—r>=0, (12.3.22)

wherep-r =3, piré, etc.
Equations (12.3.17) lead by exterior differentiation to

1 1

[—ng + §(p3+r3)a)1+§(q3+s3)a)2i| Ao ool Ay =0,  (12.3.23)
1 1

[—ﬂwi + E(p3+r3)wl+§(q3+s3)a)2i| Aod oo Awd=0,  (12.3.24)

where a)i, wf, a)g, a)g can be expressed via (12.3.19) and (12.3.20); then (12.3.21)
implies

—2klach = {I[(B — k) p” — (B +K)rP1+ 2%kyq" o'
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+H{ILB —k)g” — (B+K)s"1+ 2kyr’lw’.

Substitution into (12.3.23) and (12.3.24) produces relations between k, [, 8, y, pg,
g%, r% and s&. Some of these are rather complicated, making it difficult to study
locally Euclidean 2-semiparallel surfaces M? with nonflat V- in general. But one of
the properties of these surfaces can be shown easily: from (12.3.16) it follows that
k and [ are nonzero constants. Recalling the content of Remark 6.2.3, this property
is equivalent to the statement that the normal curvature indicatrices of the surface at
any two of its points are congruent ellipses.
All this can be formulated as the following.

Theorem 12.3.3. A surface M? in a space form N"(c) is 2-semiparallel if and only
if it belongs to one of the following three mutually exclusive classes:

(1) surfaces with flat van der Waerden—Bortolotti connection v,

(ii) parallel surfaces with nonflat V, i.e., totally umbilical surfaces and Veronese
surfaces,

(iii) for sufficiently high dimension n, the locally Euclidean surfaces (i.e., with flat V,
or equivalently with vanishing Gaussian curvature) whose normal connection
V4 is nonflat and span{h; i} at any point x € M is orthogonal to the plane of
the normal curvature ellipse at x; these ellipses at any two points of such an M>
are congruent.

The difficulty of a general approach to nontrivial 2-semiparallel surfaces brings
up the problem of their existence.

Consider this problem for case (iii), with the restrictions that n = 6, and that
the mean curvature vector H is orthogonal to the plane of the normal curvature
ellipse at each point x € M? . These restrictions mean that 8 = y = 0, and thus
a? =k*+1% — ¢ = const > O,duetoQ% =0.

First, suppose o # 0, so that k% + 1% > 0. From (12.3.17) then wi = wg’ = 0;
hence by (12.3.19) and (12.3.20), p> = ¢®> = r3 = 53 = 0, and so (12.3.18) becomes
an identity.

Moreover, since n = 6, it is convenient to denote p6, q6, etc., by p, ¢, etc. Then
equations (12.3.19)—(12.3.22) reduce to

166 = go' + re?, (12.3.19')
off = 3(p — )’ + 3(g — 907, (12320

6 1 1 1 2 /
4kl + pr + qs — q2 — r2 = O’ (12322/)

and then (12.3.23) and (12.3.24) give

ps—qr=0, pr—gs—gq*+r*=0. (12.3.23)
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Exterior differentiation applied to (12.3.19")—(12.3.21") yields, via (12.3.16), the fol-
lowing exterior equations:

[dg + (p — 2N il Ao’ +[dr + 2q — )oi] A 0* =0,
[d(p —1)+ (s = 5@)wll A ' +[d(g —5) + (p — 5r)wi] A 0* =0,

[d(p+71)— @+ 1A +[dg+5)+ (p+rof] Aw® =0.

Therefore, by Cartan’s lemma

dp =3qw} + Po' + Qw?, (12.3.25)
dg=Q2r — p)oi + Qo' + Ro?, (12.3.26)
dr = (s — 2q)w} + Ro' + Sa?, (12.3.27)
ds= —3rw? + Sw' 4+ Te?. (12.3.28)

Differentiating (12.3.22") and (12.3.23’), and then using (12.3.25)—(12.3.28),
(12.3.16), and the same (12.3.23'), one finds that all terms containing w% cancel,
while the coefficients of ' and w? lead to

rP+(—2¢9)0+(p—2r)R+¢gS=0, (12.3.29)
rQ+ (¢ —29)R+(p—2r)S+qT =0, (12.3.30)
—sP+rQ+gR— pS=0, (12.3.31)
—sQ+rR+qS— pT =0, (12.3.32)
rP—(+2¢9)0+ (p+2r)R—gS=0, (12.3.33)
rQ—(6+2¢9)R+(p+2r)S—qT =0. (12.3.34)

This is a homogeneous linear system for P, Q, R, S, and T, whose determinant
turns out to be nonzero, in general. Therefore, P = Q = R =S5 =T = 0, and so
(12.3.25)—(12.3.28) reduce to

dp = 3qw%, dg = Q2r — p)w%, dr = (s — 2q)a)]2, ds = —3rw%,

This last differential system is totally integrable, since da)% = Q% =0.

This sy_stem C?incide_s with @h?jk = 0; recall that h?jk = h?jk = h?jk = 0.
However, Vh?jk, Vh?jk, Vh?jk need not be zero in general.

The result can be formulated as follows.

Proposition 12.3.4. In N 6(c) there exist, and depend on some constants, 2-semi-
parallel locally Euclidean surfaces M* with nonflat V-, whose mean curvature vector
H at each point x € M? is orthogonal to the plane of the normal curvature ellipse.
These ellipses are congruent at any two points of M?, and the length of H (i.e., the
distance of x from the plane of the ellipse) is constant. Such an M? is neither parallel,
nor 2-parallel, nor semiparallel.
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Among these surfaces there are the minimal ones, for which also @« = 0.
Then ¢ = k? + [2, so that these can exist only in elliptic spaces. Now equations
(12.3.17) are satisfied, and from (12.3.18) and (12.3.21) it follows that r§ = —p¥,
s¢ = —g%. So the only essential equations among (12.3.15)~(12.3.21) are

ka)f1 = pga)1 —i—qéa)z, la)g = qgwl - p‘sa)z.
By exterior differentiation they give, by (12.3.16), that
(dp* —3¢°w}) A o' + (dg° +3p°w) A w? =0,
(dg* +3p°w) Ao — (dp* —¢* ) Aw® =0;
from here one gets by Cartan’s lemma
dp® — 3q§a)% =Pso' + Q05w?,
dqs + SpSw% = Q%0 — P50’

Now suppose 7 = 5, so that & takes only the one value 3; denote p3, ¢, etc., by p, g,
etc. Equation (12.3.22), which reduces to 2kl — p> —g* = 0, gives by differentiation
pP+q0 =0,pQ —qP = 0. Here p*> 4+ ¢> = 0 leads to the contradiction kl = 0.
Therefore, P = Q = 0, and the investigation ends with the completely integrable
system dp = 3qw%, dg = —3pa)f.

The result is the following.

Proposition 12.3.5. In elliptic space N>(c), ¢ > 0, there exist, and depend on some
constants, 2-semiparallel minimal locally Euclidean surfaces M* with nonflat V+,
whose normal curvature ellipses at any two points are congruent. Such an M? is
neither parallel, nor 2-parallel, nor semiparallel.

Remark 12.3.6. The results of this section were proved in [Lu 2000b]. Two particular
cases of 2-semiparallel surfaces were considered in [ALM 2000]. These surfaces
were obtained again in [OA 2002a, b].

Remark 12.3.7. The minimal locally Euclidean surfaces M2 with nonflat V- of
Proposition 12.3.5 were found earlier in the paper [Lu 62], which dealt with min-
imal surfaces in space forms whose normal curvature ellipses are at least similar at
any two points of the surface. The special case where these ellipses are circles (and
thus the surface is pointwise isotropic) was considered in [Bor 28].

Remark 12.3.8. In Theorem 12.1.1 it was shown, following Mirzoyan [Mi 96], that a
submanifold M in N"*(c) is an envelope of order s for some family of m-dimensional
s-parallel submanifolds if and only if it is g-semiparallel for the values ¢ = s — 1 and
q = s,if s > 2, and for the value ¢ = s, if s = 1 (here 1-parallel and 1-semiparallel
mean simply parallel and semiparallel, respectively).

Propositions 12.3.4 and 12.3.5 now show that the g-semiparallel condition for
both values ¢ = s — 1 and ¢ = s > 2 in Mirzoyan’s theorem is essential, at least for
q = 2, and cannot be weakened just to g = s.
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12.4 Recurrent and Pseudoparallel Submanifolds

J. Deprez, after introducing the concept of semiparallel submanifolds in [De 85] (see
also [De 86]), gave the following generalization of parallel submanifolds in his third
paper [De 89].

He called a submanifold M™ in Euclidean space E" recurrent if there exists a
I-form p on M™ such that VA = h @ u.

If u = 0, the recurrent submanifold is parallel. On the other hand every recurrent
submanifold is semiparallel, as is shown in [De 89]. Indeed, it is easy to see that
d||h||*> = d(h,h) = 2(Vh, h) = u|lh||?, thus & = d(In ||k]]) is a total differential.
Hence, setting d i = ik, it follows that in (2.3.1), _Vk_Vlhj?‘j = Vk,ulh;"j + ulukhj?‘j
is symmetric in k, [, which by (4.1.1) implies the semiparallel condition.

There are rather few recurrent submanifolds M™ in E" which are not parallel.
Namely, Deprez has proved the following.

Theorem 12.4.1. A recurrent submanifold M'™ in E" is either

(1) parallel, or
(ii) there is a dense open subset U C M"™ such that for each point x of U there is a
neighborhood W of x such that
(a) W is totally geodesic, or
(b) W is locally congruent to a cylinder over a plane curve, and is contained in
an (m + 1)-dimensional totally geodesic subspace of E".

Proof. See in [De 89].

Remark 12.4.2. Previously, the concept of recurrence was introduced in [Mat 85] for
hypersurfaces in space forms. This paper also contained the following generalization
of 2-parallel hypersurfaces in space forms.

Namely, a hypersurface is called birecurrent if there exists a covariant order-2
tensor field p such that V24 = h ® . It was proved that, in a real space form, a
recurrent hypersurface is locally symmetric, and a complete irreducible birecurrent
hypersurface is recurrent.

Further, it was shown in [Mat 90] that if a birecurrent hypersurface M in
N™t1(e), with ¢ < 0 (resp. with ¢ > 0) has constant (resp. nonzero) curvature,
then it is parallel; and if N m+l(c) is simply connected, M™ is complete, and m > 3,
then M™ is totally umbilic, or is a Riemannian product of two totally umbilic sub-
manifolds of constant curvature.

Recurrent (resp. birecurrent) submanifolds generalize the parallel (resp. 2-paral-
lel) ones in the class of semiparallel submanifolds. Recently, a generalization has
been given also for semiparallel submanifolds; this is done in the same way as the
generalization of semisymmetric Riemannian manifolds to pseudosymmetric mani-
folds by R. Deszcz in [Des 92]. In that paper, a Riemannian manifold (M, g) with
curvature tensor R is called pseudosymmetric if

R-R=20(g, R), (12.4.1)
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where A is a smooth function and Q(g, R)(X1, X2, X3, X4; X,Y) = —R((X
ANY)X1, X2, X3, X4) — R(X1, (X AY) X2, X3, X4) — R(X1, X2, X AY)X3, Xg) —
R(X1, X2, X3, (X AY)X4), where (XAY)Z = g(Y, Z)X —g(X, Z2)Y (see [Des 92],
[Ver94]). For A = 0, the pseudosymmetric condition (12.4.1) reduces to the semisym-
metric one (see (1.6.3)).

According to [ALM 99], [ALM 2002], a submanifold M™ in N"(c) is called
pseudoparallel if R(X,Y) - h(Z, W) = —p[h(X AY)Z, W) +h((X AYI)W, Z)],
where ¢ is a smooth function on M.

Componentwise, this condition is

p p B
R; 5y + R i, — Rg hi;

= —@lgithy; — gikh]; + gjihy; — gjkhy;1; (12.4.2)

if one takes here the orthonormal frame bundle O (M™, N"(c)), then g;; = §;;. The
special case ¢ = 0 gives the semiparallel condition (4.1.1).

Theorem 12.4.3. Every pseudoparallel submanifold M™ in N" (c) is intrinsically a
pseudosymmetric Riemannian manifold.

Proof. Using the Gauss identity R;j x; = (hik, hji) — (hi1, h ji), one can derive from
(12.4.1), after some calculation, the following equation for the inner metric:

Ryj kiR, + Ris iR,y + RijsiR g + Rijks R g

= ¢ (8ipRiigj + &jpRutiq + &kpRijq1 + &1pRij kg
— 8iqgRui.pj — &jqRutip — kg Rij, pt — g Rij kp)- (12.4.3)

After contracting with the coordinates of vector fields X7, Y9, X ’i, Xé, X’3‘, X f‘ one
obtains, e.g., via g,-pX’i X? = (X, X1), etc., that this condition is exactly (12.4.1) with
A= ¢.

In the papers where pseudoparallel submanifolds were introduced, the first results
about them were also obtained. In [ALM 99], examples were given of pseudoparallel
submanifolds that are not semiparallel, namely, certain hypersurfaces of revolution.
In [ALM 2002] it was shown that every pseudoparallel hypersurface is either quasi-
umbilic or a cyclide of Dupin. Some classifications were also given there, e.g.,
for all pseudoparallel surfaces M 2in N 5(c) for which ¢ is constant, > 0, and ¢ +
¢ > 0. A topological classification was derived for all complete simply connected
Riemannian manifolds admitting a pseudoparallel immersion into a space form with
¢>0andc+ ¢ > 0.

Very recently, all normally flat pseudoparallel submanifolds M in space forms
N"(c) were classified and described in [LT 2006], where the following theorem was
stated and proved.

Theorem 12.4.4. Let M™ be a normally flat pseudoparallel submanifold in N"(c).
Then either m = 2 and ¢ = K on the open subset of nonumbilic points, where K is
the Gaussian curvature of M?, or else there exists an open dense subset M™ of M™
where one of the following holds locally:
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(i) M™ is umbilical,
(ii) M™ is a cyclide of Dupin in N"+1(¢) € N"(c), and N+ (¢) is either umbilical
or totally geodesic,
(iii) M™ is a quasi-umbilic hypersurface in N™*1(c) c N"(c),
(iv) ¢ =k € R, and M™ has constant sectional curvature k,
(V) ¢ = 0, and M™ is an extrinsic product of spherical submanifolds of N"(c),
(vi) ¢ =k € R, and M™ is the restriction of a multirotational submanifold

V X N1 Xpy oo+ Xp N = N"(c) ® Nog Xo; N1 Xgy - -+ Xy NI,

where V.C NP(k), p = m — Zi:l dim N; > 1, and the profile V. — Ny is an
isometric immersion with flat normal bundle, satisfying the k-helix property with
respect to the mean curvature vectors Hy, ..., Hy of N1, ..., N; in the flat space
@p D N"(c).

This theorem generalizes the results obtained above in Section 5.4 (see Theo-
rem 5.4.1 and Remark 5.4.4), and in part (vi) uses concepts and terminology from
[DN 93].

Remark 12.4.5. Pseudoparallel submanifolds were also introduced in [OAM 2002a],
for ambient Euclidean space and under the name extended semiparallel. Extended
semiparallel surfaces M? in E” were classified there. It was proved that such a surface
is locally either (i) semiparallel, or (ii) normally flat of Gaussian curvature K = ¢,
or (iii) an isotropic surface of codimension at least 3 and H 2 = 3K — 2¢, where H
is the mean curvature vector.

On the whole, the theory of pseudoparallel submanifolds is still in the stage of
creation.

12.5 Submanifolds with Semiparallel Tensor Fields

In the differential geometry of submanifolds M™ in N"(c) some tensor fields are
known, which are derived from the second fundamental form 4 and the metric form
g by means of tensor algebra operations. These are the curvature tensor R and the
normal curvature tensor R, whose components Rl.{ vq and Rg, pq are defined by

(2.1.10), the Ricci tensor Ric with components R;, = Rf s and the mean curvature

vector H with components H* = % gl hf; By means of H and R, the tensor field

T = HR*' can be formed with components Tl‘; = HF R%"i i
The Levi-Civita connection V, the normal connection V-1, and their pair—the
van der Waerden—Bortolotti connection V = (V, V1) make it possible to introduce
covariant differentiation of the abovementioned tensor fields, and the concept of
covariant constant or (parallel) tensor field as having zero covariant derivative.
The submanifolds M in N"(c) with parallel R, or R+, or Ric, or H, or T
will be called, respectively, R-parallel (or intrinsically symmetric; cf. Section 5.1),

or RJ--parallel, or Ric-parallel (or, considered intrinsically, Ric-symmetric), or
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H-parallel, or T-parallel. Here, for instance, H-parallel submanifolds are char-
acterized by dH® + H# § = 0 and T-parallel ones by
dTf + T of — Toof — Tk = 0. (12.5.1)
Analogous differential systems characterize submanifolds with other parallel condi-
tions.
By exterior differentiation, these differential systems lead to corresponding con-
ditions, which are actually algebraic in the components of the second fundamental
tensor h, characterizing the corresponding semiparallel submanifolds. For instance,

HPQY =0, T - TEQf — Tyt =0 (12.5.2)

characterize H-semiparallel and T -semiparallel submanifolds, respectively. R-semi-
parallel submanifolds (or intrinsically semisymmetric ones; cf. Section 1.6, especially
(1.6.2)), Rl-semiparallel, T -semiparallel, and Ric-semiparallel submanifolds will be
introduced in a similar way.

A direct computation shows that Propositions 4.1.3 and 4.1.4 can be generalized
as follows.

Proposition 12.5.1. Let A be one of the tensor fields R, R+, Ric, H, T on a subman-
ifold M™ in N"(c). The class of A-semiparallel submanifolds includes

e all A-parallel submanifolds (in parliculqn those with A = 0),
e all submanifolds with flat V, i.e., with Q! = Qf =o.

Proof. The first assertion was already proved above for H- and T -parallel subman-
ifolds. The proof is analogous for R-, R*-, and Ric-parallel submanifolds. The last
two assertions are obvious; see, e.g., (12.5.2).

Mirzoyan has given in [Mi 98b] generalizations of Theorem 4.5.5 for A-semiparal-
lel submanifolds.

First, the concept of A-tangency of submanifolds M" in N"(c) for a tensor field
A was introduced in [Mi 98b] as follows.

A common point x of two submanifolds M™ and M™ is said to be a A-tangency
point if the tangent spaces T, M™ and T, M™ coincide, along with the tensors A, and
A (cf. with Proposition 4.5.1).

A submanifold M"™ in N"(c) is called the A-envelope of a family of m-dimen-
sional submanifolds if at each point x € M™ the submanifold M™ has A-tangency
with a submanifold of this family.

Theorem 12.5.2 (Mirzoyan [Mi 98b]). If a submanifold M™ in N"(c) is an R-, R*-,
and A-envelope of a family of m-dimensional A-parallel submanifolds, then it is a
A-semiparallel submanifold.

Proof. Consider first the case where A = T. By Proposition 12.5.1, every T -paral-
lel submanifold M™ of the family is also 7'-semiparallel, i.e., satisfies the second
condition (12.5.2), which is equivalent to
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o pk o pk B pa _
Tijl-’pq—i-TikRj’pq _Tinﬁ,pq =0. (12.5.3)
For an arbitrary point x € M™, there is an M™ having R-, R*- and T -tangency with
M™ at x. This means that in the adapted orthonormal frame, common to M™ and

M™ at x, the components Riqu, Rg‘ v and Tt‘;‘ are the same for M™ and M™ at x.

Since for M they satisfy (12.5.3), then this condition (12.5.3) is also satisfied for
M'™; and since x is an arbitrary point, it follows that M" is T-semiparallel.

For the other cases, where A is R, or RL, or Ric, or H, the proof is analogous
and is left to the reader. Note that in the condition analogous to (12.5.3), if R%" v is
not needed, as for R and Ric, or Rl.j’ 4 is not needed, as for H, then in the statement
of the theorem, the tensor fields R or R would be omitted correspondingly.

In the converse direction, the concept of A-tangency must be extended to the
higher orders.

A common point x of two submanifolds M™ and M™ is said to be a A-tangency
point of order s (s > 0), if

(1) the tangent spaces 7, M™ and T M™ coincide,
(2) thetensors A, and A, and their corresponding covariant derivatives of order less
than s + 1 coincide.

A submanifold M™ in N"(c) is called the A-envelope of order s (s > 0) for some
family of m-dimensional submanifolds if at each point x € M" the submanifold M"
has A-tangency of order s with a submanifold of this family.

Theorem 12.5.3 (Mirzoyan [Mi 98b]). Each A-semiparallel submanifold M™ in
N"(c) is an A-envelope of some order s (s > 2) for a family of m-dimensional
A-parallel submanifolds.

Proof. For any submanifold, one has equations (2.1.3), (2.1.4), (2.2.3) with (2.2.2),
etc., in general (2.2.7), which can be written in detail as (12.1.3), where instead of
the last equation (expressing the k-parallel property), the previous ones are continued
for higher values of k. This process of continuation terminates at some value of &,
because for some order s, the osculating subspaces of higher order (see Section 2.4)
fill the tangent space of N"(c), and therefore the components A;j,..p, fort > s +1
can be expressed in terms of the components of lower-order fundamental forms.

By exterior differentiation, these equations (12.1.3), except for the last ones, lead
to (12.1.4), which can also be continued for higher values of k.

The A-semiparallel condition is added here. Suppose, for instance, that A = T,
where this condition is

k k B
TGSy + TSy — T2 =

which is equivalent to (12.5.3).
Now consider the differential system consisting of equations (12.1.3), except for
the last ones, and of



266 12 Some Generalizations
B k k
dTl‘; + lea)% - T,f‘ja)l- — Tl‘}éa)j =0,

which is equivalent to (12.5.1). This system is totally integrable, since its integrability
conditions are satisfied due to (12.1.4) and (12.5.3).

Therefore, this system defines, for any initial conditions, a submanifold M™,
which is T-parallel due to (12.5.1). Taking for initial conditions the k-tuple of the
given T-semiparallel submanifold M™ at an arbitrary point x € M™, one guarantees
that M™ and M™ have T-tangency of order s at this common point x. Thus M™ is a
T-envelope of order s of the family of all such T-parallel M™.

The proof is similar for other choices of A.

Remark 12.5.4. Theorem 12.5.3 was given by Mirzoyan [Mi 98b]. He called it a
generalization of Lumiste’s theorem, i.e., in [Lu 90a]; see Theorem 4.5.5.

Remark 12.5.5. This Theorem 4.5.5 has inspired a purely intrinsic analogue, proved
in [KoN 98]: each semisymmetric Riemannian metric on a manifold is a second-order
envelope of a family of locally symmetric Riemannian metrics.

Remark 12.5.6. Mirzoyan gave in [Mi 99] and [Mi 2002] a generalization of Theo-
rem 12.5.3 for the case where the tensor field A on the submanifold M™ in N (c) is
derived from the second fundamental form / and metric form not only by operations
of tensor algebra but also by some arbitrary operations of tensor calculus (including
covariant differentiation of arbitrary order). It was proved that if M in N"(c) is
VS~1 A- and V* A-semiparallel (s > 0; for s = 0 only the A-semiparallel condition
is assumed), then M™ is an envelope of arbitrary order for a family of m-dimensional
V* A-parallel submanifolds. A converse result was also proved.

Theorem 12.1.1 can now be considered as a particular case of these general results.

12.6 Examples: The Surfaces

The results of Section 12.5 for A-parallel and A-semiparallel submanifolds will now
be illustrated by some examples consisting of A-parallel and A-semiparallel surfaces
M?%ina space form N"(c), where A is one of the tensor fields R, RL, Ric, H, T.

For an M? in N"(c), the orthonormal frame bundle can be adapted so that equa-
tions (6.1.9) and (6.1.10) hold, where one may assume k > [ > 0, by renumbering
and redirecting the frame vectors e4 and es, if needed; then ¢4 = ¢5 = 1. By (6.1.8),
(6.2.1), and (6.2.2), then

H = ez + Bes + yes, Q% = (k2 +1>— H? —c)a)1 Aa)z, Qi = —2klw' Aa)zg

the other curvature and normal curvature 2-forms are zero. Therefore, the only
possible nonzero components of R, RL, Ric, H, T are, correspondingly,

2 | 2 1 2 2
Rin=—-—Rypn=—Riy =Ry =K=c+H -k 1",

5 4 5 4
R4,12 = - R5,12 = _R4,21 = R5,21 = 2kl,
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Rii=Rn =K,
H =«a, H*=pB, H’> =y,
Th= —T) = —2ykl, TS =—T5 =28kl
Hence the A-parallel conditions are
dK =0 (for A =R and A = Ric), (12.6.1)

d(kl) =0, klo] = klot =0, £ €{3,6,7,...,n} (for A=Rb), (12.6.2)
da—ﬂwg—ng :d,8+om)g—ya)2 =dy +aw§+ﬁw2 =0,

aw] + pw] +ywl =0, n€1{6,7,...,n} (for A = H), (12.6.3)
Bklw? = yklw} =0, kl(yw, — fwl) =0, £ € {3,6,7,...,n},
d(ykl) + Bkle] = d(Bkl) — yklw] =0 (for A = T). (12.6.4)

A straightforward computation shows that the A-semiparallel conditions are triv-
ially satisfied for R, RL, and Ric, ie., every M? in N" (c) is R-, RL- and Ric-
semiparallel. For H, the semiparallel conditions are H B Q% = 0, and reduce to

Bkl = ykl = 0; (12.6.5)
and for T they are (12.5.3), and reduce to

B(kD)* = y (kl)> = BkIK = ykIK = 0. (12.6.6)

12.6.1 H-semiparallel and H -parallel surfaces
The following proposition can be deduced from (12.6.5).

Proposition 12.6.1. For an H-semiparallel M? in N"(c) (or for some of its open
subsets), the following two possibilities exist: either

(@) kI = 0, thus Q3 = 0 and so V* is flat, or

ID kl #0, B =y =0, thus H = aes is orthogonal to the 2-plane of the normal
curvature indicatrix spanned by A = kes and B = les (see Remark 6.4.3), i.e.,
under the orthogonal projection onto this 2-plane at x € M?, the point x maps
into the center of the normal curvature ellipse or its degenerate form.

Every H-parallel M? is by Proposition 12.5.1 also H-semiparallel; therefore,
only (I) and (IT) are possible in this case.

One should note here the special subclass characterized by H = 0, i.e., by o =
B = y = 0; it therefore contains all minimal surfaces M? in N"(c), which are
obviously H-semiparallel and H -parallel.

Hence in the further investigation below, it can be assumed that H 7~ 0. The two
possibilities above will be considered separately.
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O If V-1 is flat then / = 0, and at an arbitrary point x € M 2 the frame can be
adapted further, so that its vector e3 belongs to the subspace spanned by A = ke4 and
H # 0. Then y =0, and (12.6.3) reduce to

do — Boi = df +awi =0, awi+po; =0, £ €{5,6,...,n}. (12,67
These equations are added to (6.1.9) and (6.1.10), which now appear as
wi=a0', ol =B+bo', of =0, (12.6.8)
w3 =aw’, o} =B -k’ o =0. (12.6.9)
Exterior differentiation leads from these to
ko Aw' =0, dk A o'+ 2ko? A’ =0, koj =0, (12.6.10)
kot Aa? =0, 2kot Aw' —dk A’ =0, kojAo®=0. (12.6.11)
Hence due to Cartan’s lemma
ko = kof =0, dk =go' +yo?, 2kot = Yo' — g’ (12.6.12)

(Ia) If k = 0, then the normal curvature ellipse at an arbitrary point x € M?>
degenerates to a point, and formulas (2.1.5) reduce to

de) = ezw% + H*o', der = —ela)f + H*w?,

where H* = H — cx and H = ae3 + fBeq. Hence M? s totally umbilic (see
Section 2.4) and, due to Propositions 3.1.4 and 3.1.5, is a standard model N 2(¢1) ©
N"(c) or its open subset. From Remark 3.1.6 it follows that if ¢ > 0, then this N 2(¢1)
is a sphere, and if ¢ < 0 then either a sphere, or an equidistant surface, or a horosphere
in a Lobachevsky space.

(Ib) If k # 0, then the normal curvature ellipse degenerates to a straight line
segment, (12.6.12) gives a)gL = a)i = 0, and thus by (12.6.7), da = dp = 0,
aa)g =0.

(Iby) If ¢ # 0 everywhere, then (2.1.5) reduces to

de; = eza)% + [aes + (B + k)eq — xc]a)l,
dey = — eyw? + [aes + (B — k)eq — xclw?,
and dx = ej0! + era?,

de3 = —ot(ela)1 + eza)z) = —adx, des=—(f —i—k)ela)] — (B - k)eza)z.

It follows that M? is contained in a 5-dimensional plane of , E"*! through the center
o and spanned by ey, e2, x, e3, e4, which intersects N"(c) along an N4(c). Since
the point z with radius vector z = x + a~'e3 is a fixed point in this 5-dimensional
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plane and ||z — x|| = a~! = const, the surface M2 belongs to a three-dimensional

sphere of this N4(c), which in case ¢ < 0 can be, in particular, an equidistant
submanifold or a horosphere. With respect to this sphere, the surface M2 has unit
normal vector e4 and principal curvatures 8 + k, 8 — k, thus its mean curvature is 3,
which is a constant.
(Iby) If @ = 0, then M? belongs to a four-dimensional plane at o spanned by
e1, ez, x, ea, thus to an N3(¢), in which it similarly has constant mean curvature.
) Ifkl #0, B =y =0, then for H = ae3 7# 0 one gets from (12.6.3)

4 5 Ui
a=const #0, w;=w3=0w;=0.
Hence
_ 2 1 1 2
de; = exwi + e3aw 4 eskw’ + eslo” — xc,
_ 2 2 2 1
dey = — ey + 30w — eskw” + eslo” — xc
and
dey = —oz(ela)1 ~|—e2a)2) = —adx.

The point z with radius vector z = x + a ! e3 is a fixed point, as above, with constant
. Hence the surface M? belongs to a hypersphere of N (c) (which in case ¢ < 0
can be an equidistant submanifold or a horosphere). With respect to this hypersphere,
the vector valued second fundamental form 4 of M2 has the components i1 = key,
hio = les, hop = —key, and thus its mean curvature vector is zero. Hence the surface
M? is a minimal surface of this hypersphere.

These results can be summarized as follows.

Theorem 12.6.2. An H-parallel surface M* in N"(c) consists of its open subsets or
their closures, each of which is either a minimal surface, i.e., with H = 0, or

(Ta) a totally umbilic surface, or

(Ib) a surface of constant mean curvature in an N 3(¢) € N™(c) or in a three-
dimensional sphere of an N*(c¢) C N"(c), or

(IT) @ minimal surface of a hypersphere in N"(c).

Remark 12.6.3. This theorem was proved by Chen [Ch 72], [Ch 73a] and Yau [ Yau 74],
and was presented (with a proof and some complements) in [Ch 73b], and again
(without proof) in [Ch 2000]. The proof given above, using Cartan’s method of
adapted moving frame bundles and exterior calculus, is simpler.

[Ch 2000] also gives some information about H-parallel submanifolds M™. It
does not, however, mention the paper [Lu 93], in which all H-parallel canal sub-
manifolds M™ with arbitrary m in E" are classified. General H -parallel manifolds
M"™ in N (c) with m > 3 are not yet classified, according to [Ch 2000]. In [RV 70]
they are characterized for the case ¢ = 0 as having harmonic Gauss maps. But there
exist some results under some additional conditions; see [Ch 2000]. Recently, in
[She 2002] they have been studied for finite total curvature.
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Remark 12.6.4. Theorem 12.5.3 can now be illustrated as follows.

If a surface M? is H-semiparallel of the class (I) of Proposition 12.6.1, then its
normal curvature ellipse at an arbitrary point reduces either (a) to a point, or (b) to
a straight line segment. This M? is, correspondingly, H-parallel of type (Ia), or an
H -envelope of order 2 of a family of H -parallel surfaces of type (Ib).

If a surface M? is H-semiparallel of the class (II) of Proposition 12.6.1, then it is
either a minimal surface, hence H -parallel, or an H-envelope of order 2 of a family
of H-parallel surfaces of type (II) of Theorem 12.6.2.

12.6.2 R*-parallel surfaces

For RL—parallel surfaces, the conditions (12.6.2) must be satisfied. Thus either

(i) [ =0,o0r
(i) kI = const > 0, &}, = s =0,£ € {3,6,7,...,n).

If (i) holds on an open subset of M 2 then V= is flat on this subset.

Suppose the conditions (ii) hold on some open subset of M?. Among equations
(6.1.9) there are a)f = ao', a)g = aw’. By exterior differentiation they give do A
! = do A w?* = 0, thus & = const; and the equations »] = wj = 0, n €
{6,7,...,n} give in the same way

aw' A o] = 0w’ Aw) = 0. (12.6.13)

Here the conditions k/ = const and « = const have interesting equivalent geomet-
rical interpretations. The first says that the normal curvature ellipse, with semiaxes k
and /, has constant area, and the second means that the distance of the point x € M 2
from the 2-plane of this ellipse is also a constant.

The remaining conditions in (ii) together with (12.6.13) imply a reduction of the
codimension.

Namely, on this open subset dx = ela)l + ezw2,

de; = ezw% + e4af1L + esa)f + (eza — xc)a)l,
dey = — elw% + e4w§ + eswg + (eza — xc)a)z,
des = — elw‘f — ezwé + esa)i, des = —e1w? — ezwg — e4w2.
If @ = 0 on an open subset, then this subset lies in an N 4(c), which is intersected

from N”(c) by an , E through the origin o, spanned by x, e, e, e4, es.
If @ # 0 on an open subset, then for this subset

de3 = —ela)]3 — eza)g = —ot(ela)1 + eza)z) = —adx, « = const.
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Hence the subset lies in an N> (¢) which is intersected from N" (¢) byan, E 6 through
the origin o, spanned by x, e1, e2, €3, e4, es.

On the other hand, for z = x + a~'e3 one has dz = dx + ¢~ (—adx) = 0.
Thus the point z with this radius vector in , E° is fixed, and ||z — x|| = @~ = const.
Hence the above subset belongs to a four-dimensional sphere, which in the case of
¢ < 0 can be, in particular, an equidistant submanifold, or a horosphere.

The results can be summarized as follows.

Theorem 12.6.5. An R -parallel surface M? in N"(c) consists of its open subsets
or their closures, each of which is either

(i) normally flat, i.e., has zero RE, or

(ii) lies inan N*(c), or in a four-dimensional sphere of an N° (c), and has the property
that the normal curvature ellipses at every point x have the same area and their
2-planes have the same distance from x.

Remark 12.6.6. Theorem 12.6.5 is proved in [Lu 95c], where the above constancy of
distance was not explicitly formulated in Theorem A, but nevertheless was established
in course of the proof.

Remark 12.6.7. Recall that every surface M2 in N*(c) is R*-semiparallel. If it is
normally flat, then it is also R*-parallel. Otherwise, it has at any arbitrarily fixed
point the configuration in an , E® consisting of this point x, the tangent 2-plane at x,
and the normal curvature ellipse. For this configuration, there exists an R--parallel
surface of type (ii) having at x the same configuration, and at all other points the
properties stated in (ii) above. Therefore, this surface is an R---envelope of these
R+ -parallel surfaces.

12.6.3 R- or Ric-parallel surfaces.

These are surfaces of constant Gaussian curvature K, due to (12.6.1). Here the semi-
parallel condition is trivial: every surface M? in N”(c) is R- and Ric-semiparallel.
It is obviously a K-envelope of the family of surfaces with K = const; namely, at
each point x € M?, there exists a surface with constant Gaussian curvature having at
x the same tangent plane as M and the same K as M?.

12.6.4 T-semiparallel surfaces

Due to (12.6.6), only the possibilities (I) and (II) of Proposition 12.6.1 can occur here.
Each of them leads to 7 = 0, and thus to trivially 7-parallel surfaces. So the result
is also trivial.

Proposition 12.6.8. The only T-semiparallel surfaces M* in N"(c) are the surfaces
with zero T. All of them are T -parallel and are described by (1) and (I1) of Proposi-
tion 12.6.1.
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12.7 Ric-Semiparallel Hypersurfaces and Ryan’s Problem

The hypersurfaces M"=1in N"(¢) are all normally flat, i.e., have R+ = 0; conse-
quently, 7 = 0. The mean curvature vector H reduces to the mean curvature; thus
its parallel condition means that the latter is constant.

Therefore, among the above-considered tensor fields A, only R and Ric can
have some interest for hypersurfaces, from the point of view of their parallel and
semiparallel conditions.

Here an R-parallel or -semiparallel submanifold M™ is simply an M™ with locally
symmetric or semisymmetric intrinsic Riemannian metric, respectively, i.e., with
VR=0orR(X.Y)oR =0.

For a normally flat submanifold M in N"(c), the curvature tensor R has by
(5.1.4) and (2.1.11) the components

Rij = (ki k) (Sikdj1 — Sirjk)- (12.7.1)
Correspondingly, the Ricci tensor Ric has the components

Rjx =Y Riji = (K}, ki) — (mH*, k)8 x. (12.7.2)
i

where H* is the outer mean curvature vector of the immersion:
m ij m 1 m

Since k¥ = k; — xc and hence (k7', k; ) = (ki, k;) + c, the semiparallel condition
(5.1.5) reduces to
(ki —kj)((ki, kj)+¢c)=0. (12.7.3)

The R-semiparallel and Ric-semiparallel conditions reduce, correspondingly, to

(ki — K, ki) ((kir kj) +¢) =0, (12.7.4)
(ki +kj —mH, ki —k;)((ki, kj) 4+ ¢) =0, (12.7.5)

for every distinct pair i, j and for every distinct triple i, j, k; moreover, mH =
ki + -+ ko

Remark 12.7.1. It is known that for a Riemannian M™, semisymmetric implies Ric-
semisymmetric, and that these conditions are equivalent if m = 3.

For normally flat submanifolds M 3 in N"(c), this follows easily. Indeed, (12.7.4)
implies (12.7.5); and if m = 3, then k; + k; — mH = ki for every three distinct
values of i, j, k, and the conditions (12.7.4) and (12.7.5) coincide.

An interesting question is the situation for m > 4. This problem has been actively
investigated in the particular case of hypersurfaces M™ in N"+1(c).

For hypersurfaces, k; = A;je; 11, where Aq, ..., A, are the principal curvatures.
The conditions (12.7.3), (12.7.4) and (12.7.5) are now, respectively,
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(Ai = Aj)(AiAj +c)=0, (12.7.6)
Ae(Ai — Aj)(Aidj +¢) =0, (12.7.7)
Ai =2 +Aj —mH)(AiAj +¢) =0, (12.7.8)

for distinct pairs i, j and for distinct triples i, j, k, and where mH = A1 + - - - + Ay,

Lemma 12.7.2. Among the principal curvatures Ay, ..., Ay of a Ric-semiparallel
hypersurface M™ in N™+1(c), there can be at most two distinct values, if ¢ # 0, or
at most two distinct nonzero values, if c = 0.

Proof. From (12.7.8) with ¢ = 0, it follows for any two A; and A, that either they
are equal, or one of them is zero, or their sum is equal to m H. If one assumes that
there are three distinct nonzero A;, A; and A, then by (12.7.8),

(Ai +Aj —mH)(AiAj +¢) =0,
(Aj + Ak —mH)(AiAr +¢) =0,
(A +Aj —mH)(AAj +c) =0.

Here atleast two first multiplicands are zero, e.g., Aj+Aj —mH = A;+A—mH = 0,
or at least two other multiplicands are zero, e.g., AjA; + ¢ = A;Ax + ¢ = 0. Both
possibilities lead to a contradiction, which in the first case is A; = Ax. The second
possibility leads to A;(A; — Ax) = 0, thus to the same contradiction, or else to the
now impossible ,; =0 = ¢ = 0.

All R-semiparallel hypersurfaces M in N+ (c), i.e., satisfying (12.7.7), were
classified by Ryan [Ry 69], and then for the case of ¢ = 0, i.e., in E™F1 for a
complementary condition of completeness, by Szab6 [Sza 84].

For hypersurfaces M" with positive scalar curvature in E”*!, the equivalence
of (12.7.7) and (12.7.8) was proved by Tanno [Tan 69], and then generalized by
Ryan [Ry 71] to the case of nonnegative scalar curvature, and also of constant scalar
curvature, or of nonzero constant sectional curvature. Another important result in
[Ry 71] asserts that in a space form N"t1(c) with ¢ # 0, every Ric-semiparallel
hypersurface M™ is R-semiparallel, i.e., (12.7.7) and (12.7.8) are equivalent in the
case ¢ # 0. Therefore, the following problem is essential only for ¢ = 0, i.e., in
Euclidean space E"!:

Do there exist Ric-semiparallel hypersurfaces that are not R-semiparallel?

This problem was stated as Problem P808 in [Ry 72] and became known as Ryan’s
problem.

The most general solution of this problem can be obtained from a classification
of all Ric-semiparallel hypersurfaces M™ in E™*!. Such a classification is given by
Mirzoyan [Mi 99]. The following exposition here is based on the analysis in [Mi 99],
with some additions and refinements. Some of these were presented in [Lu 2002b]
along with Mirzoyan’s analysis (see Remark 12.7.9 below).
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Due to Lemma 12.7.2, at most two distinct nonzero principal curvatures can occur
here.

The situation is simple if there is only one principal curvature A, or one nonzero A
of multiplicity p and a zero principal curvature of multiplicity m — p. Then (12.7.6)
with ¢ = 0 is satisfied. Therefore, this M™ is a semiparallel hypersurface in E"*!,
and thus is one of the hypersurfaces described in Theorem 5.5.1.

Suppose that there are two distinct nonzero principal curvatures A and w, of
multiplicities p and ¢, respectively; the other m — p — g principal curvatures are
zero. Due to the Ric-semiparallel condition (12.7.8), withc = 0, here A+u —a = 0,
where a = mH = pX + g(a — A). This implies

(p—Dr+(@—D@@—-xr =0.

If p = 1 then also ¢ = 1, and conversely, if ¢ = 1 then p = 1. Therefore,
only two of the principal curvatures A1, ..., A, are nonzero, the ohers are zero. Then
(12.7.5) with ¢ = 0 s satisfied, implying that the hypersurface M is R-semiparallel.
Its rank is 2.

Most interesting is the general case where p > 2 and ¢ > 2. Then

a:uk, u:a—k:p—_lk.
l—q l—¢q
Here the frame vectors ¢; can be renumbered so that A, = A, A, = u, and Ay = 0,
whereb, --- € {l,..., pl,u,--- € {p+1,..., p+q},ands, --- € {p+q+1, ..., m}.

From (12.7.2), it follows that the Ricci tensor now has diagonal form with diagonal

elements p; = )»? — akj, which are

_r-1
=1
This implies that the hypersurface M™ is intrinsically a semi-Einstein Riemannian
manifold. From (2.2.3) it follows due to A/i*" = 2;8;; that

Ob = Pu 22 <0, ps = 0. (12.7.9)

Sijdri + (hj — Ao, = h;’;;rlw",

where i, j, k € {1,...,m}, W are symmetric, and there is no summation on the

ijk
left-hand side. After renumbering ¢;, as above, this gives for b # c: h’;’c'ltl =0,
m+1 __ pm+1 Lpm4l m+1 __ pm+l, m+1 _
hppe = heere > foru # v by =0,k 50 = ks further, A7 = 0, and due to

(1 — @) = (p — Dahere At = R =0, (1 — @)hEY = (p — Dhces. This
finally gives
dr=xs0', (11— V) = Jpus®’, (12.7.10)
-1
Awj, = Xswb + Xpus@",  pwy, = Xbuswb + IquXswu’ (12.7.11)
where x; = hg'btl does not depend on b, and xp,s = hZ’;l. Exterior differentiation
of the first equation of (12.7.10) leads to
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0=(dxs — xiop) Ao + (7 =Y xsxpuse” A 0. (12.7.12)
P
Thus
dxs — X0y =Yg, (12.7.13)
> Xsxbus =0. (12.7.14)
s
since w®, w", ® are linearly independent, and A and p are distinct.

From (12.7.10), (12.7.11) it follows that the three orthogonal eigendistributions
of the eigenvalues A, u = a — A, and 0 are foliations, and the leaves of the first two
are locally the spheres of dimension p and ¢, respectively (for details, see [Mi 99]).

The third foliation is defined by w” = w* = 0 for all values of b and u. Due to
(12.7.13) on every of its leaves an invariant vector field is defined by x = > xses
with dx = (3, &)o'

Here (12.7.14) shows that this x is orthogonal to all x5, = D Xpuses. For rank
(xpu) = r there are three possibilities: (a) r = 0, (b) r has maximal value pq,
©0<r<pgq.

Let us consider first the possibility (a)—a subclass, where (12.7.14) is satisfied
by xpus = 0, or, equivalently, by
b =0. (12.7.15)

u

(Below it will be proved that this is the only one which is really possible.) Exterior
differentiation now leads to
= -1
3 Xf:)\“’—l. (12.7.16)
s=p+q+1 q

Here the equation p + ¢ = m cannot hold, since then the left side would be zero,
while the right side is not. Hence at least one zero eigenvalue A 1,41 must exist.
Thus the case m = 4 is impossible here.
Equations (12.7.11) reduce to
Awj, = sl A5 =yt (12.7.17)

u

and imply by exterior differentiation that xs, = i s Xt-

The orthonormal frame bundle can be adapted so that x = ve,,. Then y,, = v,
where 12 = x“;’%} by (12.7.16), and xy = Oforalls’ € {(p+q+1,...,m — 1}.
Hence equations (12.7.10), (12.7.17) reduce to

dr=vo™, iwj) = val, ron = v, a)z =w, = a)‘;/ =0, (12.7.18)

where
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Substituting e, for —e,,, if needed, one can obtain v = K22, where Kk = +/ Z—:} =

const. Then u = —k2), and so the given hypersurface M™ in EMtl withm > 4, is
defined by the differential system

o™t =0, a)Z’"H = ra?, a),’f“ = -k, " = wf,ﬁ“ =0,

S
(12.7.19)

dr = kA o™, wy = K, o) = Kk ", b = w‘;,/ — o' = wy =0.
(12.7.20)

It is easy to check that the exterior equations obtained by exterior differentiation from
the equations of this system are satisfied due to the equations of the same system.
Therefore, the Frobenius theorem implies that this system is totally integrable and
defines the considered hypersurface up to some constants.

Takingi =k =1and j = p+1,sothatA; = Ay =AandA; = pu = %A #* A,
it can be seen that (12.7.7) with ¢ = 0 is not satisfied, since A # 0. Therefore, this
M™ is not R-semiparallel.

It remains to investigate the geometric structure of the hypersurface M™ of this
subclass. The infinitesimal displacement equations (1.2.1) for the orthonormal frame
bundle adapted as above to this M™ in E™H are, by (12.7.19) and (12.7.20),

dx = epa? + ey + epa™ + ey’ (12.7.21)
dep = ;o] + (emk + emy)a®, (12.7.22)
de, = eyw), + (em — emy1K)K A", (12.7.23)
dem = — (ep” + ey, (12.7.24)
dey = epal,, (12.7.25)

demi1 = — eph” + ey A" (12.7.26)

The distribution on M defined by ” = »" = ©™ = 0 is a foliation, since this
differential system is totally integrable. For its leaves, dx = es/ws/, dey = e,/wé/,;
therefore, they are parallel (m — p — g — 1)-dimensional planes E"~P~4~1 in E"+1

The distribution orthogonal to these planes is defined by o = 0. Itis also a
foliation, and for its (p 4+ g + 1)-dimensional leaves one has (12.7.22)—(12.7.26), and
therefore they are the congruent hypersurfaces M?T4+! in parallel planes EP+4+2
orthogonal to the above E”~P~9~! Hence M™ is a product submanifold M?T4+1 x
E™=P=4=1 namely, a cylinder on MP+4+1,

On MPT4+1 | the distribution defined by o = " = 0 is a foliation, whose
leaves are by (12.7.22) totally umbilic, with mean curvature vector (e,,k + €;41)A.
Hence these leaves are p-dimensional spheres of radius (A+v/k2 + 1)~ inthe (p+1)-
dimensional planes spanned at x by e;, and this mean curvature vector. Similarly, the
distribution defined by ” = @™ = 0 is a foliation, whose leaves are by (12.7.23)
also totally umbilic, with mean curvature vector (e,, — e, +1k)kX; so they too are
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g-dimensional spheres of radius (kA+/1+ «2)~! in the (g + 1)-dimensional planes
spanned at x by e, and this mean curvature vector.

These (p + 1)- and (g + 1)-dimensional planes are totally orthogonal. Therefore,
the leaves of the foliation defined on MPT4+! by &/ = 0 are the products of pairs
of the above spheres.

The curvesin MP+a+1 orthogonal to these products, are defined by o =" =0,
whence (12.7.24) implies that dx = e, @™ and de,, = 0, thus they are straight lines.
Therefore, MP+4+! is a ruled hypersurface in EPT412,

For the point z with radius vector z = x + (kA e, equation (12.7.20) implies
dz = 0. The point is hence a fixed point in EPt9%2 and so MP+9+1 is a cone over
the product of two spheres.

The results of the above analysis are formulated in the following theorem (if we
suppose that possibility (a) above is the only possible one that holds).

Theorem 12.7.3. A hypersurface M™ in E™+! is Ric-semiparallel if and only if it is
an open subset of one of the following hypersurfaces:

(I) semiparallel:
(1) a hypersphere S™ in E™*1;
(2) a hypercone of rotation C™ in E"+1;
(3) a product S¥ x E™=K, where S* is a hypersphere in E¥*' and E"~* is an
(m — k)-dimensional plane, totally orthogonal to EFI 2 <k <m—1;
(4) a product C* x E™ K where C* is a hypercone of revolution in E*t!
and E™ K js an (m — k)-dimensional plane, totally orthogonal to Ek'H,
2<k<m-—1;
(II) R-semiparallel:
(5) a hypersurface whose second fundamental form h has the matrix ||h;;| of
rank < 2;
(IIT) not R-semiparallel:
(6) a ruled hypersurface which is a cone with point-vertex over a product of two
spheres in E"1 (m > 5);
(7) the product of a k-dimensional cone of (6) in EXt' and an (m — k)-
dimensional plane E™* totally orthogonal to E¥*', 5 <k <m — 1.

Proof. Parts (I) and (II) summarize the results obtained by the analysis above, like
the geometric descriptions in (6) and (7). It remains to show that in part (III) possi-
bility (a) is really the only possible one, i.e., that possibilities (b) and (c) above lead
to contradictions.

First let us consider (b), when due to (12.7.13) x; = 0. Then via (12.7.10)
) = const, thus also u = ’l’T_qlA = const, but (12.7.11) reduce to

A = Kous®" 1y = Xpus”. (12.7.27)
Here exterior differentiation leads, due to (12.7.10), to

‘ t
(d Xpus — Xcusa)z - vasw;) - Xbuta)s) A"
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+ ﬁ ZM:(XbutXcus + Xbus Xcut)wt AN =0.
Hence Zu( Xbut Xeus + Xbus Xeur) = 0. From here for ¢ = b and t = s one obtains
> Xb2us = 0, thus xp,s = 0. Now (12.7.16) is valid and leads to contradiction: the
left side is zero, but the right side is not!
It remains to consider possibility (c). Then after the adaption above of the or-
thonormal frame bundle xy = O foralls’ € {p+¢q +1,...,m — 1}, xm # 0. From
(12.7.13) now xpum = 0, and so (12.7.10), (12.7.11) reduce to

dr = @™,  (u— Wb = xpuso, (12.7.10)
A = xm@?,  Aw) = Ypus@", (12.7.11")
1 ,
polt = T_—qua)”, Ho, = Xous @ (12.7.117)
moreover, here
dxm = wms’wS/ + Ymm @™, Xma)gf = ws’t’wl/ + Yyma™. (12.7.28)

Since the leaves of the foliation, defined by @? = o' = 0in M™, are the Euclidean
planes, along each of which de;,, = 0, due to (12.7.11") and (12.7.11°"), the orthonor-
mal frame bundle can be further adapted so that along each of these planes also
dey = 0 for all values s’. After that (12.7.27) reduce to

0l =0, dxm = VYmmo". (12.7.29)
If we replace u = pT_;A in the first equation (12.7.11”) and differentiate exteriorily
after that, we obtain

(dxm + 227 12 0") A 0™ + Gt ™ Kewr @y — 1 A Xeur @) A0 =0,
which due to (12.7.29) reduces to
2)71)(”2140” Ao™ — ,uflxmxcu,/a)t/ Ao’ =0.

This is a contradiction, because y,, is supposed to be nonzero, but ®* A »™ and
o' Ao are linearly independent. This finishes the proof.

Now one can show how some of the previously known results about Ryan’s
problem can be deduced from Theorem 12.7.3 (and its proof).

Corollary 12.7.4. Every Ric-semiparallel hypersurface M"™ with positive scalar cur-
vature in E"1 is R-semiparallel.

Indeed, it can be seen from (12.7.9) that the non- R-semiparallel hypersurfaces
are ruled out here. This was a result of [Tan 69].

The same argument shows that in this corollary positive scalar curvature can be
replaced with nonnegative scalar curvature; this was a result of [Ry 71].
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Corollary 12.7.5. Every Ric-semisymmetric hypersurface M™ with constant scalar
curvature in E™*1 is R-semiparallel.

Indeed, from (12.7.10) it is seen that A = const implies x; = 0, but due to
(12.7.15) this is impossible for (6) and (7). So follows another result of [Ry 71].

Corollary 12.7.6. If a Ric-semisymmetric hypersurface M™ in E™+! is complete,
then it is R-semiparallel.

Indeed, from the geometrical description of hypersurfaces (6) and (7) it is seen
that they, as cones, are noncomplete. This gives the result of [Mat 83].

Corollary 12.7.7. Every Ric-semisymmetric hypersurface M* in E is R-semiparal-
lel.

Indeed, above there is shown that from (12.7.15) it follows that for (6) and (7) the
case m = 4 is impossible. This is the result of [DSVY 97].

The most important conclusion from Theorem 12.7.3 is the full solution of Ryan’s
problem, stated as follows.

Theorem 12.7.8. There do exist Ric-semiparallel but not R-semiparallel hypersur-
faces M™ in E™t! m > 4.

Proof. The existence of hypersurfaces (6) and (7) was established above in the course
of the analysis, before Theorem 12.7.3 was formulated. Moreover, it was established
that they are not R-semiparallel.

Remark 12.7.9. Recall that Theorem 12.7.3 is based on the results stated by Mirzoyan
in [Mi 99]; some additions and refinements were made then in [Lu 2002b]. Recently
V. Mirzoyan indicated in private correspondence that there is a mistake in his paper
[Mi 99] (the conclusion dw® = 0 in the proof of Theorem 1 is not correct), and also
in the presentation in [Lu 2002b] there is a defect (from the conclusion (12.7.13)
only a subcase xp,s = O is considered, i.e., possibilities (b) and (c) are excluded
from the proof). Now his last defect is removed by the complementary proof of
Theorem 12.7.3; here it must be noted that the idea of this proof was given by
Mirzoyan.

Remark 12.7.10. The assertion of Theorem 12.7.8 has been announced by F. Defever
in [Def 2000] (see also [DKV 2000]). Note that the example given in [Def 2000] by
Theorem 3.2 coincides with one of the hypersurfaces (6) of our Theorem 12.7.3.

12.8 Extended Ryan’s Problem for Normally Flat Submanifolds

Having now the complete solution of the classical Ryan’s problem, it is natural to pose
the problem in a more general setting, namely to ask whether the Ric-semiparallel
normally flat submanifolds M"™ in E” must be R-semiparallel or not. Recall that the
answer is positive for dimension m = 3, as shown above (see Remark 12.7.1).
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In the present section, this extended Ryan’s problem will be analysed for the
dimension m = 4. Then 4H = ki + k» + k3 + k4, and so the Ric-semiparallel
condition (12.7.5) reduces to

(kir kj) (ki — kj, ki + k) = O (12.8.1)

for every four distinct values of i, j, k, /. Permuting indices in (12.8.1), first k, j, i,
and theni, [, k, j, one can see that the set of equations (12.8.1) is equivalent to the set

(ki  kj) = (ki ki),
which for m = 4 gives
(ki, ko) = (k3, ka), (ki k3) = (ka, ka), (ki ka) = (ka, k3). (12.8.2)

This set of three equations is invariant under interchange of indices 1,2, and of 3,4,
as well as of the pairs {1, 2} and {3, 4}.

Suppose that the R-semiparallel condition (12.7.4) is not satisfied for at least one
triple of different values i, j, k. After a renumbering, if needed, one may assume that
i=1,j=2,so0that

(k1, ka) (ky — ko, ki) # 0, (12.8.3)

where the subscript k is either 3 or 4. In particular, (k, k2) # 0.

Itis convenientto call these k1 and k; the distinguished principal curvature vectors,
for a normally flat Ric-semiparallel but not R-semiparallel submanifold M* in E".

In the rest of this section, it will be assumed that n = 6 and that the distinguished
principal curvature vectors are collinear. This leads to k» = kk; # 0, whence
by (12.8.3), (1 — k){k1, k) # 0. On the other hand, (12.8.2) implies (k{, k3) =
K (k1, ks) and (ky, ka) = « (ky, k3). Hence (k1, ki) = k2(ky, k), which is equivalent
to (I + «)(1 — k) (k1, k) = 0, and therefore x = —1. Thus k» = —k;, and by
(12.8.2), k1, k3 + k4) = 0.

The orthonormal frame bundle can be further adapted to the given M* in E®, so
that at an arbitrary point x € M*, one has k| = —ky = Aes. Then k3 = nes + vzeg,
k4 = —pes + vgeq. Thus M 4 is defined by the differential system

@ =a® = 0,

a)? =Aw1, a)g = —sz, a)g = /La)3, a)i = —,ua)4, (12.8.4)

o=l =0, wg =10’, of =wno'. (12.8.5)
By (12.8.2),

—A% = —p? + v3v,

and in general there exists a function v such that v3 = v(u — A), vg = v~ (u + 1).
By exterior differentiation, equations (12.8.4) give the following exterior equa-
tions:

dr A ' +2)»a)%/\w2+()»—u)w?/\w3
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+()\+/L)w‘11/\a)4=0,
2007 Aw' —dr A @?
—()\—i—u)a)g/\aﬁ—()»—u)wg/\w“=0,
(A—u)w?/\a)l —()\—i—u)a)%/\wz
—|—[dpL—i-v(A—M)wg]/\a)3 +2pLa)§Aa)4 =0,
()»—i—u)a)‘l‘/\a)l —(k—u)ngw2+2ua)§Aw3
—[du4+v '+ wedl Aot =0.

The same procedure for (12.7.5) leads to
Aa)g Ao —v(L— /JL)a)f Ao +v T+ ,u)w‘l‘ Aot =0,

Aa)g’ Aw® — vk — u)w% Ao +v T+ ,u)a)g Aot =0,

(12.8.6)

(12.8.7)

(12.8.8)

(12.8.9)

(12.8.10)
(12.8.11)

V(A — u)[w% Ao+ a)g A wz] +[—(A —w)dv —v(dr—dp) + ,ua)g] A

+ (v3 — 1)4)a)§1 Aot =0,

— v_l(k + ,u)[w‘f Ao+ wg A wz] + (v3 — 1)4)@31 A
+[—v 2+ wydv + v idr + du) — uwg’] Aot =0.

From (12.8.6) it follows by Cartan’s lemma that
dr=Aw' + Bw® 4+ Co® + Do,
2)@% =Bow' + E&* + Fo’ + Go®,
(A — ,u)a)? =Co' + Fo’ + Ho® + Iw4,
A+ ,u,)a)‘l1 =Do' + Go? + 10 + Jo'.
It follows similarly from (12.8.7), that E = — A, and
— A+ w3 = Fo' — Co? + Ko’ + Lo*,
-\ = u)a)é1 = Go' — Do® + Lo’ + Mo®.
Now substitution into (12.8.10) gives F = G = I = 0, and
108 = Q! —vCw® + v Do,

and further substitution into (12.8.11) addsC =D =L = Q =0.
The result is

di=Aw' + Bo?, ZAw% = Bo' — Ao?, a)g =0,

(A —wo =Heo’, -G+ po; =Ko,

(12.8.12)

(12.8.13)

(12.8.14)
(12.8.15)
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ot =Jo*, —(G—pos = Mo*. (12.8.16)
Now (12.8.8) and (12.8.9) reduce to
(dp — Ho' — Ko?) Ao’ +2,ua)§ Aot =0
2,ua)§t Ao’ — dp+ Jo' + Mo?) Aot =0;
from here, Cartan’s lemma gives / = —H, M = —K,
du = Ho' +Kw2+Rw3+Sa)4, 2,ua)§1 = Sa)3+Ta)4, (12.8.17)

so that
A+ ot =—-Ho', (—peo; =Ko (12.8.18)

Finally, via some calculations, (12.8.12) and (12.8.13) lead to A = B = 0,
and therefore from (12.8.14) to w% = (. Taking the exterior derivative, and using
equations (12.8.15)—(12.8.18), and (12.8.4), one gets a contradiction: Mol Aw? =0.

Hence the following statement holds.

Theorem 12.8.1. There do not exist any submanifolds M* in E® which are normally
flat, Ric-semiparallel, but not R-semiparallel, and whose distinguished principal
curvature vectors are collinear.

Of course, this theorem does not solve the extended Ryan’s problem in gen-
eral (i.e., without assuming the collinearity of the distinguished principal curvature
vectors): do there exist Ric-semiparallel but not R-semiparallel normally flat sub-
manifolds M* in E? The problem is open all the more so for general dimensions m
and n.

Remark 12.8.2. This extended Ryan’s problem was posed in [Lu 2002b], where The-
orem 12.8.1 was also proved.

12.9 R-Semiparallel but Not Semiparallel Normally Flat
Submanifolds of Codimension 2

The present chapter, and with it the book, will be concluded by considering the rela-
tionship between the semiparallel condition (12.7.3) and the R-semiparallel condition
(12.7.4) in the case of normally flat submanifolds.

It is known that every semiparallel submanifold is also R-semiparallel, i.e., intrin-
sically a semisymmetric Riemannian manifold (see Proposition 4.1.2; for normally
flat submanifolds, this follows from the implication (12.7.3) = (12.7.4)).

Now the following problem arises. Do there exist isometrically immersed
semisymmetric Riemannian manifolds which are not semiparallel as submanifolds?
For hypersurfaces, a positive answer can be deduced from the classification results in
[Ry 69] and [Sza 84]. In Chapter 10 of [BKV 96], a detailed analysis was given for
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hypersurfaces in E* which are intrinsically of conullity two. The existence of such
hypersurfaces of parabolic and hyperbolic types was proved, and the problem of their
local rigidity was studied.

This problem is investigated below in the case of normally flat submanifolds M™
in E™*2. It will be proved that there exist normally flat submanifolds M” in E"*2,
which are not semiparallel, but are intrinsically of conullity two of hyperbolic type.

As preparation, first consider a semiparallel M™ in E”*+2. By Proposition 5.1.3
and Remark 5.1.4, such an M™ is normally flat. Hence Theorems 5.5.1 and 5.6.1 can
be used here; they give the extrinsic characterization of such an M™ in E™*2,

The results can be summarized as follows.

Theorem 12.9.1. Let M™ be a semiparallel submanifold in E™+2.

(1) If M™ has only one nonzero principal curvature vector of multiplicity s, then

M"™ is

e fors =1, an envelope of a one-parameter family of m-dimensional planes,
thus intrinsically locally Euclidean;

e fors = m, a sphere, thus of positive constant curvature;

e for2 < s < m, aproduct of a round cone (or a round cylinder) and a plane;

e fors =2, asecond-order envelope of products S*(c) x E™~2, thus intrinsi-
cally a manifold of conullity two of the planar type.

(2) If M™ has two orthogonal nonzero principal curvature vectors of multiplicities

p and q, then M™ is

e for p = q = 1, an envelope with flat V of a two-parameter family of m-
dimensional planes, thus intrinsically locally Euclidean;

e forp > 1andq > 1, a product of two round cones of dimensions p + 1 and
q + 1 (possibly degenerated to round cylinders) and a plane;

e forp > 2andq = 1, an envelope of orthogonal type of a one-parameter
family of semiparallel submanifolds of part (1) above (where s is replaced by
p = s+ 1), thus intrinsically a product of a (p + 1)-dimensional elliptic cone
and an (m — p — 1)-dimensional locally Euclidean manifold, in general;

e for p=2andq = 1, a second-order envelope of products S*(c) x S'(c2) x
E™73 thus intrinsically a manifold of conullity two of the planar type.

Corollary 12.9.2. If a semiparallel submanifold M™ in E™*2 is intrinsically a Rie-
mannian manifold of conullity two, then it is of planar type.

Returning now to the above problem of existence of certain nonsemiparallel nor-
mally flat submanifolds, the following theorem can be proved.

Theorem 12.9.3. Among the nonsemiparallel normally flat submanifolds M™ in
E™2 there exist R-semiparallel M™ of conullity two whose Euclidean leaves of
codimension 2 are (m — 2)-dimensional planes in E™+2, and which are of hyper-
bolic type.

Proof. For such an M™, equations (12.7.4) hold with ¢ = 0, but not (12.8.1), i.e.,
(ki — kj){ki, kj) # O for at least one pair (7, j). After renumbering if needed, this
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gives (k1 — ka)(k1, k) # 0. Due to (12.7.4) (with ¢ = 0), all k3, ..., k;, must be
orthogonal to this nonzero vector.

The orthonormal frame of O(M™, E™*2) can be adapted further so that at an
arbitrary point x € M™, the unit normal vector e, is collinear to k; — k» # O.
Then

ki = Xemy1 +kemy2, ky=hoeny1 +kepy2,  ky = puemi2, (12.9.1)

where (A| — A2)(A1A2 + k%) # 0 and the index u € {3, ..., m).
Now (12.7.4) applied to the triples (1, u, 2) and (2, u, 1) leads to

Kpu(ada + k% = k1) =0, (12.9.2)
but, by (u, v, 1) and (u, v, 2), to
K (py — o) by = 0. (12.9.3)

It is sufficient to take here the subcase when p, = 0 for every value u €
{3,...,m)}. Then the given M" in E™*? is defined by the differential system

m+1 — w1n+2 =0

a) 9

mtl _ ml _ o 2 ml _
o] =Moo, o, =ho”, o, =0, (12.9.4)
a)'1"+2 ko', a)g’+2 =Kk, a)'u"+2 =0. (12.9.5)

The last equations of (12.9.4) and (12.9.5) give by exterior differentiation
ol Aol F 02 Ao’ =0, k(o) Ao + 0 Aw?) =0. (12.9.6)
Exterior differentiation of the first two equations (12.9.4) gives

(dh = kT A0 + (00 = M)t Aw® =1 Y oy Ae' =0, (129.7)

u

(A1 = 2)of Ao + (dh — kT AW —2a Z w2 A" =0,  (12.9.8)
u

and the first two equations (12.9.5) lead to

(dk + Ala),’;’ﬁ) Aol —k Za); Aot =0, (12.9.9)
u

(dk + )‘sz:i%) Aw? =k Za)g Ao =0. (12.9.10)
u

Suppose the essential codimension of M™ is two. Then by (12.8.1), x # 0, and
now the second equation (12.9.6) and Cartan’s lemma give

ol aua)] + bua)z, a)g = bua)l + eua)z, (12.9.11)

=
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and substitution into the first equation (12.9.6) leads to (A1 — X2)b, = 0, thus to
b, =0.

The differential system w! = w? = 0 is totally integrable, since dw' and dw?
vanish as algebraic consequences of the equations of this system. For the leaves
of the foliation defined by this system, one has dx = ), e,0", de, = Y, eywp;
hence these leaves are generating (m — 2)-planes. Analysis of the system of exterior
equations (12.9.6)—(12.9.10) shows that the characters here are s1 = 2m and 5o = 1,
and Cartan’s number Q = s; + 2s» = 2(m + 1) is equal to the number of new
coefficients after developing these exterior equations by Cartan’s lemma. Hence (see
[IL 2003], [BCGGG 91], [Ca 45], [Fin 48]) this M™ exists and depends on one
real analytic function of two real arguments. The generating (m — 2)-planes are
its Euclidean leaves, so that M™ is intrinsically of conullity two. Now equations
(12.9.11) are equations (11.1.2) with C, = b,, and since here b, = 0, comparison
with (11.1.2) shows that this M" is of the hyperbolic type in general, where ¢, # a,
for at least one value of u. This concludes the proof.

1

Corollary 12.9.4. There exist Riemannian manifolds M™ of conullity two, which
have an isometric immersion into E™*% as a normally flat, R-semiparallel, and
nonsemiparallel submanifold.

Indeed, by Corollary 12.9.2, a submanifold of Theorem 12.9.3 of hyperbolic type
cannot be semiparallel.

Remark 12.9.5. The last section of this book can be considered as a slight expansion
of Section 6 of [Lu 2002b]. Recall also that the case of hypersurfaces was analysed
in [Ry 69], [Sza 84], and [BKV 96] (Chapter 10), as already noted above.
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