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0

Introduction

Among Riemannian manifolds, the most interesting and most important for applica-
tions are the symmetric ones. From the local point of view, they were introduced
independently by P. A. Shirokov [Shi 25] and H. Levy [Le 25] as Riemannian mani-
folds with covariantly constant (also called parallel) curvature tensor fieldR, i.e., with

∇R = 0, (0.1)

where ∇ is the Levi-Civita connection [L-C 17]. An extensive theory of symmetric
Riemannian manifolds was worked out by É. Cartan in [Ca 26]. He showed that a
Riemannian manifold M has parallel R if and only if every point x has a normal
neirhbourhood such that all geodesic symmetries with respect to x are isometries.

If for each point x ∈ M there exists an involutive isometry sx of M for which x is
an isolated fixed point, then M is called a (globally) symmetric space. The closure of
the group of isometries generated by {sx : x ∈ M} in the compact-open topology is a
Lie group G that acts transitively on the symmetric space; hence the typical isotropy
subgroup H at a point of M is compact, and M = G/H .

The classical examples are connected complete Riemannian manifolds with con-
stant sectional curvature c, called space forms (see [Wo 72], Section 2.4).

Later, a similar development took place in the geometry of submanifolds in space
forms, where a fundamental role is played by the first (or metric) form g (as the
induced Riemannian metric) and the second fundamental form h. Besides the Levi-
Civita connection ∇, with ∇g = 0, a normal connection ∇⊥ is also defined. The
submanifolds with parallel fundamental form, i.e., with

∇̄h = 0, (0.2)

where ∇̄ is the pair of ∇ and ∇⊥, deserve special attention. Due to the Gauss identity,
each of them is intrinsically a locally symmetric Riemannian manifold.

The first result here was given by V. F. Kagan [Ka 48], who showed that in
Euclidean space E3, the surfaces with parallel h are open subsets of planes, round
spheres, and circular cylinders S1 × E1. All of these have nonnegative Gaussian

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
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2 0 Introduction

curvature. The surfaces of negative constant Gaussian curvature in E3 are there-
fore examples of submanifolds which are intrinsically locally symmetric, but have
nonparallel h.

The hypersurfaces with parallel h in En were determined by U. Simon and
A. Weinstein [SW 69]. Some new examples of surfaces with parallel h in E4 were
given by C.-S. Houh [Ho 72]: the Clifford tori S1×S1 and the Veronese surfaces. The
general theory of submanifolds Mm with parallel h in En was initiated by J. Vilms
[Vi 72], who showed, in particular, that each of them has totally geodesic Gauss
image. Normally flat submanifolds with parallel h in Euclidean spaces and spheres
were classified by R. Walden [Wa 73].

A properly developed theory was worked out by D. Ferus [Fe 74, 80]. He proved
that a submanifold Mm with parallel h in En has the property of local extrinsic sym-
metry, in the sense that every point has a neighborhood invariant under reflection of
En with respect to the normal subspace at this point; also conversely, an Mm with
this property has parallel h. This was proved in general, for Mm in a Riemannian
manifold Nn, by W. Strübing [St 79]. Therefore, the submanifolds with parallel h,
especially the complete ones, were called symmetric submanifolds by Ferus (and then
by others); here extrinsically was meant, but often not explicitly stated. The other
important result of Ferus was that a general symmetric submanifold in En reduces
to a product of irreducible symmetric submanifolds, each of which (except possi-
bly a Euclidean subspace) lies in a sphere, is minimal in it, and can be obtained as
the standard immersion of a Riemannian symmetric R-space. Conversely, each such
standard immersion gives a symmetric submanifold; and the products of these immer-
sions (possibly including a Euclidean subspace) exhaust all symmetric submanifolds
in En. These results gave a classification of such submanifolds in terms of special
chapters of the theory of Lie groups and symmetric spaces. All of these submanifolds
can be considered as symmetric orbits.

This classification was then extended to submanifolds with parallel h in space
forms by M. Takeuchi [Ta 81], who found it more suitable here to use the term
parallel submanifolds. This term has become more popular, especially when the
local point of view has been considered.

The theory of parallel submanifolds is concisely treated in recent monographic
works by B.-Y. Chen [Ch 2000] (Chapter 8), Ü. Lumiste [Lu 2000] (Sections 5–7),
and by J. Berndt, S. Console, and C. Olmos [BCO 2003] (Section 3.7: “Symmetric
submanifolds’’).

Already in the first investigations of symmetric Riemannian manifolds [Shi 25]
and [Ca 26], it was noted that these manifolds must also satisfy the integrability
condition

R(X, Y ) · R = 0 (0.3)

of the differential system ∇R = 0. (Here X and Y are tangent vector fields, and
R(X, Y ) is considered as a field of linear operators, acting on R.) Riemannian man-
ifolds with this point-wise condition were considered separately by É. Cartan in [Ca
46]. His investigations were continued by A. Lichnerowicz [Li 52, 58] and R. Couty
[Co 57]. The term semisymmetric for Riemannian manifolds M satisfying this con-
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dition was introduced by N. S. Sinyukov [Si 56, 62], who showed the importance
of this condition in the theory of geodesic mappings of Riemannian manifolds (see
[Si 79], Chapter 2, Section 3).

Afruitful impulse for investigations of manifolds of this class was given by K. No-
mizu in [No 68], who conjectured that all complete irreducible n-dimensional Rie-
mannian manifolds (n ≥ 3) satisfying R(X, Y ) · R = 0 are locally symmetric, i.e.,
that they must also satisfy ∇R = 0. This conjecture was supported by the result that
for a Riemannian manifold, ∇kR = 0 with k > 1 implies ∇R = 0, proved for the
compact case in [Li 58], and for the complete case in [NO 62]; and this is also valid
in general (cf. [KN 63], Vol. 1, Remark 7). However, Nomizu’s conjecture was even-
tually refuted. Namely, in [Ta 72] a hypersurface in E4 was constructed satisfying
R(X, Y ) · R = 0 but not ∇R = 0. A counterexample of arbitrary dimension was
given in [Sek 72].

Semisymmetric Riemannian manifolds were classified by Z. I. Szabó, locally, in
[Sza 82]. He showed that for every semisymmetric Riemannian manifold M , there
exists an everywhere dense open subset U of M , such that around every point of U ,
the manifold is locally isometric to a space that is the direct product of an open subset
of a Euclidean space and of infinitesimally irreducible simple semisymmetric leaves,
each of which is either (i) locally symmetric, or (ii) locally isometric to an elliptic,
a hyperbolic, a Euclidean, or a Kählerian cone, or (iii) locally isometric to a space
foliated by Euclidean leaves of codimension 2 (or to a two-dimensional manifold, in
the case dimM = 2).

These classification results of Szabó were presented briefly in the book [BKV 96],
whose main purpose was to summarize recent results on semisymmetric Riemannian
manifolds of subclass (iii); these are now called Riemannian manifolds of conullity
two, and may be considered the most interesting among semisymmetric Riemannian
manifolds.

Parallel submanifolds were likewise later placed in a more general class of sub-
manifolds, generalizing the parallel ones in the same sense as locally symmetric
Riemannian manifolds (i.e., with ∇R = 0) were generalized by semisymmetric Rie-
mannian manifolds (i.e., with R(X.Y ) · R = 0). Namely, the integrability condition
of the differential system ∇̄h = 0 is

R̄(X, Y ) · h = 0, (0.4)

where R̄ is the curvature operator of the connection ∇̄ = ∇⊕∇⊥, andX, Y are tangent
vector fields, as above. This condition in fact already came up in [Fe 74a] and then in
[BR 83]. The general concept of submanifolds in En satisfying (0.4) was introduced
by J. Deprez [De 85], who called them semiparallel. He proved that all of them
are, intrinsically, semisymmetric Riemannian manifolds and gave a classification of
semiparallel surfaces inEn. In [De 86], he also classified semiparallel hypersurfaces,
and in [De 89], summarized these first results.

The investigation of semiparallel submanifolds was continued by the author in
[Lu 87a, 88a, b, 89a–c, 90a–e], etc., then by F. Dillen in [Di 90b, 91b], [DN 93],
and A. C. Asperti in [As 93], [AM 94]. The first summaries were published in [Lu
91f] and then in the monographic article [Lu 2000a] (whose review in Mathematical
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Reviews (see [MR 2000j: 53071]) is concluded by A. Bucki as follows: “The author’s
contribution to the theory of submanifolds with parallel fundamental form with his
more than forty papers on the subject is colossal’’). Currently the monograph [Lu
2000a] is no longer completely up to date; several new results have been added to the
theory since then.

The present book will give a more complete survey of the theory of semiparallel
submanifolds and of some generalizations in space forms. Semiparallel submanifolds
are treated here mainly as second-order envelopes of symmetric orbits.

The book consists of twelve chapters. The first three chapters are preparatory in
character. In Chapter 1, the necessary background for subsequent chapters is given
using frame bundles (i.e., the Cartan moving frame method) and exterior differential
calculus, together with vector and tensor bundles. Basic facts from the theories of
space forms and of symmetric and semisymmetric Riemannian manifolds are covered.

In Chapter 2, the general theory of smooth submanifolds in space forms is devel-
oped. The second fundamental form h is introduced, together with its higher-order
generalizations, their fundamental identities, and the corresponding normal and os-
culating subspaces are covered. This is done by using orthonormal frames suitably
adapted to the submanifold.

In Chapter 3, the theory of parallel submanifolds is developed. Here the specifics
of their Gauss maps, their local extrinsic symmetry, Ferus’s decomposition theorem
and its connection with symmetric R-spaces are presented. The most important
examples of complete parallel submanifolds are also given: Segre, Plücker, and
Veronese submanifolds.

All of this is in preparation for the main subject, which is the investigation of
semiparallel submanifolds. These are introduced in Chapter 4, where some char-
acterizations for their class and several subclasses are given. It is emphasized that
(0.4) is a pointwise condition and therefore can be treated purely algebraically. The
decomposition theorem for semiparallel submanifolds is also dealt with in the same
manner. The analytic fact, that these submanifolds are characterized by the integrabil-
ity condition of the differential system (0.2) for parallel submanifolds, is interpreted
geometrically in the theorem from [Lu 90a], stating that every semiparallel subman-
ifold is a second-order envelope of parallel submanifolds; such envelopes are found
for Segre submanifolds, as examples (extending the result of [Lu 91a]).

Chapter 5 is devoted to normally flat semiparallel submanifolds. This class in-
cludes all semiparallel submanifolds of principal codimension 1, in particular hy-
persurfaces, and also semiparallel submanifolds of principal codimension 2 in space
forms of nonpositive curvature. Ageneral geometric description is given for normally
flat semiparallel submanifolds as immersed warped products of spheres.

Semiparallel submanifolds of low dimensions are considered in Chapters 6 (sur-
faces) and 7 (three-dimensional submanifolds). They are all classified; the sub-
manifolds of the most general class are described as second-order envelopes of
Veronese submanifolds. It is shown that each two-dimensional holomorphic Rie-
mannian manifold can be immersed isometrically into (pseudo-)Euclidean space of
dimension ≥ 7, as a surface of this most general class of semiparallel surfaces; but this
does not generalize to three dimensions. Some general classes of semiparallel three-
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dimensional submanifolds are investigated, consisting of second-order envelopes of
three-dimensional Segre submanifolds (logarithmic spiral tubes) and of products of
Veronese surfaces and plane curves of constant curvature.

In Chapter 8, the decomposition theorems are given: for general parallel and semi-
parallel submanifolds, for normally flat 2-parallel submanifolds, and for submanifolds
with flat van der Waerden–Bortolotti connection. Here the concept of main symmetric
orbit is introduced; this is a standardly imbedded symmetric R-space and is minimal
in some sphere. The most general semisymmetric submanifold in Euclidean space is
locally the second-order envelope of products of main symmetric orbits, some circles
and a plane. This is a consequence of the result of [Lu 90a] and of Ferus’s famous
results [Fe 80].

In Chapter 9, the concept of umbilic-like main symmetric orbit is introduced
and studied. A main symmetric orbit is said to be umbilic-like if every second-
order envelope of submanifolds congruent or similar to this orbit is a single such
orbit; a sphere is an elementary example. Here all known results about umbilic-
like main symmetric orbits are presented; the Segre orbits were already investigated
from this point of view in Section 4.6 (see Theorem 4.6.1). For the second-order
envelope of the family of these main orbits, a differential system is formulated, and
then investigated by Cartan’s method of differential prolongation. This investigation
for Plücker orbits, showing their umbilic-likeness, is carried out in detail. For the
other symmetric orbits of the Plücker action, the unitary orbits, this investigation is
technically very complicated; only the general scheme is given here and illustrated
completely for a model case. For them-dimensional Veronese orbit, it is shown that in

Euclidean space E
1
2m(m+3)+1, this orbit is not umbilic-like. For the other symmetric

orbit of the Veronese action, the Veronese–Grassmann orbit, its umbilic-likeness is
asserted, but space and technical complications preclude giving all the details. The
general scheme of proof is given, some essential intermediate results are obtained,
and the complete proof is illustrated for a model case.

In Chapter 10, it is proved first that a product of umbilic-like main symmetric orbits
in Euclidean space is also umbilic-like. This result gives the possibility of extending
the description of normally flat semiparallel submanifolds as warped products of
spheres to general semiparallel submanifolds, i.e., considering them also as warped
products.

Chapter 11 is devoted to semiparallel immersions of semisymmetric Riemannian
manifolds, and seeks answers to the problem: can such a manifold be immersed
isometrically as a semiparallel submanifold? The answer is positive for dimension
m = 2, as already shown in Chapter 6. The problem is investigated for dimensions
m > 2. First, it is proved that if an m-dimensional semiparallel submanifold in En is
generated by (m− 2)-dimensional planes, then it is intrinsically a Riemannian mani-
fold of conullity two of the planar type; the other types (i.e., hyperbolic, parabolic, or
elliptic type) are not possible. Also, for normally flat semiparallel submanifolds Mm

in En, it is shown that if such a submanifold is intrinsically of conullity two, then it is
of planar type. The same holds for all semiparallel three-dimensional submanifolds.
Therefore, it can be conjectured that perhaps this assertion is true in general. The
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chapter concludes with a theorem that makes this conjecture very plausible. At least, it
is certain that there exist semisymmetric Riemannian manifolds, namely of conullity
two, that cannot be immersed into Euclidean space as semiparallel submanifolds.

In Chapter 12, some generalizations are considered. First, the k-semiparallel sub-
manifolds for k > 1 are introduced and studied. Their relation to envelopes of order
k of some family of k-parallel submanifolds is investigated. It is proved that there
exist 2-semiparallel submanifolds that are nontrivial, i.e., not parallel and not locally
Euclidean; namely, every normally flat semiparallel submanifold (see Chapter 5)
turns out to be 2-semiparallel. However, the study of k-semiparallel (in particular
2-semiparallel) submanifolds is still in its initial phase; a complete classification is
given only for 2-semiparallel surfaces in space forms (see Section 12.3).

Two other generalizations, namely, the recurrent and the (recently introduced)
pseudoparallel submanifolds are discussed briefly in Section 12.4.

Some generalizations have been made by extending the semiparallel condition
from the second fundamental formh to some tensor fields (including mixed fields) that
are derived from h and the metric form g by some tensor calculus operations. Results
of V. Mirzoyan are presented, where the idea of enveloping by corresponding parallel
submanifolds is used. These results are illustrated with examples involving surfaces
with parallel or semiparallel mean curvature vector field, or normal curvature tensor
field, or Ricci tensor field, etc. Hypersurfaces with semiparallel Ricci tensor field are
studied in particular, mainly in connection with the famous Ryan’s problem: do there
exist any hypersurfaces Mm in Em+1 with semiparallel Ricci tensor field, that are
not intrinsically semisymmetric Riemannian manifolds? It is shown that Mirzoyan’s
classification result in [Mi 99] covers all known results about this problem, including
an affirmative answer for dimension m ≥ 5 (see [Lu 2002b]). Some special results
about the extended Ryan’s problem for normally flat submanifolds are also given.
The book concludes with a proof that, among the submanifolds of codimension 2 in
En, there exist normally flat submanifolds that are intrinsically semisymmetric but
not semiparallel. This gives additional support to the conjecture stated above (cf.
Chapter 11).

The author is grateful to the Estonian Science Foundation for support during the
research work; results are summarized in this book. He also expresses his sincere
gratitude to Jaak Vilms for valuable help with editing the text of the book and to
grandson Imre for technical assistance.

July 2007 Ülo Lumiste
University of Tartu, Estonia
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Preliminaries

1.1 Real Spaces with Bilinear Metric

Let A be a point set and G a group with identity element e. A map A × G → A,
(x, g) �→ x ◦ g with x ◦ e = x, (x ◦ g1) ◦ g2 = x ◦ (g1g2) defines a (right) action
of the group G on A, also called a (right) G-action on A. One also says that G acts
on A as a transformation group. The action is effective if e ∈ G is the only element
of G with the property: x ◦ g = x for arbitrary x ∈ A; transitive, if for every two
x1, x2 ∈ A there exists an element g ∈ G, so that x2 = x1 ◦ g; simply transitive, if
this g is unique for every (x1, x2) ∈ A × A.

The set Hx = {h ∈ G | x ◦ h = x} is a subgroup of G, called the isotropy
subgroup of x ∈ A. Obviously Hx◦g = g−1Hxg.

The set Gx = {y ∈ A | ∃g, y = x ◦ g} is called the orbit of x under the G-action
on A. The orbits are equivalence classes: x1 ∼ x2 ⇔ ∃g ∈ G, x2 = x1 ◦ g. They
form the factor set of this equivalence, called the orbit set. AG-action on A induces
a transitive G-action on every orbit. Obviously, transitivity of the G-action means
that there is only one orbit.

Let G be the additive group of vectors of an n-dimensional real vector space V n

and let there be given an effective transitive and simply transitive action of this G on
A. This means that

1. if x ∈ A, v ∈ V n, there exists y = x ◦ v ∈ An (one also denotes this by v = 
xy),
2. (x ◦ v) ◦ w = x ◦ (v + w) = x ◦ (w + v) = (x ◦ w) ◦ v (i.e., if 
xy = 
wz, then


xw = 
yz),
3. for x, y ∈ A there exists a unique v ∈ V n so that v = 
xy.

Then A is called a real n-dimensional affine space, denoted by An, and V n is said to
be the vector space of An.

Let T be an m-dimensional vector subspace of V n. The above action of V n on
An induces an action of T on An. Every orbit of the latter action is called an m-
dimensional affine subspace of An, or briefly, an m-plane in An. Intrinsically it is
an m-dimensional affine space, and T is called the direction vector subspace of this
m-plane.

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_2, © Springer Science+Business Media, LLC 2009 
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Let V n ×V n → R, (v1, v2) �→ 〈v1, v2〉 be a nondegenerate bilinear form, called
a bilinear metric or, equivalently, a scalar product. Two vectors v1 and v2 are said
to be orthogonal, if 〈v1, v2〉 = 0. This is denoted by v1⊥v2.

If T is an m-dimensional vector subspace of V n and the scalar product induces
a nondegenerate bilinear form on it, then T is called a regular subspace, otherwise
a singular subspace. For a regular subspace T the set T ⊥ = {v | v⊥w for every
w ∈ T } is also a regular subspace, called the orthogonal complement of T ; here
V n = T ⊕ T ⊥, thus T ⊥ is (n − m)-dimensional.

A real n-dimensional affine space An whose vector space V n is equipped with a
scalar product as above is called a space with bilinear metric. If the scalar product
is symmetric, i.e., 〈v1, v2〉 = 〈v2, v1〉 for arbitrary (v1, v2) ∈ V n × V n, the space is
called (pseudo-)Euclidean space sE

n; here s is the number of negative coefficients
in the canonical representation of the quadratic form 〈v, v〉. In particular, if this
form is positive definite, then the space is Euclidean space En(= 0E

n), otherwise
pseudo-Euclidean space sE

n, s > 0 (as is seen, in the latter case without the round
brackets around “pseudo-’’).1 In particular, 1E

n is Lorentz space, for n = 4 also
called Minkowski space, the spacetime of the special relativity theory.

An m-plane in sE
n is said to be regular if its direction vector subspace is regular,

otherwise it is said to be singular, in particular isotropic, if the scalar product vanishes
identically.

In pseudo-Euclidean space sE
n a regular m-plane can be Euclidean or pseudo-

Euclidean. In relativity theory, especially the case s = 1, such m-planes are also
called, correspondingly, spacelike or timelike, and a singular m-plane is called light-
like.

In general, if the bilinear form is not nondegenerate but is symmetric, then An

is called a semi-Euclidean space; for instance, every singular m-plane in pseudo-
Euclidean space sE

n is an example of such a semi-Euclidean space.

1.2 Moving Frames

Let An be a real affine space with vector space V n. Let ε0 = (e0
1, . . . , e

0
n) be a basis

of V n and o a point of An. The pair (o, ε0) is called a frame of An with origin o

and basis vectors e0
I , I ∈ {1, . . . , n}. Every basis ε0 determines an isomorphism

V n → R
n, v �→ (v1, . . . , vn) with v = vI e0

I . (Henceforth the Einstein summation
convention is used, that is, the right-hand side actually means that

∑n
I=1 v

I e0
I =

v1e0
1 + · · · + vne0

n.) Every frame determines a homeomorphism An → R
n, x �→

(x1, . . . , xn) with 
ox = xI e0
I .

Considering the set of all frames (x, ε) of An one defines a (right) action of the
general linear group GL(n,R) (i.e., the multiplicative group of all real nonsingular
n×n-matrices A = (AJ

I )) on this set by (x, ε) ◦A = (x, εA); here εA is the product

1 Note that some authors use slightly different terminology, e.g., in [Ra 53] (pseudo-)Euclid-
ean spaces are called Euclidean, Euclidean spaces are called properly Euclidean; in [KN 63,
69] pseudo-Euclidean spaces are called indefinite Euclidean.
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of 1 × n- and n × n- matrices ε and A, i.e., (εA)I = eJA
J
I . This introduces on this

set a principal bundle structure with base An and structural group GL(n,R) (see [KN
63], Chapter I, Section 5). Every fibre (i.e., orbit of the action) is the set of all frames
having the same origin x. This principal bundle is called the frame bundle of An and
realizes the idea of a moving frame of É. Cartan (an arbitrary element of this bundle
is considered here as a moving frame in An; see [IL 2003]).

With respect to a fixed frame ε0, every moving frame ε in An is determined by
the coordinates xI of its origin x, according to 
ox = xI e0

I , and by the elements XJ
I

of the matrix in eI = e0
JX

J
I , where I, J, · · · ∈ {1, . . . , n}.

Note that the differential d( 
ox) does not depend on the choice of the origin o,
because 
́ox and 
ox differ only by the constant vector 
oó. Therefore, d( 
ox) can be
denoted simply by dx. Also, the point x ∈ An can be identified with its radius vector

ox from the fixed origin o.

One can calculate
dx = eIω

I , deI = eJω
J
I , (1.2.1)

where

ωI = (X−1)IJ dx
J , ωJ

I = (X−1)KI dX
J
K , (X−1)KJ X

J
I = δKI . (1.2.2)

The formulas (1.2.1) are called the infinitesimal displacement equations of the moving
frame. The differential 1-forms (1.2.2), called the infinitesimal displacement 1-forms,
satisfy the equations

dωI = ωJ ∧ ωI
J , dωJ

I = ωK
I ∧ ωJ

K , (1.2.3)

which are obtained by exterior differentation from (1.2.1) (see [Ste 64], Chapter III,
Section 1; [IL 2003], Section B.2) and thus are necessary and sufficient conditions for
the complete integrability of (1.2.1). Here (1.2.3) are called the structure equations
of An.

In a real space with bilinear metric one can introduce for every frame the matrix
g = (gIJ ), where gIJ = 〈eI , eJ 〉. By differentiation, one obtains the relation

dgIJ = gKJω
K
I + gIKω

K
J . (1.2.4)

If the space is sE
n, the frame bundle can be reduced to the principal bundle of

orthonormal frames, characterized by gIJ = ǫI δIJ , where ǫI is −1 for s values of
I and 1 for the remaining n − s values of I , and δIJ is the Kronecker delta. The
structural group of the above bundle is the pseudo-orthogonal group sO(n,R); in the
cases s = 0, s = 1, and s = n−1, respectively, this is the orthogonal group O(n,R),
and the Lorentz groups 1O(n,R) and n−1O(n,R) (the last two are isomorphic; see
[Wo 72], Section 2.4).

For the bundle of orthonormal frames, the relation (1.2.4) reduces to

εJω
J
I + εIω

I
J = 0 (no sum!). (1.2.5)

In the case of En, i.e., when s = 0, the matrix ωJ
I is skew-symmetric and gives

an arbitrary element of the Lie algebra of the orthogonal group O(n,R). For 1E
n,

when s = 1, one obtains the same for the Lorentz group 1O(n,R).
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1.3 (Pseudo-)Riemannian Manifolds

The (pseudo-)Euclidean space sE
n is a special case of the more general concept of

a (pseudo-)Riemannian manifold sN
n. This is a real n-dimensional differentiable

manifold with a smooth field g of symmetric scalar products in the tangent vector
spaces. Here the constant natural number s has the same meaning as in sE

n. For a
local section

(x, ε) = (x; e1, . . . , en)

of the frame bundle on sN
n and two tangent vector fields, X = eIX

I and Y =
eJY

J , one has 〈X, Y 〉 = gIJX
IY J , where gIJ = 〈eI , eJ 〉 are the components

of the metric tensor field on sN
n, denoted also by g. In the particular case when

〈X,X〉 is positive definite, the (pseudo-)Riemannian manifold Nn(= 0N
n) is called

a Riemannian manifold, otherwise, a pseudo-Riemannian manifold (cf. footnote 1).
A linear connection ∇ on a (pseudo-)Riemannian manifold (see, e.g., [KN 63],

Chapter III), which has the property that g is covariantly constant with respect to ∇,
i.e., ∇g = 0, is called a (pseudo-)Riemannian (in particular Riemannian, or pseudo-
Riemannian) connection. Componentwise, the last condition is

∇gIJ ≡ dgIJ − gKJω
K
I − gIKω

K
J = 0, (1.3.1)

where ω = (ωJ
I ) is the matrix field of connection 1-forms of ∇. It is well known that

every (pseudo-)Riemannian manifold has a unique (pseudo-)Riemannian connection
∇ without torsion, called the Levi-Civita connection.2

The elements {ωI } of the coframe bundle on sN
n and the connection 1-forms ωJ

I

of the Levi-Civita connection satisfy the structure equations

dωI = ωJ ∧ ωI
J , dωJ

I = ωK
I ∧ ωJ

K + �J
I , (1.3.2)

where
�J
I = −RJ

I,KLω
K ∧ ωL (1.3.3)

are the curvature 2-forms of the Levi-Civita connection ∇. Here the coefficients
RJ
I,KL are the components of the curvature tensor field R of ∇. By exterior differen-

tiation of (1.3.1), one obtains via (1.3.2) the equality

�IJ + �J I = 0, (1.3.4)

where �IJ = gIP�
P
J = −RIJ,KLω

K ∧ ωL and so RIJ,KL = gIPR
P
J,KL. Then

exterior differentiation of (1.3.2) yields the relations

ωJ ∧ �I
J = 0, d�J

I = �J
K ∧ ωK

I − ωJ
K ∧ �K

I , (1.3.5)

2 In some recent books, e.g., [Pe 98], historical terminology is disregarded and the Levi-
Civita connection is called simply the (pseudo-)Riemannian connection. Sometimes these
two terms are considered as equivalent, and then the (pseudo-)Riemannian connection as
defined above is called the metric connection (see, e.g., [KN 63], Chapter IV; also [Li 55],
Section 52; [He 62], Chapter I, Section 9).
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which are equivalent to the identities

RI
J,KL + RI

K,LJ + RI
L,JK = 0, ∇PR

I
J,KL + ∇KR

I
J,LP + ∇LR

I
J,PK = 0 (1.3.6)

(the Bianchi identities), where (∇PR
I
J,KL)ω

P = ∇RI
J,KL and

∇RI
J,KL = dRI

J,KL − RI
P,KLω

P
J − RI

J,PLω
P
K − RI

J,KPω
P
L + RP

J,KLω
I
P . (1.3.7)

The first identities (1.3.6) and the consequences RIJ,KL + RJ I,KL = 0 from
(1.3.4) imply

RIJ,KL = RKL,IJ . (1.3.8)

A(pseudo-)Riemannian manifold sN
n of dimension n > 2 is said to be a manifold

of constant curvature if its curvature forms can be represented as�J
I = cgIKω

J ∧ωK .
Then from (1.3.5) it follows that dc∧ωJ ∧ωK = 0, and since dc = cIω

I this gives
cIω

I ∧ ωJ ∧ ωK = 0. Due to the supposition n > 2, for every value of I there
exist values of J and K such that ωI ∧ ωJ ∧ ωK �= 0. Therefore, cI = 0, and thus
c = const. This constant c is called the curvature of such a sN

n (cf. [Wo 72], 2.2.7).
The structure equations for a Riemannian manifold of constant curvature c are,

due to (1.3.2),

dωI = ωJ ∧ ωI
J , dωJ

I = ωK
I ∧ ωJ

K + cgIKω
J ∧ ωK . (1.3.9)

1.4 Standard Models of Space and Spacetime Forms

The space sE
n is the simplest n-dimensional (pseudo-)Riemannian manifold of zero

curvature.
A connected complete Riemannian manifold of constant curvature c is called a

space form (see [Wo 72], Section 2.4). Their standard models, denoted by Nn(c), are
as follows:

• for c = 0, the Euclidean space En,
• for c > 0,

Sn(c) = {x ∈ En+1 | 〈 
ox, 
ox〉 = r2},
which is the sphere with a real radius r = 1/

√
c and with center at the origin o,

• for c < 0, a connected component of

H n(c) = {x ∈ 1E
n+1 | 〈 
ox, 
ox〉 = −r2},

which is the sphere in Lorentz space 1E
n+1 with imaginary radius r = i/

√|c|
and with center at the origin o.

Note that H n(c) consists of two connected components, each of which is a hy-
perbolic (or Lobachevsky–Bolyai) space.
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The Minkowski space 1E
4 (the special case of Lorentz space for n + 1 = 4),

which is the spacetime of the special relativity theory, is a simple case of pseudo-
Riemannian space sN

n of constant curvature c, namely, the case of s = 1, n = 4,
c = 0.

In general a connected complete pseudo-Riemannian space sN
n of constant cur-

vature c is called a spacetime form and is denoted by sN
n(c). The standard models

are sE
n and the connected components of sSn(c) and sH

n(c), where the latter two are
defined similarly to Sn(c) and H n(c), with En+1 and 1E

n+1 replaced, respectively,
with sE

n+1 and s+1E
n+1 (see [Wo 72], Section 2.4).

Here the special cases are de Sitter spacetime sS
n(c) and anti-de Sitter spacetime

sH
n(c), which for n = 4 and s = 1 (resp. s = 2) are the simplest nonflat spacetime

models for general relativity theory (see [HE 73], [PR 86]).
The moving frame bundle of σE

n+1, where σ is s or s + 1, can be adapted to a
standard (pseudo-)Riemannian model sNn(c) as follows.

For every frame it is supposed that

(1) x ∈ sN
n(c), i.e., 〈 
ox, 
ox〉 = c−1 = const,

(2) en+1 ‖ 
ox, i.e., en+1 = −√|c| 
ox and therefore gn+1,n+1 = 〈en+1, en+1〉 =
|c|c−1 = sign c,

(3) e1, . . . , en are orthogonal to en+1, therefore tangent to sN(c), so that gI,n+1 = 0
(I = 1, . . . , n).

Differentiation of the equality in (1) gives 〈dx, en+1〉 = 0; henceωn+1 = 0. Similarly
from the equalities in (2) and (3) one obtains

ωn+1
n+1 = 0, ωI

n+1 = −
√

|c|ωI , ωn+1
I = sign c

√
|c|gIKωK , (1.4.1)

where I, J, . . . are in {1, . . . , n} and the last relation holds due to (1.2.4) and the
equality in (3).

For such a frame bundle adapted to sN
n(c), the relations (1.2.1) and (1.2.3) imply

(writing them for dimension n + 1 and using (1.4.1)) that

dx = eIω
I , deI = eJω

J
I − xcgIKω

K , (1.4.2)

dωI = ωJ ∧ ωI
J , dωJ

I = ωK
I ∧ ωJ

K + cgIKω
J ∧ ωK , (1.4.3)

where now I, J, · · · ∈ {1, . . . , n} and (1.2.4) hold. Recall that the radius vector 
ox
from the center o of the sphere sS

n(c) (resp. sH n(c)) is being denoted here simply
by x, and so 〈dx, dx〉 = gIJω

IωJ .
For the (pseudo-)Euclidean space sE

n ⊂ sE
n+1 one must take en+1 = const.

This leads to the particular case of the formulas (1.4.2) and (1.4.3), obtained by c = 0
(and thus to (1.2.1) and (1.2.3)). So the formulas above are universal for all standard
models of space and spacetime forms.

Remark 1.4.1. The standard models of spacetime forms sN
n(c) can also be treated

by means of projective geometry as follows.
Every such model lies in σE

n+1 with fixed origin at the center of the model
sN

n(c); here σ = s or s + 1. There is a one-to-one correspondence between R
n+1
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and σE
n+1. The projectivization of R

n+1 gives the real projective space P n(R) and
then the asymptotic cone of sN

n(c) gives the absolute quadric sQ
n−1 ⊂ P n(R),

which determines the projective metric of curvature c. Two vectors of σE
n+1 are

orthogonal iff the corresponding points of P n(R) are polar with respect to sQ
n−1.

The q-dimensional totally geodesic submanifolds of sNn(c) (the q-dimensional great
spheres) can then be interpreted as projective q-planes of P n(R). This simplifies the
understanding of the geometry of sN

n(c) and will be used often below. Note that a
projective q-plane is the intersection of the model sphere sN

n(c)with a (q+1)-plane
through the origin in σE

n+1.

1.5 Symmetric (Pseudo-)Riemannian Manifolds

A vector field X = eIX
Ion a (pseudo-)Riemannian manifold sN

n is said to be
parallel along a curve in sN

n, if ∇X = 0 on this curve, where ∇X = eI (∇XI ) and
∇XI = dXI + XJωI

J . A curve in sN
n is a geodesic if its tangent vector field is

parallel along the curve. It is well known that a geodesic with nonzero arclength s,
defined by ds2 = gIJω

IωJ , is locally a curve of stationary length between any two
of its points.

A (pseudo-)Riemannian manifold sN
n is said to have parallel curvature tensor

fieldR if ∇R = 0 on sN
n, or more explicitly, if ∇RI

J,KL = 0 (i.e., if (0.1) is satisfied),
where the left side is defined by (1.3.7).

Let Ux0 be a normal neighborhood of a point x0 ∈s N
n, i.e., every point x ∈ Ux0

is connected to x0 by only one geodesic of sNn which lies in Ux0 . Suppose this curve
to be nonisotropic (i.e., with nonzero arclength) and take on it the point x′, which is
at the same real or imaginary distance from x0 as x, but on the other side, one gets the
geodesic symmetry map with respect to x0. A pseudo-Riemannian manifold sN

n is
locally symmetric if each of its points x0 has a normal neighborhood whose geodesic
symmetry map with respect to x0 is an isometry.

É. Cartan proved the following relationship between these properties (also in the
more general case of affinely connected manifolds).

Theorem 1.5.1 ([Ca 26] and [He 62], Chapter IV, Section 1). A (pseudo-)Riemann-
ian manifold sN

n is locally symmetric if and only if its curvature tensor field R is
parallel on sN

n.

A Riemannian manifold Nn is said to be globally symmetric if every point x0 is
an isolated fixed point of an involutive isometry sx0 ofNn; here involutive means that
s2
x0

= Id. It follows that x0 has a normal neighborhood on which sx0 is a geodesic sym-
metry map (see [He 62], Chapter IV, Section 3). Thus a globally symmetricNn is also
locally symmetric, and vice versa, every complete simply connected locally symmet-
ric Riemannian manifold is globally symmetric (see [He 62], Chapter IV, Section 5).
More generally, for every point x0 of a locally symmetric Riemannian manifold Nn

there exist a globally symmetric Riemannian manifold Ñn, an open neighborhood
Ux0 of x0 in Nn, and an isometry ϕ mapping Ux0 onto an open neighborhood of the
point ϕ(x0) in Ñn.
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The manifold Ñn is diffeomorphic to the homogeneous space G/K , where G is
the identity component of the Lie group of isometries of Ñn and K is the compact
subgroup of isometries with fixed point x0; the diffeomorphism G/K → Ñn is given
by gK �→ g ◦ x0, g ∈ G (see [He 62], Chapter IV, Section 3).

In turn, let G be a connected Lie group, K a closed subgroup with compact
AdG(K), and γ an analytic automorphism of G such that (Kγ )0 ⊂ K ⊂ Kγ , where
Kγ is the set of fixed points of γ and (Kγ )0 is its identity component. Then for
every G-invariant Riemannian structure on G/K this G/K is a globally symmetric
Riemannian manifold (see [He 62], Chapter IV, Section 3). In this case (G,K) is
called a Riemannian symmetric pair.

These results reduce the study of globally symmetric Riemannian manifolds Ñn

to the study of Riemannian symmetric pairs (G,K) by means of Lie group theory.

Remark 1.5.2. In general, symmetric pseudo-Riemannian manifolds have not been
studied so thoroughly as the Riemannian ones. É. Cartan [Ca 26] had noted that these
types of manifolds with solvable isometry group exist. The case of dimension 4 was
then studied in [Wal 46] and [Wal 50] (see also [Ab 71]). In [Ro 49b], [Fed 56], [Fed
59] symmetric pseudo-Riemannian manifolds with simple groups of isometries were
classified; in [Be 57] the case of semisimple groups was also included. The classifi-
cation problem for four-dimensional symmetric Einsteinian spaces with Lorentzian
signature and of the first type was solved by A.Z. Petrov [Pe 66]. In [CML 68], all
symmetric four-dimensional spaces of signature ±2 were listed. A complete classifi-
cation of the spaces of signature 2 with solvable transvection group was given in [CP
70]; see also [Ast 73].

Example 1.5.3. Comparing the structure equations (1.3.2) and (1.4.3), one sees that
for the standard models sN

n(c) of spacetime forms the curvature 2-forms are

�J
I = cgIKω

J ∧ ωK , c = const.

Thus RJ
I,KL = −cgIKδ

J
L. From (1.2.4) ∇gIK = 0; also ∇δJL = dδJL − δJPω

P
L +

δPLω
J
P = 0, and this leads to ∇RJ

I,KL = 0. Hence, every sN
n(c) is a locally symmetric

(pseudo-)Riemannian manifold; actually it is also globally symmetric (see [Wo 72],
Chapter 11).

Example 1.5.4. The manifold of allq-dimensional vector subspaces of ap-dimension-
al real vector space R

p is called the Grassmann manifold and denoted by G(q,Rp)

(see, e.g., [Sha 88], Chapter 1, Section 4). Let a pseudo-Euclidean metric of index
k be given in R

p by the metric tensor gλµ and consider the manifold of all regular
q-dimensional vector subspaces of index l. This manifold is called the Grassmann
manifold of regular subspaces and is denoted by l,kG

q,p.
For an element of l,kG

q,p considered as a subspace, the orthonormal basis {eλ}
in R

p (1 ≤ λ ≤ p) can be chosen so that ea and eu (1 ≤ a ≤ q; q + 1 ≤ u ≤ p) are
vectors belonging to this subspace and to its orthogonal complement, respectively.
Thus the subspace is determined by the simple q-vector e1 ∧ e2 ∧ · · · ∧ eq .

Let ∧q(Rp) be the space of antisymmetric (q, 0)-tensors (see [Ste 64], Chapter I,
Section 4). This∧q(Rp) is a vector space, for which the simpleq-vectors eλ1∧· · ·∧eλq
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with λ1 < · · · < λq form a basis. From the infinitesimal displacement equations
(1.2.1) it follows that

d(e1 ∧ e2 ∧ · · · ∧ eq) =
∑

a,u

(e1 ∧ · · · ∧ ea−1 ∧ eu ∧ ea+1 ∧ · · · ∧ em)ω
u
a , (1.5.1)

because for an orthonormal basisωa
a = 0 (no sum; see (1.2.5)), so that the 1-formsωu

a

play the role of ωI in the first formula of (1.2.1). Now the argument used in [Lu 92a],
[Maa 74] can be applied. There it is shown that the pseudo-Riemannian structure on
l,kG

q,p is given by
ds2 = gabguvω

u
aω

v
b,

where 1 ≤ a, b ≤ q; q + 1 ≤ u, v ≤ p (see also [Ha 65]) and that it is Einstein
of constant scalar curvature; for k = l = 0 this is established in [Le 61]. Thus ωu

a

generates a moving coframe on l,kG
q,p and for this the first structure equations (1.3.2)

must hold. On the other hand,

dωu
a = ωb

a ∧ ωu
b + ωv

a ∧ ωu
v = ωv

b ∧ (−ωb
aδ

u
v + δbaω

u
v ),

so that the role of ωI
J in (1.3.2) is played by the 1-forms in the last parentheses above.

Since dωI
J is now

d(−ωb
aδ

u
v + δbaω

u
v ) = −(ωc

a ∧ ωb
c + ωw

a ∧ ωb
w)δ

u
v + δba(ω

c
v ∧ ωu

c + ωw
v ∧ ωu

w)

and ωK
J ∧ ωI

K is

(−ωb
cδ

w
v + δbcω

w
v ) ∧ (−ωc

aδ
u
w + δcaω

u
w) = −ωc

a ∧ ωb
cδ

u
v + ωw

v ∧ ωu
wδ

b
a ,

the curvature 2-forms �I
J in (1.3.2) for l,kG

q,p are

−ωw
a ∧ ωb

wδ
u
v + δbaω

c
v ∧ ωu

c .

Now (1.2.5) implies that ωb
w = −εbεwω

w
b , so that these curvature 2-forms are

(δdag
bcgwxδ

u
v − δbag

cdgvwδ
u
x )ω

w
d ∧ ωx

c ,

where gbc = εbδ
bc, gvw = εvδvw, etc., and the indices w, x and c, d run through

the same values as u, v and a, b, respectively. The reduced coefficients are the
components of the curvature tensorRI

J,KL of l,kGq,p. This and the above expressions

forωI
J imply that for the pseudo-Riemannian connection ∇G of l,kGq,p the equations

∇GRI
J,KL = 0 hold (cf. (1.3.7)).

Consequently, the following statement holds.

Theorem 1.5.5. The Grassmann manifold l,kG
q,p of regular subspaces is a locally

symmetric pseudo-Riemannian manifold, which is Einstein of constant scalar curva-
ture.
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In the particular case q = 2, this l,kG
2,p is called the Plücker manifold .

The same conclusion also holds for k = 0 (thus also l = 0); then “pseudo-’’
is to be omitted and the corresponding Grassmann manifold is denoted simply by
Gq,p. A projective space treatment of most of these results for Grassmann manifolds
with polar normalization can be found in [AG 96], Chapter 6, Section 6.6; see also
[Ro 49a].

Grassmann manifolds are also globally symmetric, as shown in [Wo 72] (for the
Riemannian case, see Section 9.2, where a corresponding Riemannian symmetric pair
is used; for the pseudo-Riemannian case, cf. Section 12.2).

Remark 1.5.6. Some generalizations of symmetric Riemannian spaces have been
made by Fedenko [Fed 77] and Kowalski [Kow 80]. In [KoK 87] Kowalski’s ap-
proach is transferred to the geometry of submanifolds Mm in En; in [CMR 94] the
same is for Mm in Nn(c).

Another generalization is made by Deszcz in [Des 92] and for submanifolds in
[ALM 99, 2002], [LT 2006] (see Section 12.4).

1.6 Semisymmetric (Pseudo-)Riemannian Manifolds

According to Theorem 1.5.1 the class of locally symmetric pseudo-Riemannian man-
ifolds is analytically characterized by the system of differential equations ∇R = 0
for the components of the curvature tensor field R (cf. with (0.1)). More explicitly,
due to (1.3.7) this system is

dRI
J,KL − RI

P,KLω
P
J − RI

J,PLω
P
K − RI

J,KPω
P
L + RP

J,KLω
I
P = 0. (1.6.1)

The integrability condition of this system can be obtained by exterior differentiation,
using the structure equations (1.3.2), which leads to the equations

RI
P,KL�

P
J + RI

J,PL�
P
K + RI

J,KP�
P
L − RP

J,KL�
I
P = 0. (1.6.2)

Replacing�P
J with the expressionsRP

J,QSω
Q∧ωS given in (1.3.3), and collecting the

terms before ωQ∧ωS , one obtains a system of purely algebraic (quadratic) equations
for the components ofR. Contracting the left sides of these equations with coordinates
of two linearly independent tangent vectors X = eQX

Q, Y = eSY
S and considering

RP
J,QSX

QY S = RP
J (X, Y ) as the entries of the matrix of a linear operator R(X, Y )

acting on R, this algebraic system can be written concisely as (cf. with (0.3))

R(X, Y ) · R = 0. (1.6.3)

The system (1.6.2), or the equivalent system (1.6.3), was already found as the
integrability condition of (1.6.1) in the first investigations by P. A. Shirokov and
É. Cartan about symmetric spaces (see [Shi 25], [Ca 26]). A natural generalization of
these spaces was considered by É. Cartan, who in [Ca 46] introduced the Riemannian
manifolds satisfying (1.6.3). His investigations were continued by A. Lichnerowicz
[Li 52], [Li 58] and R. Couty [Co 57].
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What follows is a short survey of the results about the Riemannian manifolds sat-
isfying (1.6.3). More detailed information can be found in the monograph [BKV 96].

The term semisymmetric for manifolds satisfying the condition (1.6.3) was intro-
duced by N. S. Sinyukov [Si 56, 62], who showed the importance of this condition
in the theory of geodesic mappings of Riemannian manifolds (see [Si 79], Chapter 2,
Section 3).

Afruitful impulse for investigations of manifolds of this class was given by K. No-
mizu, who in [No 68] conjectured that all complete, irreducible n-dimensional Rie-
mannian manifolds (n ≥ 3) satisfying R(X, Y ) · R = 0 are locally symmetric, i.e.,
they also satisfy ∇R = 0. This conjecture was supported by the result that for a
Riemannian manifold ∇kR = 0 yields ∇R = 0, which was proved for the compact
case in [Li 58] and for the complete case in [NO 62] (and it is also valid in general; cf.
[KN 63], Vol. 1, Remark 7). However, Nomizu’s conjecture was eventually refuted.
Namely, in [Ta 72] a hypersurface in E4 was constructed satisfying R(X, Y ) ·R = 0
but not ∇R = 0; and a counterexample of arbitrary dimension was given in [Sek 72].
Nevertheless, by adding some further conditions to R(X, Y ) · R = 0, the conjecture
becomes true; such additional conditions were given in [ST 70], [Tan 71], [Fu 72].
For instance, it is shown in these papers that it suffices to add ∇C = 0, S = const,
where C is the tensor of conformal curvature and S is the scalar curvature (cf. also
[Sek 75], [Sek 77]).

For pseudo-Riemannian manifolds the term semisymmetric was used (for the case
of Lorentzian signature) by V. R. Kaigorodov [Kai 78] in the course of investigations
on the curvature structure of spacetime (cf. also [Kai 83]).

Let a (pseudo-)Riemannian space be a direct product of the same kind of spaces.
Then the frame bundle can be adapted so that the basis vectors are successively tangent
to the mutually orthogonal components of the product. Then RI

J,KL are zero if two
of the indices I, J,K,L are indices of basis vectors tangent to different components.
A straightforward calculation shows that if (1.6.2) is satisfied for every component,
then it is also satisfied for the direct product. The same holds if (1.6.2) replaced by
∇R = 0, i.e., by (1.6.1). Thus the direct product of semisymmetric (resp. symmetric)
(pseudo-)Riemannian manifolds is a semisymmetric (resp. symmetric) (pseudo-)Rie-
mannian manifold.

The local classification of semisymmetric Riemannian manifolds was given by
Z. I. Szabó, locally in [Sza 82] and then globally in [Sza 85]. First he proved by
means of the infinitesimal or the local holonomy group that for every semisymmetric
Riemannian manifold Mm there exists a dense open subset U such that around the
points ofU the manifoldMm is locally isometric to a direct product of semisymmetric
manifoldsM0×M1×· · ·×Mr , whereM0 is an open part of a Euclidean space and the
manifolds Mi , i > 0, are infinitesimally irreducible simple semisymmetric leaves.
Here a semisymmetric M is called a simple leaf if at each of its points x the primitive
holonomy group determines a simple decomposition TxM = V

(o)
x +V

(1)
x , where this

group acts trivially on V
(0)
x and there is only one subspace V (1)

x that is invariant for
this group. A simple leaf is said to be infinitesimally irreducible if at least at one point
the infinitesimal holonomy group acts irreducibly on V

(1)
x .
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The dimension ν(x) = dim V
(0)
x is called the index of nullity at x and u(x) =

dimM − ν(x) the index of conullity at x.
The classification theorem of Szabó asserts the following (according to the for-

mulation given in [BKV 96]).

Theorem 1.6.1. For every semisymmetric Riemannian manifold there exists an ev-
erywhere dense open subset U such that around every point of U the manifold is
locally isometric to a space that is the direct product of an open part of a Euclidean
space and of infinitesimally irreducible simple semisymmetric leaves, each of which
is one of the following:

(a) if ν(x) = 0 and u(x) > 2, then locally symmetric (hence locally isometric to a
symmetric space);

(b) if ν(x) = 1 and u(x) > 2, then locally isometric to an elliptic, a hyperbolic or a
Euclidean cone;

(c) if ν(x) = 2 and u(x) > 2, then locally isometric to a Kählerian cone;
(d) if ν(x) = dimM − 2 and u(x) = 2, then locally isometric to a space foliated by

Euclidean leaves of codimension 2 (or to a two-dimensional manifold, this in the
case when dimM = 2).

The following examples give more detailed descriptions (according to [Sza 82]
and [BKV 96]) of these product components, some of them in the general (pseudo)-
Riemannian situation.

Example 1.6.2 (for case (a)). Every symmetric (pseudo)-Riemannian space is also
semisymmetric.

Indeed, the condition (1.6.1) yields (1.6.2), and thus (1.6.3) too, because they are
the integrability conditions of (1.6.1).

Example 1.6.3 (for case (b)). Consider R+ × R
n−1 with the standard coordinate sys-

tem (x0, x1, . . . , xn−1) and the Riemannian metric given by

ds2 = (dx0)2 + (x0 + C)2[(dx1)2 + · · · + (dxn−1)2].

This Riemannian manifold is called the Euclidean cone and it is semisymmetric.

Example 1.6.4 (for case (b)). Let Sn−1(c) be a sphere with center o in En and v a
point in En+1 such that the straight line ov is orthogonal to En ⊂ En+1. The elliptic
cone is a hypersurface in En+1 described by the straight half-lines emanating from
v (the vertex) and intersecting the points of Sn−1(c). With its induced metric, this
hypersurface is intrinsically an n-dimensional Riemannian manifold that turns out
to be semisymmetric. This induced metric has an expression similar to the metric
in the previous example: in the square brackets one takes here the standard metric
of Sn−1(c).

Example 1.6.5 (for case (b)). Let the expression in square brackets be replaced by the
standard metric of the (n − 1)-dimensional hyperbolic space. Then the Riemannian
manifold with this metric is called the hyperbolic cone.
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This space can also be represented in the following way. Let H n−1(c) be a sphere
with center o and imaginary radius i/

√|c| in 1E
n ⊂ 1E

n+1. Its connected component
is intrinsically a hyperbolic space (see Section 1.3). Choose a point v in 1E

n+1 so
that the straight line ov is orthogonal to 1E

n, and consider the hypersurface in 1E
n+1

defined by the straight half-lines emanating from v and intersecting the points of a
connected component of H n−1(c). This hypersurface is in fact a hyperbolic cone.

Example 1.6.6 (for case (c)). The Kählerian cones are the complex analogs of Exam-
ples 1.6.4, 1.6.5 and 1.6.6 (see [BKV 96]).

Example 1.6.7 (for case (d)). Every two-dimensional (pseudo-)Riemannian manifold
is semisymmetric.

Indeed, if n = 2, then (1.3.4) and (1.3.8) imply that RIJ,KL is nonzero only if
(IJ,KL) = (12, 12) or a permutation of (12, 12). This easily yields (1.6.3).

Example 1.6.8 (case (d) in general). In the Szabó classification a special role is played
by the n-dimensional Riemannian manifolds foliated by (n − 2)-dimensional Eu-
clidean spaces. They are characterized as those manifolds, whose tangent vector
spaces are orthogonal products V (0)

x + V
(1)
x , where V (1)

x are of dimension 2 at every
point, and V

(0)
x define a foliation of dimension (n − 2) with Euclidean spaces as

leaves.
These foliated manifolds were treated implicitly in [Sza 82], without considering

any explicit expressions for their metrics. They were considered as solutions of a
certain integrable system of nonlinear partial differential equations. A more detailed
analysis was given by Kowalski in [Kow 96] for the three-dimensional case (n = 3);
see also [BKV 96].

In [BKV 96] (cf. the remark concluding Chapter 8) the situation was described
as follows. The general solution of the basic system of partial differential equations
given by Szabó depends formally on 1

2 (n− 2)(n+ 3)+ 4 arbitrary functions of two
variables and 1

2 (n − 2)(n + 3) arbitrary functions of one variable. In dimension 3,
this means seven functions of two variables and three functions of one variable. But
a more detailed analysis has shown that in fact three arbitrary functions of two vari-
ables suffice to parametrise the corresponding spaces. The exact number of arbitrary
functions of two variables that parametrise local isometry classes of foliated semisym-
metric manifolds in dimension n remained an unsolved problem in [BKV 96]. It was
noted only that the first explicit examples depending on one arbitrary function of
two variables were constructed in [KoTV 90] and [KoTV 92]. The new approach,
given by O. Kowalski in dimension 3, was then generalized by E. Boeckx [Bo 95]
to arbitrary dimension n. These results are summarized in [BKV 96], where these
manifolds are called Riemannian manifolds of conullity two, motivated by case (d).

Remark 1.6.9. For four-dimensional semisymmetric Riemannian manifolds an ele-
mentary classification can be given independently from Szabó’s (which is indirect
and relies on some essential results from other sources, for instance, a theorem of
Kostant). This elementary classification is given in [Lu 96e], [Lu 96f]. The result is
as follows.
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Theorem 1.6.10. Locally, every four-dimensional semisymmetric Riemannian man-
ifold is one of the following:

(a) a locally Euclidean manifold,
(b) a space of nonzero constant curvature,
(c) a locally symmetric space other than (a) and (b),
(d) the direct product of two two-dimensional spaces,
(e) locally isometric to an elliptic or hyperbolic cylinder (i.e., direct product S3 × R

or H 3 × R) or to a Euclidean, elliptic or hyperbolic cone,
(f) space foliated by two-dimensional totally geodesic and locally Euclidean leaves

that are transversally flat along themselves and normally flat in sections normal
to them.

The proof is given in [Lu 96f] and is based on an elementary algebraic classi-
fication of semisymmetric curvature operators [Lu 96e]. Chern bases are used to
minimize the number of nonzero components of the curvature tensor. This consid-
erably simplifies the semisymmetric condition as a system of quadratic equations on
these components.

Note that in the pseudo-Riemannian case the problem of detailed classification of
semisymmetric manifolds is currently still open, to the author’s knowledge.

Remark 1.6.11. In [Kow 96] (and then in [BKV 96]) the following terminology is
used for semisymmetric Riemannian manifolds of types (a)–(d): the manifolds of
type (a) are said to be of “trivial’’ class, types (b) and (c) of “exceptional’’ class, and
of type (d) “typical’’ class.

For three-dimensional manifolds of this last class, O. Kowalski introduced (in
a preprint of 1991 and published afterwards in [Kow 96]) the geometric concept
of asymptotic foliation, which was generalized by E. Boeckx [Bo 95] to arbitrary
dimensions.

An (m− 1)-dimensional submanifold Mm−1 of a manifold Mm of conullity two
is called an asymptotic leaf if it is generated by (m−2)-dimensional Euclidean leaves
of Mm and if its tangent spaces are parallel along each Euclidean leaf with respect to
the Levi-Civita connection ∇ of Mm.

An asymptotic distribution on Mm is an (m− 1)-dimensional distribution that is
integrable and whose integral submanifolds are asymptotic leaves. The integral man-
ifolds of an asymptotic distribution determine a foliation ofMm, called an asymptotic
foliation.

For anMm of conullity two, the adapted frame bundle and corresponding coframes
can be chosen so that the Euclidean leaves are determined by ωa = 0, a, b, · · · ∈
{1, 2}. Since this last differential system is totally integrable, dω1 and dω2 must
vanish as an algebraic consequence of ω1 = ω2 = 0 (due to the Frobenius theorem,
second version; see [Ste 64]). This together with the fact that Euclidean leaves are
totally geodesic, because M is a simple leaf, yields, due to (1.3.2),

ω1
u = Auω

1 + Buω
2, ω2

u = Cuω
1 + Fuω

2; (1.6.4)



1.6 Semisymmetric (Pseudo-)Riemannian Manifolds 21

where u, v, · · · ∈ {3, . . . , m}.
Let the unit vectorX = e1 cosϕ+e2 sin ϕ be taken so that span{X, e3, . . . , em} is

the tangent plane of an asymptotic leaf. Then, ∇euX = ∇Xeu + [eu, X] must belong
to the tangent plane of this asymptotic leaf for every value of u. Since the tangent
distribution of these leaves is a foliation, this tangent plane contains [eu, X]. Thus
this plane must also contain

∇Xeu = ∇e1eu cosϕ + ∇e2eu sin ϕ = (ωk
u(e1)ek) cosϕ + (ωk

u(e2)ek) sin ϕ.

Hence
(Aue1 + Cue2) cosϕ + (Bue1 + Fue2) sin ϕ

must belong to span{X, e3, . . . , em} and therefore must be a multiple of X =
e1 cosϕ + e2 sin ϕ. This last condition is equivalent to

Bu sin2 ϕ + (Au − Fu) cosϕ sin ϕ − Cu cos2 ϕ = 0.

But along the asymptotic leaf, ω1 sin ϕ = ω2 cosϕ, so that the above condition
reduces to

Cu(ω
1)2 + (Fu − Au)ω

1ω2 − Bu(ω
2)2 = 0.

According to [Kow 96], [BKV 96] a foliated M is said to be planar if it admits
infinitely many asymptotic foliations. If it admits just two (or one, or none, respec-
tively) asymptotic foliations, it is said to be hyperbolic (or parabolic, or elliptic,
respectively).



2

Submanifolds in Space Forms

2.1 A Submanifold and Its Adapted Frame Bundle

Submanifolds will be considered in the context of differentiable manifolds of class
C∞ (see [Ste 64], Chapter II; [KN 63], Chapter I), or more precisely, in the context
of (pseudo-)Riemannian manifolds (see [KN 69], Chapter VII; [Ch 73b], [Ch 2000],
[BCO 2003]). It is worth mentioning that the introduction of [Ch 2000] contains a
brief survey of the long history of the differential geometry of submanifolds.1 Recent
developments in submanifold theory are described in the introduction of [BCO 2003].

Let f : Mm → sN
n(c) be an isometric immersion of class C∞ of an m-

dimensional (pseudo-)Riemannian manifold into an n-dimensional space form (or
spacetime form, if s > 0), n > m, taken as the standard model sN

n(c) (see Sec-
tion 1.4). Then f (Mm) is a submanifold in sN

n(c) (see [KN 63], Chapter VII, also
[Ch 73b] and [Ch 2000], for the case of Riemannian manifolds). Such a submanifold
will be denoted simply by Mm, i.e., f is considered as the inclusion map.

For such a submanifold Mm its tangent vector space TxMm at an arbitrary point
x ∈ Mm is a regular vector subspace of Tx(sNn(c)) and therefore has an orthogonal
complement T ⊥

x Mm in the latter, which is an (n − m)-dimensional regular vector
space, called the normal vector space of the submanifold Mm at x.

If, for the case s > 0 and at an arbitrary point x ∈ Mm, the tangent vector space
TxM

m is spacelike (resp. timelike), then the submanifold Mm in sN
n(c) is also said

to be spacelike (resp. timelike).
If c �= 0 then sN

n(c) ⊂ σE
n+1 (recall that σ = s for c > 0 and σ = s + 1 for

c < 0). Thus an orthogonal complement T ∗⊥
x Mm of TxMm in Tx(σEn+1) is defined,

called the outer normal vector space of Mm at x; obviously T ∗⊥
x Mm is the span of

T ⊥
x Mm and of x = −(

√|c|)−1en+1, which are mutually orthogonal. If c = 0, then
Nn(0) = En and the designation outer is superfluous.

1 One should note, however, that omitted in this survey are some newer historical investi-
gations shedding light, in particular, on the emerging role of M. Bartels, F. Minding, and
K. Peterson of the 19th century differential geometric school at the University of Tartu
(Dorpat) (see [Stru 33], [GLOP 70], [Rei 73], [Ph 79], [Lu 96g], [Lu 97a], [Lu 99b]).

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_3, © Springer Science+Business Media, LLC 2009 
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The union of all tangent (normal or outer normal) vector spaces constitutes the
tangent (resp. normal or outer normal) vector bundle ofMm, denoted by TMm (resp.
T ⊥Mm orT ∗⊥Mm). Its sections are the tangent (resp. normal or outer normal) vector
fields on Mm.

In this book the method of frame bundles and exterior differential calculus is used.
For a submanifold Mm in sN

n(c) the frame bundle adapted to sN
n(c) can be reduced

to the subbundle of frames adapted to Mm as follows (see [KN 69], Chapter VII,
Section 1). Let x ∈ Mm, let the first m basis vectors e1, . . . , em (in general, ei , where
i, j, · · · ∈ {1, . . . , m}) belong to TxMm and the next n−m basis vectors em+1, . . . , en
(in general, eα , where α, β, · · · ∈ {m+ 1, . . . , n}) to T ⊥

x Mm. Then giα = 0, and due
to (1.2.4)

gβαω
β
i + gikω

k
α = 0, (2.1.1)

dgij = gkjω
k
i + gikω

k
j , dgαβ = gγβω

γ
α + gαγω

γ
β . (2.1.2)

Since the differential dx of the radius vector of the point x ∈ Mm (recall that
it is also denoted by x) belongs to TxM

m, the first equation of (1.4.2) reduces to
dx = eiω

i , which means
ωα = 0. (2.1.3)

The submanifold Mm can be considered as an integral submanifold in sN
n(c) of this

differential system (2.1.3).
From (1.4.3) and (2.1.3) it follows that ωi ∧ ωα

i = 0, and now Cartan’s lemma
(see [Ste 64], Chapter I, Section 4; [BCGGG 91], p. 320; [IL 2003], p. 314) gives

ωα
i = hαijω

j , hαij = hαji . (2.1.4)

Therefore, from (1.4.2)

dei = ejω
j
i + (eαh

α
ij − xcgij )ω

j , (2.1.5)

and so for an arbitrary vector field X = eiX
i in the tangent vector bundle TMm

one has
dX = ei(dX

i + Xjωi
j ) + (eαh

α
ij − xcgij )X

iωj ,

where the right-hand side is a sum of a tangent component and an outer normal
component. Now if the point x is considered fixed, so that dx = 0 and thus allωi = 0,
one must also have dX = 0. Hence in the tangent component, the expressions in
the first set of parentheses must be linear combinations of these ωj . In other words,
dXi + Xjωi

j = ∇jX
iωj . The expression ∇jX

i is the covariant derivative of the

(1,0)-tensor field Xi on Mm with respect to the Levi-Civita connection ∇ of Mm, and
thus ωi

j are the connection 1-forms of ∇.
In the normal component, the coefficients hαij , taken from (2.1.4), constitute a

mixed tensor field, called the second fundamental tensor of Mm in sN
n(c). This

mixed tensor field determines the second fundamental form (denoted by h) of Mm in
sN

n(c) with values in T ⊥
x Mm.
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To describe the relationship between this tensor and form, let another tangent
vector field Y = ejY

j be given on Mm and let t be the parameter of its integral curve
such that dx/dt = Y . Then ωj = Y jdt , and in the normal component of dX/dt
with respect to sN

n(c) one has h(X, Y ) = eαh
α
ijX

iY j (cf. [KN 69], Chapter VII,
Section 3 and [Ch 73b], Chapter 2, Section 1).

With respect to σE
n+1 the normal component of dei has the vector-valued coef-

ficients
hij − xcgij = h∗

ij , (2.1.6)

where hij = eαh
α
ij , so that (2.1.5) is

dei = ejω
j
i + h∗

ijω
j . (2.1.7)

The coefficients h∗
ij define a bilinear symmetric form with values in T ∗⊥

x Mm,
called the outer second fundamental form of Mm and denoted by h∗, i.e.,

h∗(X, Y ) = h(X, Y ) − xc〈X, Y 〉,

where 〈X, Y 〉 = gijX
iY j is the scalar product of X and Y .

The usual lowering and raising of indices can be used by means of gij , gαβ and gij ,

gαβ , where gikgkj = δij , gαγ gγβ = δαβ . For instance, if one defines hiαk = gijh
β
jkgβα ,

then hiαkξ
α gives the shape (or Weingarten) operator Aξ of Mm in Nn(c), which can

also be defined by 〈Aξ (X), Y 〉 = 〈ξ, h(X, Y )〉 (see, e.g., [KN 69], Chapter VII,
Section 3, [BCO 2003], 2.1).

For the normal basis vectors eα of the frame adapted toMm one has, due to (1.4.2),
(2.1.1), and (2.1.4),

deα = ei(−hiαkω
k) + eβω

β
α ;

hence, for a normal vector field ξ = eαξ
α ,

dξ = eα(dξ
α + ξβωα

β) − eih
i
αkω

kξα.

Here in the normal component of dξ the coefficients dξα + ξβωα
β = ∇⊥ξα give

the covariant derivative of the normal (1,0)-tensor field ξα on Mm with respect to
the normal connection ∇⊥ of Mm in Nn(c), with the connection 1-forms ωα

β . From
(1.4.3) one obtains

dω
j
i = ωk

i ∧ ω
j
k + �

j
i , dωβ

α = ωγ
α ∧ ωβ

γ + �β
α, (2.1.8)

where
�
j
i = ωα

i ∧ ωj
α + cgikω

j ∧ ωk, �β
α = ωi

α ∧ ω
β
i (2.1.9)

are called the curvature 2-forms of ∇ and ∇⊥, respectively. Making substitutions
from (2.1.1) and (2.1.4) and denoting

R
j
i,pq = (〈hi[p, hjq]〉 + cgi[pδ

j

q]) = 〈h∗
i[p, h

∗j
q] 〉, Rβ

α,pq = hiα[ph
β
q]i (2.1.10)
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(see (2.1.6); the square brackets denote alternation of the indices p and q) one obtains
the following expressions of these curvature 2-forms:

�
j
i = −R

j
i,pqω

p ∧ ωq , �β
α = −Rβ

α,pqω
p ∧ ωq (2.1.11)

(cf. [Li 55], Sections 41 and 53).
In particular, if Mm coincides with sN

n(c) ⊂ σE
n+1, the set of values of index

α is empty and hence hij = 0; hence from (2.1.10) Rj
i,pq = cgi[pδ

j

q], where now
i, j, · · · ∈ {1, . . . , n}; recall that c is related to the radius r of the sphere sN

n(c) by
r2 = c−1.

Applying exterior differentiation to (2.1.2) and using (2.1.8), one gets

gkj�
k
i + gik�

k
j = 0, gγβ�

γ
α + gαγ�

γ
β = 0. (2.1.12)

Thus, for (pseudo-)Riemannian submanifolds in space or spacetime forms, the ma-
trices � = (�ij ) and �⊥ = (�αβ), where �ij = gik�

k
j and �αβ = gαγ�

γ
β are

obtained from the curvature 2-forms by lowering of the upper indices, are skew-
symmetric matrices.

Remark 2.1.1. The apparatus of the Riemannian connection ∇ together with the cor-
responding absolute differential calculus was worked out by E. B. Christoffel, R. Lip-
schitz, G. Ricci, T. Levi-Civita (see [Sch 24], [L-C 25]).The normal connection ∇⊥ of
a submanifold was introduced by É. Cartan in his Sorbonne lectures of the 1920s (see,
e.g., [Ca 60]; its curvature 2-forms are considered as components of the torsion of a
submanifold) and investigated afterwards by D. I. Perepelkin [Per 35], F. Fabricius-
Bierre [Fa 36], among others.

For submanifolds L. van der Waerden [vdWa 27] and E. Bortolotti [Bo 27] worked
out a special notation scheme, called the D-symbolics in [SchStr 35]. Subsequently,
the pair of ∇ and ∇⊥ was denoted by ∇̄ and called the van der Waerden–Bortolotti
connection of the submanifold Mm in Nn(c) (see [Ch 73b], [Lu 2000a]).

A modern treatment of these topics by means of adapted frames and coframes
bundles can be found, for s = 0, e.g., in [Lu 2000a]; here (and in what follows) a
more general treatment is given for the case s > 0.

2.2 Higher-Order Fundamental Forms

Equations (2.1.4) defining the second fundamental form h of a submanifold Mm in
sN

n(c), via the corresponding mixed tensor field hαij , are the starting point for intro-
ducing the higher-order fundamental forms ofMm. Here what we call the differential
prolongation method can be used as follows.

Applying exterior differentiation to (2.1.4) and using (1.4.3) and (2.1.3), one gets

∇̄hαij ∧ ωj = 0, (2.2.1)

where
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∇̄hαij = dhαij − hαkjω
k
i − hαikω

k
j + h

β
ijω

α
β (2.2.2)

are the components of the covariant differential of hαij with respect to the van der

Waerden–Bortolotti connection ∇̄.
Applying Cartan’s lemma to (2.2.1), one now gets

∇̄hαij = hαijkω
k, hαijk = hαikj . (2.2.3)

The coefficients of ωk on the right-hand side are components of the covariant deriva-
tive of the second fundamental tensor with respect to ∇̄. This derivative is called the
third-order (or simply third ) fundamental tensor of Mm in sN

n(c). From the second
equations of (2.1.4) and (2.2.3) it follows that this tensor is symmetric with respect to
all three lower indices and therefore is uniquely given by the third-order (or simply
third ) fundamental form2 ∇̄h of Mm, defined similarly to the second fundamental
form by

(∇̄h)(X, Y,Z) = eαh
α
ijkX

iY jZk.

Proceeding to the second step of the differential prolongation process, one obtains
from (2.2.3) by exterior differentiation

∇̄hαijk ∧ ωk = �̄ ◦ hαij , (2.2.4)

where
−�̄ ◦ hαij = hαkj�

k
i + hαik�

k
j − h

β
ij�

α
β , (2.2.5)

and ∇̄hαijk is an expression similar to that in (2.2.2) but with an additional term for
the index k, and the sum taken over l.

The operator �̄ in (2.2.5) is called the curvature 2-form operator of the van der
Waerden–Bortolotti connection ∇̄.

Making substitutions from (2.1.11) into (2.2.5) one can write equation (2.2.4) in
the form (. . . )αijk ∧ ωk = 0 and then use Cartan’s lemma to obtain

∇̄hαijk = hαijklω
l, (2.2.6)

wherehαijkl are now no longer symmetric with respect to the indices k and l, in general,

because here (. . . )αijk is ∇̄hαijk with some complementary terms.
This process can be continued, giving the following sequence:

(2.2.6) ⇒ ∇̄hαijkl ∧ ωl = �̄ ◦ hαijk ⇒ ∇̄hαijkl = hαijklpω
p ⇒ · · ·

⇒ ∇̄hαijp1...ps
∧ ωps = �̄ ◦ hαijp1...ps−1

⇒ ∇̄hαijp1...ps
= hαijp1...psps+1

ωps+1

2 One should not confuse this form with the third fundamental form of the classical theory of
surfaces M2 in E3, which is 〈de3, de3〉 and is used mainly in connection with the spherical
map of M2 (see, e.g., [Ka 48], Section 63; [Fav 57], Part 2, Section IV.11).
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⇒ ∇̄hαijp1...ps+1
∧ ωps+1 = �̄ ◦ hαijp1...ps

⇒ · · · . (2.2.7)

The hαijk are the coefficients of the third-order fundamental form ∇̄h of Mm, and

in general hαijp1...ps
are the coefficients of the (s + 2)-order fundamental tensor ∇̄sh

of the submanifold Mm in sN
n(c). The operator �̄ works as in (2.2.5)—for every

lower index there is a term on the right-hand side.
Here ∇̄sh can be treated, like h and ∇̄h above, as a vector-valued (s + 1)-form

(TMm)s+2 → T ⊥Mm with values in T ⊥Mm, called the (s + 2)-order fundamental
form (see, e.g., [DN 93]). For this, the components of ∇̄sh have to be contracted
with the coordinates Xi

1, X
j

2 , X
p1
3 , . . . , X

ps
s+2 of some s + 2 tangent vector fields

X1, . . . , Xs+2.
The above deduction can also be done in its outer version, i.e., with respect to

σE
n+1. The normal component of dX in σE

n+1 has vector-valued coefficients,
shown in (2.1.5), which determine the outer second fundamental form h∗. Since
x = −(

√|c|)−1en+1, one has here h∗
ij = eα∗h∗α∗

ij , where α∗ = m + 1, . . . , n + 1.
Therefore,

h∗α
ij = hαij , h

∗(n+1)
ij = (sign c)

√
|c|gij , (2.2.8)

where sign c is 1 for c > 0 and −1 for c < 0.
The outer shape operator is determined for ξ∗ = ξ + ξn+1en+1 by

〈A∗
ξ∗(X), Y 〉 = 〈ξ∗, h∗(X, Y )〉 = 〈Aξ (X), Y 〉 + c(

√
|c|)−1ξn+1〈X, Y 〉.

Due to (1.4.1) and (2.1.2) one has

ωn+1
i = sign c

√
|c|gikωk, ωi

n+1 = −
√

|c|ωi, ωα
n+1 = ωn+1

α = 0;
therefore,

�n+1
α = ωi

α ∧ ωn+1
i = −gαβh

β
jkω

k ∧ (sign c
√

|c|ωj ) = 0, (2.2.9)

because hαjk = hαkj , and

∇̄∗h∗α
ij = ∇̄hαij , ∇̄∗h∗(n+1)

ij = 0,

where ∇̄∗ is the van der Waerden–Bortolotti connection of Mm in σE
n+1, i.e., the

outer version of ∇̄.
Now (2.2.3) in its outer version shows that h∗(n+1)

ijk = 0, thus the only essential

coefficients of the third-order outer fundamental form ∇̄∗h∗ are the coefficients of
∇̄h, its other coefficients (with upper index n + 1) being zero.

The procedure above in its outer version leads to the (s + 2)-order outer funda-
mental form ∇̄∗sh∗, whose only essential coefficients are the same as those of ∇̄sh,
the others (with upper index n + 1) being zero.

Remark 2.2.1. It appears that the higher-order fundamental forms were first intro-
duced by P. Del-Pezzo in [DelP 1886], and then used by several authors (see
[SchStr 35], Band II, Section 13). There has been renewed interest in them more
recently, e.g., by V. Mirzoyan in [Mi 78b], [Mi 91a, b, d], by F. Dillen in [Di 90a, b],
[Di 91a, c], [Di 92], and by Hyun and Takagi in [HT 97] (see also [Lu 2000a], I.3).
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2.3 Fundamental Identities

The coefficients Rj
i,pq on the right side of the first formula (2.1.11) are components of

the curvature tensor R of the Riemannian connection ∇ and therefore belong to the
inner geometry of Mm. The first equation (2.1.10) is the Gauss identity—an equation
connecting the curvature tensor R of ∇ (an inner geometric object) with the second
fundamental form h.

The coefficientsRβ
α,pq are components of the normal curvature tensorR⊥, which

describes curvature of the normal connection ∇⊥. The second equation (2.1.10) is
the Ricci identity for ∇⊥.

If R = 0 (resp. R⊥ = 0) then Mm in sN
n(c) is said to be intrinsically (resp.

normally) flat. Note that with respect to σE
n+1 the condition R∗⊥ = 0 is equivalent

to R⊥ = 0, because according to (2.1.11) and (2.2.9) R∗(n+1)
α,pq = 0. Thus normal

flatness of Mm in sN
n(c) implies the same in σE

n+1 and vice versa.
In (2.2.3) the coefficients hαijk are components of ∇̄h; they are sometimes also

denoted by ∇̄kh
α
ij . The second equation in (2.2.3) yields ∇̄kh

α
ij = ∇̄jh

α
ik , the clas-

sical Peterson–Mainardi–Codazzi identity.3 Therefore, the mixed tensor with these
components is sometimes also called the Codazzi tensor.4

Similarly hαijkl in (2.2.6) are the components of ∇̄2h = ∇̄(∇̄h), also denoted by

∇̄l∇̄kh
α
ij . Substituting this into (2.2.4) and using (2.1.9), one obtains

∇̄[k∇̄l]h
α
ij = R

p
i,klh

α
pj + R

p
j,klh

α
ip − Rα

β,klh
β
ij . (2.3.1)

It is easy to see thathαij can be replaced here by the components of the outer versionh∗.
The preceding equation is the general Ricci identity for the alternated second

covariant derivative of h with respect to the connection ∇̄. Note that its left side is
obtained from the coefficients hαijkl of the fourth-order fundamental form ∇̄2h after
alternation of the last two lower indices. So the two equal sides of (2.3.1) characterize
the nonsymmetricity of ∇̄2h; recall that these components hαijkl are symmetric with
respect to the first three lower indices, due to the Peterson–Mainardi–Codazzi identity.

From (2.2.7) one can see that the components of the higher-order fundamental
forms ∇̄3h, . . . , ∇̄sh, . . . are, in general, also nonsymmetric with respect to the lower
indices, excluding the first three indices.

2.4 Osculating and Normal Subspaces of Higher Order

Let u1, . . . , um be local coordinates around a point x on a (pseudo-)Riemannian
submanifold Mm in sN

n(c). Let this point be identified, as above, with its radius
3 For the classical case, when c = 0, m = 2, and n = 3, this identity was first given in a

preliminary form in 1853 by K. Peterson in his Dorpat (now Tartu, Estonia) dissertation,
then in 1856 by G. Mainardi, and in a more modern form in 1860 by D. Codazzi (see [GLOP
70], [Rei 73], [Ph 79], [Lu 97a]).

4 See, e.g., [Ka 48], Sections 52 and 55, where this tensor in the classical case is denoted
by πijk .
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vector from a fixed origin o in σE
n+1 (if c �= 0 this o is the center of the standard

model of the space or spacetime form). The radius vector x is a function of ui and so
its variation can be expressed as

�x = dx + 1

2
d2x + · · · + 1

s!
dsx + · · ·

due to Taylor’s formula. Here dx = xidu
i = ejω

j belongs to the tangent vector
space TxMm. If ej = ξ ijxi , then dui = ξ ijω

j , dej = dξ ijxi + ξ ijxijdu
j and compar-

ison with
dej = ekω

k
j + h∗

jkω
k, (2.4.1)

which follows from (1.4.2), (2.1.5), and (2.1.6), shows that the normal component
of xij belongs to the vector subspace span{h∗

jk} at x. This subspace is called the

first-order outer normal subspace of Mm at x and is denoted by (1)T ∗⊥
x Mm. Recall

that h∗
jk = hjk − xcgjk, hjk = eαh

α
jk . Therefore, this subspace lies in the linear

span of x and span{hjk}, which are mutually orthogonal. Here span{hjk} is the first-
order or (principal) normal subspace (1)T ⊥

x Mm of Mm in sN
n(c) at x, and it is the

orthogonal complement of x in span{x, h∗
jk}.

In general the subspace (1)T ∗⊥
x Mm is (pseudo-)Euclidean. Thus (1)T ⊥

x Mm is also
(pseudo-)Euclidean.

The last subspace contains the special vector H = 1
m
gijhij , which is invariantly

connected with the point x. This vector is called the mean curvature vector at x.
Now some special classes of submanifolds can be introduced. If H = 0 at every

point x ∈ Mm, then Mm is called a minimal submanifold. (Sometimes, when s > 0,
the term maximal is also used in this context). If hαij = χαgij at a point x, then
x is said to be an umbilic point and if χα = 0, a flat point. By contracting with
gij one sees here that χα = Hα; so at an umbilic point h(X, Y ) = H 〈X, Y 〉. If
all points of the submanifold are umbilic, the submanifold is called totally umbilic.
A submanifold all of whose points are flat (i.e., on which hij is identically zero) is
called totally geodesic and is obviously minimal.

The linear span of the tangent subspace TxM
m and the first-order outer normal

subspace (1)T ∗⊥
x Mm is called the first-order outer osculating subspace of Mm at the

point x and denoted by (1)O∗
xM

m. In general it is (pseudo-)Euclidean. It is clear that
dx + 1

2d
2x belongs to this subspace.

The linear span of TxMm and (1)T ⊥
x Mm is called the first-order osculating sub-

space (1)OxM
m of Mm in sN

n(c) at x. Obviously it is spanned by all ei and hjk ,
and therefore it is the orthogonal complement of the radius vector x in the span of
(1)O∗

xM
m and x.

Similar to the above, one can establish that the partial derivative xijk in d3x =
xijkdu

idujduk belongs to the vector subspace spanned by the first-order outer oscu-
lating subspace (1)O∗

xM
m and span{hijk}, where hijk = eαh

α
ijk . This vector subspace

is called the second-order outer osculating subspace (2)O∗
xM

m of Mm at the point x;
it contains dx + 1

2d
2x + 1

3!d
3x. In general it is (pseudo-)Euclidean. The orthogonal

complement of (1)O∗
xM

m in it is called the second-order outer normal subspace of
Mm at x and denoted by (2)T ∗⊥

x Mm.
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The orthogonal complement of the radius vector x in the span{(2)O∗
xM

m, x} is
called the second-order osculating subspace (2)OxM

m of Mm in sN
n(c) at the point

x. The orthogonal complement of (1)OxM
m in (2)OxM

m is called the second-order
normal subspace (2)T ⊥

x Mm of Mm at x.
Repeating this argument, one obtains the sth-order outer osculating subspace

(s)O∗
xM

m, which is spanned by the (s − 1)th-order outer osculating subspace
(s−1)O∗

xM
m and span{hi1i2...is } and contains dx + 1

2d
2x + · · · 1

s!d
sx. In general

both of these subspaces are (pseudo-)Euclidean. The orthogonal complement of
(s−1)O∗

xM
m in (s)O∗

xM
m is called the sth-order outer normal subspace (s)T ∗⊥

x Mm

of Mm at x.
The corresponding subspaces without the designation outer are defined similarly

(see, e.g., [CGR 90] for the Euclidean case En = 0N
n(0)).

A submanifold Mm in sN
n(c) is said to be regular if its normal subspaces of all

orders have constant dimensions, denoted below by m1, . . . , ms, . . . , and are (pseu-
do-)Euclidean. Then the frame bundle adapted to Mm can be specialized by means
of these subspaces as follows. In choosing the vectors eα , one takes the first m1
normal basis vectors eα1 , α1 ∈ {m+ 1, . . . m+m1} to be in the first-order normal
subspace, the next m2 vectors eα2 , α2 ∈ {m + m1 + 1, . . . , m + m1 + m2} to be
in the second-order normal subspace, etc. Consequently, among the components hαij ,
those with upper indices αs, s > 1 are zero; among hαijk , those with upper indices

αs, s > 2 are zero, etc. Thus equations (2.2.3) yield h
β1

ij ω
α2

β1 = hα
2

ijkω
k; here the

matrix of coefficients on the left side has maximal rank m1. It follows that ωαs

β1 = 0,

s > 2, and

ωα2

β1 = χα2

β1k
ωk. (2.4.2)

The same process can be repeated for higher orders and gives, in general,

ωαt

βs = 0, t > s + 2, (2.4.3)

ωαs+1

βs = χαs+1

βsk ωk. (2.4.4)

The orbits of the higher-order outer osculating (resp. normal) vector subspaces at
x ∈ Mm in sE

n+1 are called the higher-order outer osculating (resp. normal) planes
of Mm at x. Analogous planes without the designation outer can be similarly defined
for the projective structure of sN

n(c) (see Remark 1.6.1).

Remark 2.4.1. In Section 2.1 the space form sN
n(c) can be replaced by an arbitrary

(pseudo-)Riemannian manifold sN
n. Then one has a (pseudo-)Riemannian subman-

ifold Mm in sN
n. The same arguments as in Section 2.1 and 2.2 lead to the definition

of the second fundamental form h; note that the difference between (1.4.3) and (1.3.2)
concerning the curvature 2-forms does not affect the arguments involved. One can
likewise introduce the classes of minimal, totally umbilic, and totally geodesic sub-
manifolds, as above (cf., e.g., [Ch 2000], for the case s = 0).
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In Section 3.2 below, the following assertion will be important. Recall that a
submanifold Mm of Nn is totally geodesic if and only if its second fundamental form
is identically zero. An equivalent formulation of this condition is that the covariant
differential in Nn of every vector field Y tangent to Mm has zero normal component,
i.e., is tangent to Mm (see [KN 69], Chapter VII, Prop. 8.9).



3

Parallel Submanifolds

3.1 Parallel and k-Parallel Submanifolds

A tensor fieldF on a (pseudo-)Riemannian manifold is said to be parallel if its covari-
ant derivative vanishes (i.e., if ∇F = 0; see, e.g., [KN 63], Chapter III, Section 2).
The same terminology is used for mixed tensor fields on submanifolds Mm in sN

n(c)

(then ∇̄ is used in place of ∇), and for differential forms on Mm as well.
A submanifold Mm in sN

n(c) whose second fundamental form h is parallel, i.e.,
(0.2) is satisfied: ∇̄h = 0 (equivalently, whose third fundamental form vanishes), is
called a parallel submanifold.

Parallel surfaces M2 in E3 were defined by V. Kagan in [Ka 48], Section 55 as
surfaces with vanishing Codazzi tensor (see Chapter 2, footnote4). It was shown that
they are open parts of planes (totally geodesic), spheres (totally umbilic) or round
cylinders. Note that the latter can be considered as products of straight lines E1 and
circles S1 (which are the only parallel curves inE3). These surfaces have the property
that every chord makes equal angles with the normal vectors at its endpoints, where
these are directed to the same side of the surface. J. Dubnov and l. Beskin showed
in [DB 59] that this geometric property holds only for these surfaces with vanishing
Codazzi tensor.

Interest in parallel submanifolds inEn arose again in the 1970s. At first they were
called submanifolds with parallel second fundamental form. Hypersurfaces Mn−1 in
En with this property were investigated in [SW 69]. For general submanifolds, this
condition was explicitly stated in the paper [ChdCK 70] on minimal submanifolds
of spheres with second fundamental form of constant length. New examples of such
surfaces M2—the Clifford tori S1 × S1 in S3(c) ⊂ E4 and the Veronese surfaces in
S4(c) ⊂ E5—were given in [Hou 72] (cf. Section 3.3 below). Then followed [Vi 72],
[Wa 73], and fundamental investigations by D. Ferus [Fe 74a, b, c].

The concept can be generalized to the higher-order fundamental forms as follows.
Let Mm be a regular submanifold in sN

n(c). It is seen from (2.2.7) that if its
(s + 2)-order fundamental form vanishes, then the fundamental forms of orders (s +
3), (s + 4), . . . also vanish, i.e., ∇̄sh = 0 ⇒ ∇̄ th = 0 for t ∈ {s + 1, s + 2, . . . }.

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_4, © Springer Science+Business Media, LLC 2009 
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If the first ∇̄sh that vanishes is of order k, then Mm is said to be k-parallel
(cf. [Di 91c]).

Here the value k = 0 can be included by defining ∇̄0h = h. Thus, a 0-parallelMm

is simply a totally geodesic Mm in Nn(c). The next simplest cases are the 1-parallel
submanifolds, i.e., parallel submanifolds that are not totally geodesic.

The condition ∇̄h = 0, which characterizes the parallel submanifolds, is equiva-
lent to hαijk = 0 (see (2.2.3)), or, due to (2.2.2), to

dhαij = hαkjω
k
i + hαikω

k
j − h

β
ijω

α
β . (3.1.1)

For the vector-valued second fundamental form hij = eαh
α
ij , and also for h∗

ij =
hij − xcgij , a straightforward computation shows that

∇hij + ek(g
kl〈hij , hlp〉)ωp = ∇h∗

ij + ek(g
kl〈h∗

ij , h
∗
lp〉)ωp = eαh

α
ijkω

i, (3.1.2)

where
∇hij = dhij − hkjω

k
i − hikω

k
j , (3.1.3)

and the same for h∗
ij . This yields the following (see [Lu 96a], for s = 0 [Lu 96b]; cf.

also [Tak 81]).

Proposition 3.1.1. The following conditions are equivalent:

(1) Mm is parallel as a submanifold in sN
n(c);

(2) in the case c �= 0, Mm is parallel as a submanifold in σE
n+1 (recall σ = s for

c > 0 and σ = s + 1 for c < 0);
(3) (∇hij )x ∈ TxM

m for every point x ∈ Mm;
(4) (∇h∗

ij )x ∈ TxM
m for every point x ∈ Mm.

Parallel submanifolds have been studied in many papers (see, e.g., [Ak 76],
[Mi 78a], [Fe 80], [Na 80], [Re 81], [Ma 81], [Ma 83a, b], [Re 83]), and there is
now a well-developed theory of parallel submanifolds in space forms; a summary is
given in [Lu 2000a] and also in [BCO 2003], Section 3.7.

Kagan’s result concerning spheres in E3, mentioned at the beginning of this
section, can be generalized as follows.

Proposition 3.1.2. Every totally umbilic submanifold Mm with m > 1 in sN
n(c) is

a parallel submanifold with flat ∇⊥.

Proof. A totally umbilic submanifold is characterized by hαij = Hαgij (see Sec-

tion 2.4), where Hα = 1
m
gijhαij , and so ∇̄hαij = (∇⊥Hα)gij . Here ∇⊥Hα = Hα

k ω
k;

hence now in (2.2.3) hαijk = Hα
k gij , and thus Hα

k gij = Hα
i gkj ; by contracting with

gkj one obtains Hα
i = Hα

i m. Since m > 1, the last equation implies Hα
i = 0 and

also ∇̄hαij = 0, i.e., the submanifold Mm is parallel.

Moreover, nowωα
i = Hαgijω

j and therefore due to (2.1.9) it follows that�β
α = 0,

i.e., ∇⊥ is indeed flat.
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For the inner geometry of parallel submanifolds, the following result holds.

Proposition 3.1.3. Every parallel submanifoldMm in sN
n(c) is intrinsically a locally

symmetric Riemannian manifold.

Proof. The Gauss identity (2.1.10) gives

∇R
j
i,kl = 〈∇h∗

i[p, h
∗
q]k〉gkj + 〈h∗

i[p,∇h∗
q]k〉gkj ,

because ∇gkj = 0. Due to Proposition 3.1.1, part (4), the multiplicands in both
scalar products in the above expression for ∇R

j
i,kl are orthogonal; thus ∇R

j
i,kl = 0,

or briefly, ∇R = 0.

For the extrinsic geometry of parallel submanifolds, one has the following propo-
sition.

Proposition 3.1.4. Suppose a parallel submanifold Mm in sN
n(c) has all first-order

outer osculating subspaces (1)O∗
xM

m of the same constant dimension m+m1. Then
this subspace is independent of x ∈ Mm, and Mm is contained in an (m+m1)-plane
of σEn+1 with this vector subspace. If c �= 0 and s = 0, this plane intersects Nn(c)

in an Nm+m1−1(c1) containing Mm, and c1 > c.

Proof. Recall that a parallel Mm is characterized by hαijk = 0. Now (1.4.2), (2.1.3),
(2.4.1) and (3.1.2) give

dx = eiω
i, dei = ejω

j
i + h∗

ijω
j , (3.1.4)

dh∗
jk = − ei(g

il〈h∗
jk, h

∗
lp〉)ωp + h∗

ikω
i
j + h∗

jiω
i
k. (3.1.5)

Hence (1)O∗
xM

m, spanned by ei and h∗
jk , is invariant under arbitrary motion of the

adapted frame on Mm, i.e., it is independent of the point x ∈ Mm. One can choose
the frame so that among eα some n − m − m1 vectors eα1 , orthogonal to (1)OxM

m,
are constant. Obviously 〈ei, eα1〉 = 0 holds, and it implies d〈x, eα1〉 = 0. Thus
〈x, eα1〉 = cα1(= const) and the radius vector of the point x ∈ Mm satisfies n −
m−m1 linearly independent linear equations. These equations define an (m+m1)-
dimensional plane in σE

n+1, that intersects sN
n(c) in an tN

m+m1−1(c1), and that
contains Mm.

If c �= 0 and s = 0, this plane does not pass through the center of the model
sphere Nn(c), since then the vector x would be orthogonal to all ei in σEn+1 and
could not then be their linear combination. This implies that c1 > c.

Propositions 3.1.2 and 3.1.4 together imply the following result.

Proposition 3.1.5. Every totally umbilic submanifold Mm (m > 1) in Nn(c) is a
standard model Nm(c1) or its open part.

Proof. Indeed, hαij = Hαgij , H �= 0 imply here that m1 = 1; hence Mm is contained
in an Nm(c1).
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Remark 3.1.6. Suppose c ≥ 0. Then Nn(c) is a Euclidean space En (if c = 0) or a
sphere Sn(c) ⊂ En+1 (if c > 0), and therefore a totally umbilic Mm in it is simply a
sphere Sm(c1) with c1 > c, or an open part of the latter.

The situation is more interesting if c < 0, where a connected component of
Nn(c) ⊂ 1E

n+1 is the hyperbolic space H n(c). An easy calculation shows that
the outer mean curvature vector H ∗ = H − cx of a totally umbilic Mm satisfies
dH ∗ = −‖H ∗‖2dx, due to ∇⊥Hα = 0. If ‖H ∗‖ �= 0, the point with radius vector
z = x + ‖H ∗‖−2H ∗ is a fixed point of 1E

n+1, and ‖z − x‖ = ‖H ∗‖−1 = const. If
‖z‖ < 0, then Mm is a sphere in H n(c), but if ‖z‖ > 0, then Mm is an equidistant
submanifold (i.e., consists of points equidistant from a hyperplane of an Hm+1(c1)).
If ‖H ∗‖ tends to 0, thenMm tends to a horosphere (i.e., to an orthogonal submanifold
of straight lines, mutually parallel in the Lobachevsky sense).

The following extension of Proposition 3.1.4 for k-parallel submanifolds holds.

Proposition 3.1.7. Suppose a k-parallel submanifoldMm in sN
n(c) has all kth-order

outer osculating subspaces (k)O∗
xM

m of the same constant dimension m + m1 +
· · · +mk . Then this subspace is independent of x ∈ Mm, and Mm is contained in an
(m+m1 + · · · +mk)-plane of σEn+1 with this vector subspace. If c �= 0, this plane
intersects sN

n(c) in an tN
m+m1+···+mk−1(c1) containing Mm.

Proof. k-parallel submanifolds are characterized by hαijp1...pk
= 0, which due to

(2.2.7) implies hαijp1...pl
= 0 for all l ≥ k, but not for l < k. Now (3.1.4) holds as

before, but on the right side of (3.1.5) one must add hijp1ω
p1 , where hijp1 = hαijp1

eα
(see (3.1.2) and (3.1.3)). In a similar manner one gets

dhijp1 = −ek(g
kl〈hijp1 , hlp〉)ωp + hpjp1ω

p
j + hipp1ω

p
j + hijpω

p
p1 + hijp1p2ω

p2 ,

and so on, until finally

dhijp1...pk−1 = hqjp1...pk−1ω
q
i + · · · + hijp1...qω

q
pk−1 .

Hence the vector space (k)O∗
xM

m, spanned by all ei , h∗
ij , hijp1 , . . . , hijp1...pk−1 , does

not depend on the point x ∈ Mm.
The rest of the proof is essentially the same as for Proposition 3.1.4.

3.2 Examples: Segre and Plücker Submanifolds

A new example of parallel submanifolds can be obtained by means of the Segre map,
known from algebraic geometry. The Segre map is introduced in [Mum 76], Sec-
tion 2B, as the imbedding of the product P p ×P q of projective spaces into P pq+p+q

defined in homogeneous coordinates by (ui1 , vi2) �−→ (wi1i2), where wi1i2 = ui1vi2 .
Now let the real projective spaces P p and P q be converted into elliptic spaces,

considered as spheres of the same radius r , with antipodal points identified. Then the
Segre map can be seen as
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Sp(k) × Sq(k) −→ R
(p+1)(q+1), (ui1 , vi2) �−→ e(i1,i2)u

i1vi2 ,

where k = r−2 = const, and e(i1,i2) are vectors of an orthonormal basis of Eu-
clidean space R

(p+1)(q+1); here i1 and i2 run over {1, . . . , p} and {p+1, . . . , p+q},
respectively. Therefore,

‖e(i1,i2)ui1vi2‖ =
√∑

(ui1vi2)2 =
√∑

(ui1)2 ·
∑

(vi2)2 = k−1,

showing that the image actually does lie in Spq+p+q(c), with c = k2.
The image of this Segre map is called the Segre submanifold and denoted by

S(p,q)(k). It is also called the Segre orbit, because the image is obviously the orbit
of a Lie subgroup of the isometry group O((p + 1)(q + 1),R) of Spq+p+q(k2), this
subgroup being isomorphic to O(p + 1,R) × O(q + 1,R).

Theorem 3.2.1. The Segre submanifold Mm ≡ S(p,q)(k), m = p + q, is a complete
parallel submanifold in Spq+m(k2) ⊂ E(p+1)(q+1).

Proof. The completeness of S(p,q)(k) follows directly from its definition. Geometri-
cally it is characterized as an m-dimensional submanifold in Spq+m(c), m = p + q,
having two families of generating great p-dimensional (resp. q-dimensional) spheres
of Spq+m(c), totally orthogonal at every point x ∈ Mm; they are defined by
vi2 = const (resp. ui1 = const).

Let the bundle of orthonormal frames adapted to this Mm be adapted further so
that at x the vectors ei1 (resp. the vectors ei2 ) are tangent to the generating sphere,

determined by vi2 =const (resp.ui1 = const). Then due to (2.1.5) dei = ejω
j
i +h∗

ijω
j ,

where in (2.1.6) now gij = δij . The generating great spheres are determined by

ωj2 = 0 (resp. ωj1 = 0). Therefore, mod ωj2 must be dei1 = ej1ω
j1
i1

+ xcωi1 , so

that hi1j1 = 0 and ω
j2
i1

= 0 (mod ωk2). Hence ωj2
i1

= Ŵ
j2
i1k1

ωk2 . Here the roles of the

subindices 1 and 2 can be exchanged. This, together with ω
j2
i1

+ ω
i1
j2

= 0, leads to

ω
j2
i1

= 0. Substituting this into (2.1.7) via i = i1 and j = j2, one obtains �j2
i1

= 0,
which, due to (2.1.9) and (2.1.10), leads to

〈hi1j2 , hi1j2〉 = c, 〈hi1j2 , hk1l2〉 = 0 (i1 �= k1 or j2 �= l2).

It follows that the unit vectors e(i1j2) = k−1hi1j2 are mutually orthogonal and they
can be chosen as frame vectors eα , so that now the pair-index (i1j2) plays the role of
α. Recall that along with hi1j1 = 0 one also has hi2j2 = 0. Therefore, (2.1.4) now
appear as

ω
(i1j2)
k1

= kδ
i1
k1
ωj2 , ω

(i1j2)
k2

= kδ
j2
k2
ωi1 . (3.2.1)

Then by exterior differentiation and Cartan’s lemma, one obtains

ω
(i1j2)

(k1l2)
= δ

i1
k1
ω
j2
l2

+ ω
i1
k1
δ
j2
l2
. (3.2.2)

This leads, via (2.1.1), to
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de(i1j2) − e(k1j2)ω
k1
i1

− e(i1l2)ω
l2
j2

= −k(ei1ω
j2 + ej2ω

i1).

It remains here merely to replace e(i1j2) by k−1hi1j2 , in order to see that the left side
gives the only nonzero components of k−1∇hij , and then to become convinced that
condition (3) of Proposition 3.1.1 is satisfied. This completes the proof.

Note that the Segre submanifold S(p,q))(k) in Spq+p+q(k2) can be locally given,
with respect to the adapted orthonormal frame bundle introduced above, by the Pfaf-
fian system consisting of the equations ω(i1j2) = 0, ωj2

i1
= 0, (3.2.1), and (3.2.2). It

is easy to check that this system is totally integrable.
This Segre submanifold S(p,q)(k) is, of course, a Riemannian parallel submani-

fold. But it is possible to introduce its pseudo-Riemannian version.
For this one uses the following identity:

⎡
⎣−

k∑

a=1

(ua)2 +
p∑

s=k+1

(us)2

⎤
⎦ ·

⎡
⎣−

l∑

b=1

(vb)2 +
q∑

t=l+1

(vt )2

⎤
⎦

= −
∑

a,t

(uavt )2 −
∑

b,s

(usvb)2 +
∑

a,b

(uavb)2 +
∑

s,t

(usvt )2,

which shows that the Segre map can also be considered as

kN
p(κ) × lN

q(κ) −→ R
(p+1)(q+1), (ui1 , vi2) �−→ e(i1,i2)u

i1vi2 ,

where, e.g., kN
p(κ) is the standard model of a spacetime form, as introduced in

Section 1.4 (i.e., either kSp(κ) or k−1H
p(κ)), and e(i1,i2) are vectors of an orthonormal

basis in pseudo-Euclidean space R
(p+1)(q+1) of index s = k(q − l)+ l(p − k). The

image lies in sN
pq+p+q(c), with c = κ2, and is denoted by klSpq(κ). Moreover,

kN
p(κ) and lN

q(κ) map into its generating great spheres.
The proof of Theorem 3.2.1 also works to prove this generalization, the only

difference being that the indices i1, j1, . . . now run over the union of the ranges of a
and s, and i2, j2, . . . run over the union of the ranges of b and t .

Therefore, the following generalization of Theorem 3.2.1 can be formulated.

Theorem 3.2.2. The pseudo-Riemannian Segre submanifold klSpq(κ) is a complete
parallel submanifold in sN

pq+p+q(c).

One more example of parallel submanifolds can be given by considering the
Grassmann manifold l,kG

q,p of regular subspaces, introduced in Example 1.5.4, as
imbedded in ∧q(Rp). This vector space has the pseudo-Euclidean metric defined by

〈eλ1 ∧ · · · ∧ eλq , eµ1 ∧ · · · ∧ eµq 〉 = r2gλ1µ[1 . . . gλ|q|µq] = r2 det ‖gλρµσ ‖,
where r = const and ρ, σ ∈ {1, . . . , q} (cf. [Ste 64], Chapter 1, Section 4). The
Grassmann manifold, imbedded in ∧q(Rp) with this metric, will be denoted below
by l,kG

p,q(r). If {eλ}, with λ ∈ {1, . . . , p}, is an orthonormal basis of R
p, then

eλ1 ∧· · ·∧ eλq and eµ1 ∧· · ·∧ eµq are orthogonal when {λ1, . . . , λq} �= {µ1, . . . µq};
and each of them has length squared equal to ±r2. Recall that the dimension of
∧q(Rp) is n = C(p, q) =

(
p
q

)
.
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Theorem 3.2.3. The Grassmann manifold l,kG
q,p(r) of regular subspaces imbedded

in ∧q(Rp) is a minimal submanifold of a space form, and if q = 2 this submanifold
(called the Plücker submanifold) is a parallel submanifold.

Proof. The above imbedding can be considered as an inclusion. Then e1 ∧ · · · ∧ eq
in Example 1.5.4 can be identified with x ∈ l,kG

q,p(r). The length squared of x in
∧q(Rp) is ±r2; thus the submanifold l,kG

q,p(r) is contained in the standard model
of a space form. Moreover, equation (1.5.1) can be written in the form

dx = e a
1...u...qθ

u
a . (3.2.3)

Here the simple q-vector before ωu
a in (1.5.1) is denoted by re a

1...u...q and θua = rωu
a .

A straightforward computation leads to

de a
1...u...q = − xguvω

v
a + e b

1...v...q(−ωa
bδ

v
u + δabω

v
u)

+
v �=u∑

b �=a

e a b
1...u...v...q(ω

v
b). (3.2.4)

Here

e a b
1...u...v...q = 1

r
(e1 ∧ · · · ∧ ea−1 ∧ eu ∧ ea+1 ∧ · · · ∧ eb−1 ∧ ev ∧ eb+1 ∧ · · · ∧ eq)

are normal to the submanifold and their lengths squared are ±1 in ∧q(Rp). It follows
that after multiplying them by r , they take the role of hij in the geometry of the
standard model (see (2.1.4)). The mean curvature vector H of the submanifold under
consideration is zero because the summation in the last term of (3.2.4) is taken as
b �= a and v �= u. Hence the submanifold is minimal in this model.

Let q = 2. Then the point x of the corresponding Plücker submanifold l,kG
2,p(r)

is represented by e1 ∧e2 and the tangent vectors are represented by eu∧e2 and e1 ∧eu,
where u runs through {3, . . . , p}. The latter will be denoted below by rEu = eu ∧ e2
and rEū = e1 ∧ eu, where r is a positive constant. Then (3.2.3) and (3.2.4) are

dx = Euθ
u + Eūθ

ū, (3.2.5)

where θu = rωu
1 , θ ū = rωu

2 , and

dEu = − 1

r2
xθu + Evω

v
u + Eūω

2
1 + 1

r
E[uv]θ

v̄, (3.2.6)

dEū = − 1

r2
xθ ū + Ev̄ω

v
u − Euω

2
1 − 1

r
E[uv]θ

v, (3.2.7)

where E[uv] = 1
r
eu ∧ ev = − 1

r
ev ∧ eu = −E[vu] are normal to the submanifold,

together with x = e1 ∧ e2. It is seen that the components of the vector-valued second
fundamental form are
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huv = − 1

r2
δuvx, hūv̄ = − 1

r2
δūv̄x, huv̄ = hv̄u = E[uv]. (3.2.8)

A straightforward computation shows that

dE[uv] = 1

r
[−Euθ

v̄ +Evθ
ū +Eūθ

v −Ev̄θ
u] +E[wv]ω

w
u +E[uw]ω

w
v . (3.2.9)

This, together with (3.2.8), shows that condition (3) in Proposition 3.1.1 is satisfied
for l,kG

2.p(r). Thus this Plücker submanifold is parallel.
This completes the proof.

Remark 3.2.4. The assertion in Theorem 3.2.3 concerning the Plücker submanifold
is proved (for the particular case of k = l = 0) in [Lu 92a], [Lu 96b].

If q ≥ 3 and p−q ≥ 3, then the Grassmann submanifold considered above is not
parallel (see [Lu 92a]). Indeed, if, for instance, q = p− q = 3, then d(eu ∧ ev ∧ e3)

has a nonzero component ωw
3 (eu ∧ ev ∧ ew) outside of the first-order outer normal

subspace. But due to Proposition 3.1.1 that is impossible for a parallel submanifold.

3.3 Example: Veronese Submanifold

Let us consider in the spacetime form sN
n(c) a complete (pseudo-)Riemannian sub-

manifold Mm that is characterized by the following properties (see Section 2.4):

(1) Mm is regular (in the sense that its first-order normal subspaces have constant
dimension m1 and regular metric),

(2) Mm lies in its first-order outer osculating subspace of dimension m + m1,
(3) Mm is intrinsically of constant curvature and all its isometries are induced by the

isometries of the ambient space, taken as this first-order osculating subspace.

The set of all isometries of such an Mm forms a 1
2m(m + 1)-parameter (pseu-

do-)orthogonal group, whose Lie algebra consists of the matrices of the 1-forms ωi

and ω
j
i which determine the infinitesimal displacement of the tangent part {x, ei} of

an orthonormal moving frame adapted to Mm. Indeed, here the conditions analogous
to (1.2.5) are satisfied (with i, j in place of I, J ); therefore there arem+ 1

2m(m−1) =
1
2m(m + 1) such 1-forms, and they are linearly independent.

For the submanifold Mm in sN
n(c), the equations of (2.4.1) hold, where ek and

h∗
jk are orthogonal. Due to property (3), all h∗

jk must form a rigid configuration,
and therefore all 〈h∗

jk, h
∗
lp〉 must be constant for all the displacements above. Due to

(3.1.2) and (3.1.3) (with upper ∗),

d〈h∗
jk, h

∗
lp〉 = 〈h∗

ik, h
∗
lp〉ωi

j + 〈h∗
ji, h

∗
lp〉ωi

k + 〈h∗
jk, h

∗
ip〉ωi

l + 〈h∗
jk, h

∗
li〉ωi

p

+ 〈hijk, h∗
lp〉ωi + 〈h∗

jk, hilp〉ωi,

where hijk = eαh
α
ijk , and the left side must now vanish. Hence the expression on

the right side must also vanish since ωi and ωj
i (i < j ) are linearly independent, due
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to εjω
j
i + εiω

i
j = 0; recall that here ε1, . . . , εm are independently +1 or −1, where

the number of −1’s depends on the index of the metric of Mm. For ωj
i (i < j ), this

implies that for every four different values of a, b, c, d,

〈h∗
aa, h

∗
aa〉 = εaεb[2〈h∗

ab, h
∗
ab〉 + 〈h∗

aa, h
∗
bb〉],

〈h∗
aa, h

∗
ab〉 = 〈h∗

aa, h
∗
bc〉 = 〈h∗

ab, h
∗
ac〉 = 〈h∗

ab, h
∗
cd〉 = 0,

εb〈h∗
ab, h

∗
ab〉 = εc〈h∗

ac, h
∗
ac〉,

εb〈h∗
aa, h

∗
bb〉 = εc〈h∗

aa, h
∗
cc〉.

From the first equation it follows that 〈h∗
aa, h

∗
aa〉 = 〈h∗

bb, h
∗
bb〉, so that all 〈h∗

ii, h
∗
ii〉

have the same value. Similarly from the last two equations it follows that εiεj 〈h∗
ij , h

∗
ij 〉

(i �= j ) have the same value; let it be denoted byα, and likewise εiεj 〈h∗
ii, h

∗
jj 〉 (i �= j )

will be denoted below by β. Here α and β are constants.
Now the first equation becomes 〈h∗

ii, h
∗
ii〉 = 2α + β, and all the equations can be

summarized as

εiεk〈h∗
ij , h

∗
kl〉 = (δikδj l + δilδjk)α + δij δklβ. (3.3.1)

Moreover, for linearly independent ωi , the vanishing of d〈h∗
jk, h

∗
lp〉 gives

〈hijk, h∗
lp〉 = −〈h∗

jk, hilp〉.

Due to the symmetry in (2.1.4) and (2.2.3), this can be continued to

−〈h∗
jk, hlip〉 = 〈h∗

ip, hljk〉 = 〈hljk, h∗
ip〉,

so that every index of the first triplet can be exchanged by every index of the second
pair. Thus 〈hijk, h∗

lp〉 = 〈hlpk, h∗
ij 〉 = −〈hijk, h∗

lp〉, and so 〈hijk, h∗
lp〉 = 0. This

implies that hijk is orthogonal to every vector of the first-order outer normal subspace.
Due to property (2) above, the hijk belong to the same first-order outer normal

subspace, which has a regular metric due to property (1). This implies that hijk = 0,
and therefore the submanifold under consideration is indeed parallel.

Hence (3.1.5) holds, where now gil = εiδ
il (no sum!), and (3.3.1) is to be con-

sidered. Therefore,

ei(g
il〈h∗

jk, h
∗
lp〉) =

∑

i

ei(εi〈h∗
ip, h

∗
jk〉) =

∑

i

ei(εj [(δij δpk + δikδpj )α+ δipδjkβ]),

so that (3.1.5) reduces to

dh∗
jk = −εj [(ejω

k + ekω
j )α + δjkepω

pβ] + h∗
lkω

l
j + h∗

j lω
l
k, (3.3.2)

where epωp = dx. After interchanging j and k it is seen from this that εj = εk = ε

for every pair j , k. Hence the inner metric of the submanifold Mm is either positive
or negative definite.
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Moreover, in (3.3.1) now εiεk = ε2 = 1, and so due to (2.1.10) and (2.1.11),

�
j
i = ε(α − β)ωi ∧ ωj . (3.3.3)

Using exterior differentiation in (3.3.2), and making use of (2.4.1), (1.2.3), (2.1.3),
and (3.3.3), one eventually obtains

(2α − β)[h∗
j lω

l ∧ ωk + h∗
klω

l ∧ ωj ] = 0.

Here one has two possibilities: Either (1) 2α−β �= 0 and [h∗
j lδ

k
i +h∗

klδ
j
i ]ωl ∧ωi = 0

or (2) β = 2α.

In the first case h∗
j lδ

k
i + h∗

klδ
j
i − h∗

jiδ
k
l − h∗

kiδ
j
l = 0; after summing by k = l, this

leads to h∗
ij = H ∗δij , i.e., to a totally umbilic submanifold Mm (see Section 2.4).

In the second case now εi = εk = ε = ±1, so due to (3.3.1) one has

〈h∗
ij , h

∗
kl〉 = (δikδj l + δilδjk + 2δij δkl)α. (3.3.4)

If α �= 0, then the Gramian matrix of the vectors h∗
11, h

∗
12, . . . , h

∗
m−1,m, h

∗
mm is

nonzero, and hence all these vectors are linearly independent. Thus the first-order
outer normal subspace has maximal possible dimension 1

2m(m + 1).

Due toβ = 2α, now (3.3.3) reduces to�j
i = −εαωi∧ωj , so that the submanifold

Mn has constant curvature εα.
As a result, the following statement can be formulated.

Theorem 3.3.1. Suppose Mm in sN
n(c) is a complete regular (pseudo-)Riemannian

submanifold of constant curvature, lying in its first-order outer osculating subspace,
and having the property that all its inner isometries are induced by isometries of
the ambient space. Then Mm is a parallel submanifold with positively or negatively
definite inner metric and either (1) it is totally umbilic, or (2) its first-order outer
osculating subspace, containing Mm, has maximal possible dimension 1

2m(m + 3),
and (3.3.4) holds, where εα is the constant curvature of Mm.

The parallel submanifold of the second case (2) is called the Veronese submani-
fold because there is a direct connection with the Veronese map known in algebraic
geometry (see, e.g., [Sha 88], Chapter I.4).

Remark 3.3.2. For s = c = 0, i.e., for a Riemannian submanifold Mm in En, Theo-
rem 3.3.1 was established by R. Mullari [Mu 62b]. In his terminology, a submanifold
of constant curvature having the property that all of its inner isometries are induced
by the isometries of the ambient space is called a submanifold of maximal symmetry.

Remark 3.3.3. A more general treatment of the Veronese submanifold, without the
assumption of definiteness of the inner metric, is given in [Blo 86] (see Section 4.7
below).
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3.4 Parallel Submanifolds and the Gauss Map

An active study of parallel submanifolds of arbitrary dimension was started in
[SW 69], where hypersurfaces Mm with parallel second fundamental form in Eu-
clidean space Em+1 were described. There followed [Er 71], [YI 71], [YI 72], which
also considered submanifolds Mm with ∇̄h = 0 in En.

The first general geometric result for arbitrary submanifolds Mm with ∇̄h = 0
in En was given by J. Vilms in [Vi‘72] and is connected with the Gauss map of a
submanifold.

For a submanifold Mm in kE
n, the Gauss map is defined as the mapping Mm →

l,kG
m,n into the Grassmann manifold l,kG

m,n of m-dimensional vector subspaces in
an n-dimensional (pseudo-)Euclidean vector space, which maps a point x ∈ Mm into
TxM

m considered as a point of l,kG
m,n.

The following theorem is given in [Vi 72] for the particular case k = l = 0.
Here a different proof is given, using the framework of an adapted orthogonal frame
bundle.

Theorem 3.4.1. The image of a parallel submanifold Mm ⊂ kE
n under the Gauss

map is a totally geodesic submanifold of l,kGm,n.

Proof. The tangent plane of Mm at x is spanned by the basis vectors e1, . . . , em of
an adapted frame. If a point x and its image in l,kG

m,n, determined by the simple
m-vector e1 ∧ · · · ∧ em, are identified, then one sees via (3.2.3) and (1.5.1) that
the tangent vector space of the image of Mm is spanned by the simple m-vectors
(e1 ∧ · · · ∧ ei−1 ∧ eα ∧ ei+1 ∧ · · · ∧ em)h

α
ij ; note that here i and α play the same

role as a and u, respectively, in (3.2.3) and (1.5.1). Let the m-vector in parentheses
be denoted by e i

1...α...m, as in (3.2.3), and put x = e1 ∧ · · · ∧ em. A straightforward
computation leads to

de i
1...α...m = −xgαβω

β
i + e k

1...β...m(−ωi
kδ

β
α + δikω

β
α )+�

β �=α
k �=i e

i k
1...α...β...q(ω

β
k ) (3.4.1)

(cf. (3.2.4)). Therefore, the differential of the m-vector e i
1...α...mh

α
ij tangent to the

image has, in the inner geometry of l,kG
m,n, only components tangent to the same

image. Indeed, in the right-hand side of this differential only the terms

e k
1...β...m(−ωi

kδ
β
α + δikω

β
α )h

α
ij + e i

1...α...mdh
α
ij

are to be considered in this inner geometry, since all other terms are normal to l,kG
m,n

as a submanifold of ∧m(Rn); recall, the latter is the vector space of all m-vectors of
the vector space R

n of kE
n, equipped with the usual metric (cf. Example 1.5.4, or

[Ste 64], Chapter 1, Section 4). If Mm is parallel, then (3.1.1) holds, and the terms to
be considered reduce to

e i
1...α...mh

α
ikω

k
j = (e1 ∧ · · · ∧ ei−1 ∧ hik ∧ ei+1 ∧ . . . em)ω

k
j ,

whence they are tangent to the image of Mm. Hence this image is indeed totally
geodesic.
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Remark 3.4.2. Parallel submanifolds are not the only ones with totally geodesic Gauss
map. In [CY 83] all surfaces (m = 2) in En with totally geodesic Gauss map are
classified. The same problem for arbitrary m is studied in [CY 84] (see also [PK
86]). A generalization to submanifolds with totally umbilical Gauss map is given in
[KP 87]. A generalized Gauss map for parallel submanifolds is introduced in [Na
90]. Recently, the theorem by J. Vilms [Vi 72] (see Theorem 3.4.1 for k = l = 0) has
been generalized in [JR 2006] to the case of parallel submanifolds Mm in an arbitrary
n-dimensional Riemannian manifold N considering the Grassmann bundle over N .

3.5 Parallel Submanifolds and Local Extrinsic Symmetry

An important contribution to the theory of parallel submanifolds was given by D. Ferus
[Fe 74a, b, c], [Fe 80]. In several aspects he followed É. Cartan’s theory of locally
symmetric Riemannian spaces and developed its extrinsic analogue.

The property of a space that each of its geodesic symmetry maps is an isometry
of a neighborhood (see Section 1.5) has the following extrinsic analogue.

Let Mm be a submanifold in a space form sN
n(c), taken as a standard model

in σE
n+1 (see Section 1.4). At every point x ∈ Mm the tangent and normal vector

subspaces TxMm and T ⊥
x Mm of Mm are defined as vector subspaces of Tx[sNn(c)].

If c �= 0 there is also the outer normal vector subspace T ∗⊥
x Mm of Mm in σE

n+1,
spanned byT ⊥

x Mm and by the radius vector of x with origin at the center o of the model
sphere. The m- and (n − m + 1)-planes in σE

n+1 through x with vector subspaces
TxM

m and T ∗⊥
x Mm, respectively, are the tangent and outer normal planes of Mm at

x. Note that here T ⊥
x Mm is the tangent vector subspace at x of the intersection of

sN
n(c) with the outer normal plane; this intersection is the normal (n–m)-plane of

Mm in sN
n(c) at x.

A submanifold Mm of sN
n(c) is said to have local extrinsic symmetry if each of

its points x0 has a normal neighborhood whose geodesic symmetry map with respect
to x0 is induced by a reflection in sN

n(c) with respect to the normal (n–m)-plane
at x0.

By a reflection one means here that vectors 
x0x and 
x0x
′ from x0 to x and to x′

in σE
n+1 have the same component in the outer normal (n−m+ 1)-plane at x0, and

their components in the tangent m-plane at x0 differ only by sign.
D. Ferus [Fe 80] showed (for submanifolds in En) the following relationship

between the properties of being parallel and of having local extrinsic symmetry. (In
the more general setting of submanifolds in a Riemannian manifold, the same was
done by W. Strübing [Str 79].)

Theorem 3.5.1. If a submanifold Mm in sN
n(c) has local extrinsic symmetry then it

is parallel, i.e., ∇̄h = 0 holds.

Proof. Let a geodesic curve between x and x′ be given by x(s) so that x(0) = x0,
x(s) = x, x(−s) = x′, where s is the arclength parameter. Then

x(s) = x(0) + d

ds
x(0)s + 1

2

d2

ds2
x(0)s2 + 1

6

d3

ds3
x(0)s3 + (. . . )s4.
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Since d
ds
x is a vector tangent to Mm with constant length ±1, it is a linear combi-

nation of the tangent basis vectors ei of an adapted frame. Thus there exist coefficients
Xi so that d

ds
x = eiX

i . It follows that

d2

ds2
x = 1

ds
d(eiX

i) = 1

ds
[(ejω

j
i + eαh

α
ijω

j )Xi + eidX
i]

= 1

ds
ei∇Xi + eαh

α
ijX

iXj ,

using the facts that dx = (ejX
j )ds yields ωj = Xjds and that ∇Xi = dXi +Xjωi

j

is the covariant derivative of Xi with respect to the Riemannian connection ∇.
For a geodesic curve one has ∇Xi = 0; hence dXi = −Xjωi

j . This yields

d3

ds3
x = 1

ds
d(eαh

α
ijX

iXj ),

and the normal component of this vector is

1

ds
(eβω

β
αh

α
ijX

iXj + eαdh
α
ijX

iXj − eαh
α
ijX

kωi
kX

j − eαh
α
ijX

iXkω
j
k )

= 1

ds
(eα∇̄hαijX

iXj ) = eαh
α
ijkX

iXjXk.

It follows that the normal component of the vector x(s) − x(0) is

1

2
eαh

α
ijX

iXj s2 + 1

6
eαh

α
ijkX

iXjXks3 + (. . . )s4.

The difference between this normal component and that of x(−s) − x(0) is

1

3
eαh

α
ijkX

iXjXks3 + (. . . )s4.

In the case of extrinsic local symmetry, this difference must be zero for every
d
ds
x = eiX

i . Dividing by s3 and taking s → 0 one obtains hαijkX
iXjXk = 0. Due to

symmetry of coefficients with respect to i, j, k, this is equivalent to ∇̄hαij = hαijkω
k =

0, i.e., to ∇̄h = 0. This completes the proof.

Remark 3.5.2. The tangential component of x(s) − x(0) is

(eiX
i)s − 1

6
(eih

i
αjh

α
klX

jXkXl)s3,

if one disregards the term (. . . )s4. It is seen that the tangential component of x(−s)−
x(0) differs only by sign, and it does not matter here if ∇̄hαij is zero or not. Thus the
converse of the preceding theorem holds, up to this order of approximation.

Actually this converse is true without any recourse to an approximation.
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Theorem 3.5.3. An Mm in sN
n(c) is extrinsically locally symmetric if and only if it

is a parallel submanifold.1

Proof. The proof is given by W. Strübing [Str 79] (in the more general case of a
submanifoldMm of an arbitrary Riemannian manifold) and it relies on a more detailed
study of the geodesic symmetry map, supposing that h is parallel.

Remark 3.5.4. The result of Theorem 3.5.3 was stated differently in [Str 79], [Fe 80],
and [BR 83], namely that the submanifolds with ∇̄h = 0, especially the connected
complete ones, are (extrinsically) symmetric. The name parallel was introduced by
M. Takeuchi [Tak 81], and it is now more popular, especially when the local point of
view is taken.

3.6 Complete Parallel Irreducible Submanifolds as Standard

Imbedded Symmetric R-Spaces

Theorem 3.5.1 states that if a submanifoldMm in sN
n(c) has local extrinsic symmetry,

then it is parallel. Also the converse holds (see Remark 3.5.2 and Theorem 3.5.3).
Now for such an Mm, one can show by considering reflections of sN

n(c) with
respect to normal subspaces of Mm, and using the invariance of the latter, at least
locally, by these reflections, that if Mm is complete and simply connected, then it is
an orbit of a Lie group of isometries of sN

n(c). This allows parallel submanifolds
to be described in the framework of the theory of Lie groups and symmetric spaces
(see, e.g., [He 78]).

The main problem here concerns conditions on a symmetric space which allow it
to be imbedded in sN

n(c) as a parallel submanifold and the consequent nature of the
imbedding.

This problem was completely solved by Ferus [Fe 74a–c, 80] for s = c = 0 (i.e.,
for Nn(c) = En); the result was then extended to Nn(c) with c �= 0 by Takeuchi
[Tak 81] and by Backes and Reckziegel [BR 83].

Following [Fe 80], one introduces first a special class of symmetric spaces and
their imbeddings.

Let G be a real connected semisimple Lie group of noncompact type with finite
center. Let g = k + p be a Cartan decomposition of its Lie algebra, and K the
corresponding maximal compact subgroup. Let 0 �= η ∈ p, and

K0 := {k ∈ K| Ad(k)η = η}.

Then
f : M := K/K0 → p, [k] �→ Ad(k)η

1 In the classical special case m = 2, n = 3, s = 0 an equivalent assertion was established
already in 1958 by J. Dubnov and I. Beskin, as mentioned in Section 3.1 above; also see
footnote 5 in [Lu 2000a].
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is an imbedding in the Euclidean space p with metric given by the Killing form of
g. If here (ad η)3 = ad η (or, equivalently, (ad η) is a semisimple endomorphism
of g with eigenvalues −1, 0, 1), then the induced Riemannian metric turns M into a
Riemannian symmetric space. Such an M is called a symmetric R-space, and f is
said to be its standard imbedding. If f is followed by an (affine) conformal map into
some Euclidean space, this composition will also be called a standard imbedding.

A submanifold Mm in En is said to be irreducible if Mm is not a Riemannian
product Mm1 × · · · ×Mmr of more than one component, each of which is imbedded
in its own subspace Enρ , ρ ∈ {1, . . . , r}, and the latter are totally orthogonal in
En. Otherwise the submanifold Mm in En is said to be reducible or the product of
submanifolds Mmρ in Enρ .

The main result of Ferus is as follows.

Theorem 3.6.1. A submanifold Mm in En is irreducible and parallel if and only if it
is an open part of a standard imbedded symmetric R-space.

The proof in [Fe 74a–c, 80] is not easy and will not be reproduced here. This theo-
rem reduces the classification of parallel submanifolds Mm in En to the classification
of symmetric R-spaces and their standard imbeddings.

New presentations of the proof have been given in [EH 95] and very recently in the
monograph [BCO 2003], Section 3.7, where the term locally symmetric submanifold
is preferred, and this theorem is also extended to submanifolds of general space
forms, using the approach of [Tak 81]. Standard imbedded symmetric R-spaces are
considered in [BCO 2003] as orbits of s-representations.

There exist some classifications of symmetric R-spaces (see, e.g., [KNa 64, 65],
[TK 68], [Tai 68], [Ko 68]), but the information about the second fundamental forms
of their standard imbeddings is not sufficient for further study.

Some new types of parallel submanifolds in En were studied as orbits of actions
in En of the isometry subgroups, which generate the Veronese or Plücker orbits, in
particular.

Let the special orthogonal group SO(m + 1,R) act in E
1
2m(m+3) so that among

its orbits there are the m-dimensional Veronese orbits in concentric hyperspheres;
note that the common center of the latter is also called the center of these Veronese
orbits. It was shown in [Lu 95a] (see also the discussion in Section 9.6 of this book)

that the only parallel orbits in E
1
2m(m+3) are the m-dimensional Veronese orbits,

which form two cones with a common vertex in the center, and the (l + 1)(m − l)-
dimensional Veronese–Grassmann orbits, each of which consists of the centers of the
l-dimensional totally geodesic submanifolds (they are the Veronese submanifolds) of
an m-dimensional Veronese orbit.

Similarly, the Plücker action of SO(p,R) in E
1
2p(p−1) can be introduced as an

action whose orbit set contains a Plücker orbit (i.e., a complete submanifold of normed
simple bivectors in the space of all bivectors of R

p with natural Euclidean metric; see
Section 3.2). It is shown in [Lu 96b] (see also the reproduction in Section 9.3 of this
book) that the only parallel orbits of this action are the Plücker orbits and, for even
p = 2q, the orbits (called the unitary orbits; see Section 9.3), which are the standard
imbedded symmetric spaces SO(2q,R)/ SU (q,C).
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Remark 3.6.2. Submanifolds with parallel second fundamental form h have also been
studied in other spaces with structural groups, different from the real space forms (see
the surveys in [Lu 2000a], Section 23, and [Ch 2000], Section 8). The results can be
summarized as follows.

For Kähler submanifolds of a complex space form of constant holomorphic sec-
tional curvature c, it was proved in [Kon 74] that if the submanifold has parallel h
and c ≤ 0, then the submanifold is totally geodesic (see also [Kon 75]). For c > 0,
Nakagawa and Takagi in [NT 76] gave a full classification of the Kähler submanifolds
with parallel h in complex projective space; note that this classification is formulated
independently of Ferus’s papers [Fe 74a–c], [Fe 80]. The special properties of com-
plex geometry made it possible to use more direct methods for this classification.
Four types of parallel submanifolds are obtained in arbitrary dimensions, in addition
to the totally geodesic ones: the complex quadrics, and the Veronese, Plücker, and
Segre submanifolds. There are two types in special dimensions: standard imbedded
SO(10)/U(5) (complex dimension 10) and E6/Spin(10) × T (complex dimension
16). Some new characterizations of these six types of Kähler submanifolds were then
given in [Ros 84], [Ros 85], [Ros 86] and by Udagawa [Ud 86]. Totally real parallel
submanifolds were investigated in [Kon 75], [Na 81].

One should note that for real space forms and Riemannian submanifolds the
situation is more complicated. To the real versions of the four above-mentioned
types there can be added, for example, the Veronese–Grassmann submanifolds and
the unitary submanifolds (as standard imbedded SO(2q,R)/ SU (q,C) for arbitrary
q). There exist more exceptional types, in addition toE6/Spin(10)×T , for example,
F4/Spin(9) (the Cayley projective plane), E7/E6 × T , E6/F4 (see, e.g., [Ko 68]).

Parallel submanifolds of symmetric spaces other than real and complex space
forms were studied in [Na 80], [Ts 85a–c]; the last two papers treat submanifolds of
quaternion projective space and of the Cayley projective plane, respectively. Char-
acterizations of these submanifolds in the above-mentioned spaces by bounding of
the length squared of h were given in [CGa 89] and [CGl 90]. Parallel submanifolds
in Sasakian space forms have been investigated in [Pi 89], in Heisenberg space in
[Be 99], in symplectic affine space in [Pa 2000a, b], [PS 86], and in the real special
linear group SL(1, R) in [BeD 2002]. More information about symmetric orbits in
Riemannian and Hermitian symmetric spaces, as well as about parallel submanifolds
in complex and quaternionic space forms, concerning especially the recent works by
Naitoh, and Tsukada is given in [BCO 2003], Section 9.3 and 9.4, as well as in the pa-
pers [Os 2002] and [Bern 2003]. Recently, in [BENT 2005] the classification problem
of symmetric submanifolds in Riemannian symmetric spaces has been finished.

Parallel pseudo-Riemannian submanifolds in spacetime forms with indefinite met-
ric have also been studied in the past few years. Their study in the context of Lie
groups and symmetric spaces was developed in depth by Naitoh [Na 84] (see also
[Na 86]). Some classification problems in low codimensions were solved by Magid
[Mag 84]. The decomposition and description results of Ferus were extended to this
case by Blomstrom [Blo 85]. A detailed classification of parallel and semiparallel
timelike surfaces in a Lorentzian spacetime form was obtained in [Lu 97b].
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Remark 3.6.3. In [San 85] C. U. Sanchez introduced the notion of an extrinsic
k-symmetric submanifold in En and gave a classification for odd k. Furthermore, in
[San 92] he proved that the extrinsic k-symmetric submanifolds are essentially char-
acterized by the property of having parallel second fundamental form with respect to
the canonical connection of k-symmetric space. This implies that every complete ex-
trinsic k-symmetric submanifold is an orbit of an s-representation (see [BCO 2003],
Remark 7.2.8).
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Semiparallel Submanifolds

4.1 The Semiparallel Condition and Its Special Cases

Since a parallel submanifold Mm of sN
n(c) satisfies ∇̄h = 0, both sides of equa-

tion (2.3.1): ∇̄[k∇̄l]h
α
ij = R

p
i,klh

α
pj +R

p
j,klh

α
ip −Rα

β,klh
β
ij must be zero. The vanishing

of the left side says that the coefficients ∇̄k∇̄lh
α
ij = hαijkl of the fourth fundamental

form ∇̄2h are symmetric with respect to the last two upper indices, and therefore via
the Peterson–Mainardi–Codazzi identity (cf. Section 2.3) also with respect to all four
upper indices. This leads to a special class of submanifolds.

Proposition 4.1.1. For a submanifold Mm in sN
n(c) the following conditions are

equivalent:

(1) the fourth fundamental form ∇̄2h is symmetric with respect to all its arguments;
(2) the outer fourth fundamental form ∇̄∗2h is symmetric with respect to all its argu-

ments;
(3) both the equation

R
p
i,klh

α
pj + R

p
j,klh

α
ip − Rα

β,klh
β
ij = 0 (4.1.1)

and its outer version hold;
(4) both the equation

hαpj�
p
i + hαip�

p
j − h

β
ij�

α
β = 0, (4.1.2)

and its outer version hold.

Proof. Conditions (1) and (2) are equivalent due to Section 2.2, conditions (1) and (3)
due to (2.3.1), and conditions (3) and (4) due to (2.1.11).

One sees from (2.3.1) that condition (3) can be considered as the integrability
condition of the Pfaffian system ∇̄hαij = 0, which characterizes parallel submanifolds.
The same can be said, of course, for the other conditions stated in Proposition 4.1.1.

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_5, © Springer Science+Business Media, LLC 2009 
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AsubmanifoldMm of sNn(c) satisfying one of the conditions of Proposition 4.1.1,
each of which is equivalent to (0.4), is said to be semiparallel.1

For the intrinsic geometry of semiparallel submanifolds, one has the following
(see [De 85]).

Proposition 4.1.2. Every semiparallel submanifold Mm of sNn(c) is intrinsically a
semisymmetric Riemannian manifold.

Proof. The semiparallel condition (4.1.2) and the Gauss identity (2.1.7) yield, after
some calculations, the semisymmetric condition (1.6.2), written now for the inner
geometry of Mm, i.e., instead of I, J, . . . one has i, j, . . . .

The converse does not hold. Every two-dimensional (pseudo-)Riemannian man-
ifold is semisymmetric (see Example 1.6.7), but every (pseudo-)Riemannian surface
M2 of sN

n(c) is not semiparallel, as can be seen from the classification of two-
dimensional (pseudo-)Riemannian submanifolds, given for s = c = 0 in [De 85],
for s = 0, c �= 0 in [Me 91], [AM 94], and for s = 1, c = 0 in [Lu 97b]; see also
Chapter 6.

There are some special classes of semiparallel submanifolds.

Proposition 4.1.3. Every parallel submanifold Mm of sNn(c) is semiparallel.

Proof. Indeed, ∇̄h = 0 is equivalent to ∇̄khij = 0, and by (2.3.1) this implies the
semiparallel condition.

It is clear that the converse of this proposition is not true.

The semiparallel condition (4.1.2) is also satisfied in case the van der Waerden–
Bortolotti connection ∇̄ is flat, i.e., its curvature 2-forms vanish:

�
j
i = 0, �β

α = 0. (4.1.3)

This gives the following.

Proposition 4.1.4. Every submanifold Mm of sNn(c) with flat ∇̄ is semiparallel.

For the classical case of M2 in E3 this proposition implies that every developable
surface is semiparallel but not parallel in general, due to a result of V. F. Kagan [Ka
48] (see Section 3.1; in fact, among nontrivial developable surfaces in E3, only the
round cylinders are parallel).

One more special class consists of the submanifolds with parallel third fundamen-
tal form ∇̄h, i.e., with ∇̄k(∇̄lh

α
ij ) = 0. From (2.3.1) it then follows immediately that

(4.1.1) is satisfied. This yields the following.

1 This term was introduced by J. Deprez [De 85, 86]]. In some other early papers on this class
of submanifolds, the designation semisymmetric was used instead (see [Lu 87a], [Lu 88a, b],
[Lu 89b, c], [Lu 90a, b, d, e], [Lu 91d, f], [Lu 92a], [LR 90], [LR 92], [Mi 91c]); this name
was motivated by the term symmetric used by Ferus in [Fe 80] for submanifolds with
parallel second fundamental form (see also Remark 3.5.4); in these papers, the qualification
extrinsically was understood but not explicitly stated.
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Proposition 4.1.5. Every submanifoldMm of sNn(c)with parallel third fundamental
form ∇̄h (i.e., a 2-parallel submanifold) is semiparallel.

These submanifolds are not in general parallel. For example, the cylinder on a
Cornu spiral (clothoid) in E3 has parallel third fundamental form, but is not parallel
due to Kagan’s result cited above (this also follows from a result given below in
Section 6.8).

A submanifold Mm of sN
n(c) can also be considered in the outer context, i.e.,

with respect to the ambient σEn+1 containing sN
n(c) (see Section 1.4). The outer

version of fundamental forms was considered in Section 2.2 above.

Proposition 4.1.6. A submanifold Mm in sN
n(c) is semiparallel if and only if it is

semiparallel as a submanifold of the ambient σEn+1.

Proof. Suppose (4.1.2) is satisfied. In the outer version, the superscript α is replaced
by α∗ (see Section 2.2), and the index value m + 1 must be added. Then (2.2.8) and
(2.2.9) show that the equation to be added to (4.1.2) is satisfied. The converse also
follows easily.

Theorem 4.1.7. In a space form sN
n(c) with c ≤ 0, suppose Mm is a semiparallel

submanifold that is minimal (i.e., has H = 0) and which has a Euclidean first-order
osculating subspace at each point x ∈ Mm. Then Mm is totally geodesic.

Proof. If one replaces (2.1.11) in the semiparallel condition (4.1.2), the latter be-
comes, due to (2.1.10), a system of algebraic equations on the components of the
second fundamental form. Suppose that the tangent part of the frame adapted to Mm

is orthonormal, so that gij = ǫiδij , g
ij = ǫiδ

ij (no sum!); then by means of the vector
components this system can be written as

ǫp
[
〈hi[k, hl]p〉hpj + 〈hj [k, hl]p〉hip − 〈hij , hp[k〉hl]p

]

+ c
[
ǫiδi[khl]j + ǫj δj [khl]i

]
= 0 (4.1.4)

(summing over p = 1, . . . , m). Contracting here with gik = ǫiδ
ik , using that

1
m

∑m
i=1 ǫihii = H is the mean curvature vector and denoting 〈H, hlp〉 = hHlp , one

obtains

ǫp

[(
mhHlp − ǫi〈hil, hip〉

)
hpj + ǫi

(
〈hij , hlp〉 − 〈hj l, hip〉

)
hip

− ǫi
(
〈hij , hip〉hlp − 〈hij , hlp〉hip

)]
+ mc

(
hj l − ǫj δj lH

)
= 0

(summing over i and p independently). If one sets H = 0, takes the scalar product
with hlj , and then sums over l and j independently, the result is

mc〈hlj , hlj 〉 − ǫi〈hlj , hip〉〈hlj , hip〉

+ 2ǫi
(
〈hij , hlp〉〈hlj , hip〉 − 〈hil, hip〉〈hlj , hpj 〉

)
= 0.
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Now suppose the first-order osculating subspace is Euclidean. Then the term
having coefficient 2 is the negative of a sum of squares. Indeed, then ǫi = 1
for all i ∈ {1, . . . , m}; moreover, 〈hij , hlp〉 = ∑n

α=m+1 h
α
ijh

α
lp and 〈hlj , hip〉 =

∑n
β=m+1 h

β
ljh

β
ip. The coefficient 2 can be affected by repeating the term while inter-

changing the roles of the summation indices α and β. Then one gets −∑(hαlph
β
ip −

h
β
lph

α
ip)

2, summed independently over i, l, p, α, β.
Then c ≤ 0 implies that a sum of squares is ≤ 0, and therefore all these squares

are zero, in particular, hlj = 0. Hence Mm is totally geodesic.

Remark 4.1.8. In the special case of parallel submanifolds the assertion of Theo-
rem 4.1.7 for c = 0 is proved in [Fe 74b], Lemma 4, and for c ≤ 0 in [Tak 81],
Lemma 1.6, using some known identities for minimal submanifolds. In the special
case of submanifolds with parallel ∇̄h this assertion is proved for c ≤ 0 in [Mi 83b],
Lemma 5, using an identity from [Ch 73b].

In general Theorem 4.1.7 is established for the case c = 0 and s = 0 in [De 85]
using a result from [Ba 83]. In [Lu 2000a] this was extended, with a direct proof, to
the case c ≤ 0 and s = 0, and here it is now extended to hold for all s.

Remark 4.1.9. The assumptions of Theorem 4.1.7, that c ≤ 0 and that the submanifold
Mm has Euclidean first-order osculating subspace, are both essential. Indeed, it was
shown in [Fe 74c] that an irreducible 1-parallel submanifold Mm in En belongs to a
sphere (i.e., to an Nn−1(c) with c > 0) and is minimal in the latter. On the other hand
the classification of minimal semiparallel pseudo-Riemannian (timelike) surfacesM2

in Lorentzian spacetime forms 1N
n(c), given in [Lu 97b], showed that these surfaces,

as a rule, are not totally geodesic.

Remark 4.1.10. In [DPV 97] it was established that a submanifold Mm in En with
m ≥ 3 is intrinsically semisymmetric and satisfies Chen’s equality (see [Ch 2000])
if and only if Mm is either a minimal submanifold, or else a round hypercone in
some totally geodesic subspace Em+1 of En. Together with Proposition 4.1.2 and
Theorem 4.1.7, this implies that a semiparallelMm inEn withm ≥ 3 satisfies Chen’s
equality if and only if Mm is either totally geodesic, or a round hypercone in some
totally geodesic subspace Em+1 of En (see [DPV 97], Corollary 7).

4.2 The Semiparallel Condition from the Algebraic Viewpoint

Recall that while the parallel condition ∇̄h = 0 is a system of differential equations on
the components of the second fundamental form h, the semiparallel condition (4.1.1)
is a system of purely algebraic equations on these components. It is thus a pointwise
condition (see, e.g., (4.1.4)), and therefore it can be treated in a purely algebraic way.
This was already partly done in the course of investigations of parallel submanifolds,
especially in [Fe 80], [Ba 83], [BR 83]. The possibility of using those concepts for
the study of semiparallel submanifolds was mentioned first in [De 85].
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Let V be a real (pseudo-)Euclidean vector space with scalar product 〈·, ·〉, T a
(pseudo-)Euclidean subspace of V , and h : T × T → T ⊥ a symmetric bilinear
map, where T ⊥ is the orthogonal complement of T in V . Then (V , T , h) is called a
(pseudo-)Euclidean fundamental triplet (for Euclidean V see [Lu 92b]; note that in
[BR 83] the authors restricted themselves to the part (T , h), calling it the initial data).

Note that at every point x of a (pseudo-)Riemannian submanifold Mm in sN
n(c)

there exists such a triplet, namely the one given by the tangent vector space T =
TxM

m of Mm in the vector space V = Tx(sN
n(c)) and the second fundamental form

h = hx .
Having in mind this last context, one can introduce, for a (pseudo-)Euclidean

fundamental triplet (V , T , h) and for a real constant c, a symmetric bilinear map
S : T × T → End T by

〈S(X, Y )Z,W 〉 = 〈h(X, Y ), h(Z,W)〉 + c〈X, Y 〉〈Z,W 〉.

Then the skew-symmetric bilinear map R : T × T → End T , defined by

R(X, Y )Z = S(Y,Z)X − S(X,Z)Y, (4.2.1)

is called the curvature map (with the constant c) and satisfies

〈R(X, Y )Z,W 〉 = 〈h(X,W), h(Y, Z)〉 − 〈h(X,Z), h(Y,W)〉

+ c(〈Y,Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉)

(the Gauss identity) and thus

〈R(X, Y )Z,W 〉 = 〈R(Z,W)X, Y 〉 = −〈Z,R(X, Y )W 〉.

For ξ ∈ T ⊥ letAξ : T → T ⊥ be the symmetric linear map defined by 〈AξX, Y 〉 =
〈h(X, Y ), ξ〉, called the shape operator for ξ (cf. Section 2.1). A skew-symmetric
bilinear map R⊥ : T × T → T ⊥ can be introduced by

R⊥(X, Y )ξ = h(X,AξY ) − h(Y,AξX),

or, equivalently, by
〈R⊥(X, Y )ξ, η〉 = 〈[Aξ , Aη]X, Y 〉.

This R⊥ is called the normal curvature map (cf. (2.1.9)).
The (pseudo-)Euclidean fundamental triplet (V , T , h) is said to be semiparallel

(with constant c) if (cf. (4.1.1))

h(R(Z1, Z2)X, Y ) + h(X,R(Z1, Z2)Y ) − R⊥(Z1, Z2)h(X, Y ) = 0. (4.2.2)

These concepts can also be considered in the context of triple systems, as follows.
A real vector space T (more generally, a unitary module over a ring K) together

with a trilinear map {} : T × T × T → T , where (X, Y, Z) �→ {XYZ}, is called a
Jordan triple system (see [Mey 70], [Ne 86]) if
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{XYZ} = {ZYX}, (4.2.3)

{W1W2{XYZ}} − {XY {W1W2Z}} = {{W1W2X}YZ} − {X{W2W1Y }Z}
(4.2.4)

for all X, Y,Z,W1,W2 in T .
In case T is a (pseudo-)Euclidean vector space, if the conditions

〈{XYZ},W 〉 = 〈Z, {YXW }〉

and (4.2.3) are satisfied, then T is said to be a (pseudo-)Euclidean triple system;
and if (4.2.4) is also satisfied, then it is a (pseudo-)Euclidean Jordan triple system
(cf. [Ba 83], [BR 83]).

There is another way of introducing these triple sustems. Denoting {XYZ} =
L(X, Y )Z one obtains a bilinear map L : T × T → End T . The conditions for a
Jordan triple system can then be written as

L(X, Y )Z = L(Z, Y )X,

[L(W1,W2), L(X, Y )] = L(L(W1,W2)X, Y ) − L(X,L(W2,W1)Y ),

and this is (pseudo-)Euclidean if

L(X, Y )∗ = L(Y,X).

Proposition 4.2.1. Let (V , T , h) be a (pseudo-)Euclidean fundamental triplet. Then
L = R + S turns the vector space T into a (pseudo-)Euclidean triple system. If
(V , T , h) is a semiparallel fundamental triplet, then this triple system is a (pseu-
do-)Euclidean Jordan triple system.

Proof. The first assertion follows directly from the definitions of S and R.

From the semiparallel condition it follows after some calculation, using the Gauss
identity, that

[R(W1,W2), S(X, Y )] = S(R(W1,W2)X, Y ) − S(X,R(W2,W1)Y )

(see [Fe 80], [Ba 83], [Lu 92b]), and hence

[R(W1,W2), R(X, Y )] = R(R(W1,W2)X, Y ) − R(X,R(W2,W1)Y );

note that for a semiparallel submanifold the last equation is equivalent to its intrinsic
semisymmetricity (cf. Proposition 4.1.2). One can see now that in the previous
equation S can be replaced byL. To obtain the second assertion it remains to establish

[S(W1,W2), L(X, Y )] = L(S(W1,W2)X, Y ) − L(X, S(W2,W1)Y ).

This is done in [Fe 80] (for the Euclidean case s = 0, see p. 84; the argument works
for s > 0), and in [Ba 83].
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Remark 4.2.2. There is a known construction for producing a semisimple Lie algebra
from a Jordan triple system (Koecher construction, see [Mey 70], also called the
Kantor–Koecher–Tits construction [Ne 86]). Therefore, it is possible to introduce the
theory of Lie groups into the study of semiparallel submanifolds, especially involving
the parallel ones. For the latter, the investigations of D. Ferus are most extensive;
they have been treated above in Section 3.6. The link with semiparallel submanifolds
is the topic of a subsequent section below.

Remark 4.2.3. All this can also be given in the outer version. One must replace the
ambient space V by the outer ambient space V ∗ = V ⊕ R (orthogonal direct sum)
and h by h∗, where

h∗(X, Y ) = h(X, Y ) − xc〈X, Y 〉;
according to (2.1.6), x denotes a generating element of R with norm squared equal
to c−1 = const. Then

〈S(X, Y )Z,W 〉 = 〈h∗(X, Y ), h∗(Z,W)〉,

and all formulas from (4.2.1) and (4.2.2) remain in force after replacing h by h∗.

4.3 Decomposition of Semiparallel Fundamental Triplets

Let (V , T , h) and (V1, T1, h1) be two pseudo-Euclidean fundamental triplets. The
second one is said to be the subtriplet of the first one, ifV1 and T1 are vector subspaces
of V and T , respectively, with induced scalar product (nondegenerate symmetric
bilinear form), and if X, Y ∈ T1 then h1(X, Y ) = h(X, Y ) ∈ T ⊥

1 , where T ⊥
1 is the

orthogonal complement of T1 in V1.
Let (Vρ, Tρ, hρ), ρ ∈ {1, . . . , r}, be r such subtriplets of such a (V , T , h). The

latter is their orthogonal direct sum, if V = V1 ⊕ · · · ⊕ Vr , T = T1 ⊕ · · · ⊕ Tr
(orthogonal direct sums of pseudo-Euclidean vector spaces) andh(X1+· · ·+Xr , Y1+
· · · + Yr) = h1(X1, Y1) + · · · + hr(Xr , Yr) for all Xρ, Yρ ∈ Tρ .

The mean curvature vector of (V , T , h) is a vector H ∈ T ⊥, defined by 〈H, ξ〉 =
1
m
(traceAξ ), where m = dim T and ξ is an arbitrary vector of T ⊥; recall that the

shape operator Aξ was introduced in Section 4.2.
Taking ξ = H = the mean curvature vector, one gets the mean shape operator

AH , which will play an important role below.

Theorem 4.3.1. Let (V , T , h) be a (pseudo-)Euclidean semiparallel fundamental
triplet, and let (V ∗, T , h∗) be its corresponding outer triplet (see Remark 4.2.3).
Suppose that T is a Euclidean vector subspace and that the mean shape operator
AH has r distinct eigenvalues. Then (V ∗, T , h∗) is the orthogonal direct sum of its
subtriplets (V ∗

ρ , Tρ, h
∗
ρ) for ρ ∈ {1, . . . , r}, where T1, . . . , Tr are the eigenspaces

of AH .
Moreover, each of these subtriplets is a semiparallel triplet.
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Proof. Let dim V = n, and choose an orthonormal basis in V such that ei ∈ T

and eα ∈ T ⊥, where i, j, · · · ∈ {1, . . . , m} and α, β, · · · ∈ {m + 1, . . . , n}. Then
X = eiX

i , Y = ejY
j , and h(X, Y ) = hijX

iY j , where hij = h(ei, ej ). The
semiparallel condition (4.2.2), with h∗ instead of h (see Remark 4.2.3) can be written
as in (4.1.4) above as

∑

p

[
〈h∗

i[k, h
∗
l]p〉h∗

pj + 〈h∗
j [k, h

∗
l]p〉h∗

ip − 〈h∗
ij , h

∗
p[k〉h∗

l]p

]
= 0, (4.3.1)

since all ǫp = 1. Setting i = j and summing, one obtains

∑

p,i

[
〈h∗

i[k, h
∗
l]p〉h∗

pi + 〈h∗
i[k, h

∗
l]p〉h∗

ip

]
−
∑

p

〈mH ∗, h∗
p[k〉h∗

l]p = 0, (4.3.2)

whereH ∗ = 1
m

∑
h∗
ii is the outer mean curvature vector. The first sum easily reduces

to zero. Consequently,

∑

p

[
〈H ∗, h∗

pk〉h∗
lp − 〈H ∗, h∗

pl〉h∗
kp

]
= 0,

or, equivalently, ∑

p

[
(AH ∗)pkh

∗
lp − (AH ∗)plh

∗
kp

]
= 0; (4.3.3)

here AH ∗ is the outer mean shape operator defined by

AH ∗(X)Y = 〈H ∗, h∗(X, Y )〉 = AH (X)Y + c〈X, Y 〉. (4.3.4)

Since AH is a symmetric linear map on T , which was assumed to be Euclidean,
there is an orthonormal basis of T for which the matrix of AH is diagonal, i.e.,
(AH )ij = λiδij , and consequently (AH ∗)ij = λ∗

i δij , where λ∗
i = λi+c. As assumed,

there are r distinct values among the eigenvalues λ; denote them by λ(1), . . . , λ(r),
with multiplicities p1, . . . , pr . The basic vectors ei can be renumbered so that the
first p1 vectors, denoted by ei1 , refer to λ(1), . . . , the last pr vectors, denoted by eir ,
refer to λ(r). Then (AH )iρjρ = λ(ρ)δiρjρ , and (AH )iρjσ = 0 if ρ �= σ .

Substituting p = pρ , q = qσ (ρ �= σ) in (4.3.2) gives

(λ∗
(ρ) − λ∗

(σ ))h
∗
pρqσ

= 0 (ρ �= σ).

Since here λ∗
(ρ) �= λ∗

(σ ) (ρ �= σ), this implies that

h∗
pρqσ

= 0 (ρ �= σ). (4.3.5)

The eigenspaces ofAH andAH ∗ coincide; denote them byTρ = span{eiρ }. Hence
h(X, Y ) = h∗(X, Y ) = 0 for X ∈ Tρ , Y ∈ Tσ when ρ �= σ .

Now let us return to (4.3.1) and take the scalar product with H ∗. Then (4.3.2)
implies that
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∑

p

[
〈h∗

i[k, h
∗
l]p〉(AH ∗)pj + 〈h∗

j [k, h
∗
l]p〉(AH ∗)ip

]
= 0.

For the eigenbasis of AH ∗ , this reduces to
(
〈h∗

ik, h
∗
lj 〉 − 〈h∗

il, h
∗
kj 〉
)
(λ∗

i − λ∗
j ) = 0.

Due to (4.3.5), these equations further reduce to 〈h∗
iρkρ

, h∗
jσ lσ

〉(λ∗
(ρ) − λ∗

(σ )) = 0 and
give the result

〈h∗
iρkρ

, h∗
jσ lσ

〉 = 0 (ρ �= σ). (4.3.6)

It follows that the subspaces span{h∗
i1j1

}, . . . , span{h∗
irjr

} are mutually orthogonal

in T ∗⊥ and therefore can be extended, correspondingly, to the mutually orthogonal
T ∗⊥

1 , . . . , T ∗⊥
r , which are orthogonal complements of the eigenspaces T1, . . . , Tr in

the corresponding subspaces V ∗
1 , . . . , V

∗
r of V ∗. This completes the proof of the first

assertion.
The last assertion now follows easily, by considering the semiparallel condition

(4.3.1) for i = iρ and j = jρ , and taking into account (4.3.6).

Remark 4.3.2. The assumption in Theorem 4.3.1 that T is Euclidean is essential to
get the diagonal form of AH in some orthonormal basis. The case of more general
pseudo-Euclidean T is complicated because the diagonal form of AH is not the only
simplest form which can be obtained in a suitable orthonormal basis (see [Pe 66],
Section 9). In particular, for the case of Lorentzian T = 1E

m one has the following
four possibilities over R, explicitly given in [Mag 85]:

(1) the diagonal form diag{λ1, . . . , λm};
(2) the forms that differ from the diagonal form by a special block only; for the latter

there are three possible cases:

I.

(
λ0 0
1 0

)
, II.

(
µ0 ν0
−ν0 µ0

)
, III.

⎛
⎝
λ0 0 0
0 λ0 1

−1 0 λ0

⎞
⎠ .

The proof above works only for the possibility (1), if one takes g11 = −1, g22 =
· · · = gmm = 1. The other possibilities need a separate investigation, which will not
be done here.

4.4 Triplets of Large Principal Codimension

Let (V , T , h) be a (pseudo-)Euclidean fundamental triplet. Then the span of h∗(X, Y )
over all X, Y ∈ T is called the outer principal normal subspace of the outer ambient
space (cf. with Section 2.4), and its dimension is called the outer principal codimen-
sion.

For an orthonormal basis {ei}, i ∈ {1, . . . , m = dim T } of T , one has h∗(X, Y ) =
h∗
ijX

iY j , where h∗
ij = h∗(ei, ej ), and h∗

ij = h∗
ji . Hence the maximal value of the
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outer principal codimension is 1
2m(m + 1), and this value is realized when all h∗

ij ,
1 ≤ i ≤ j ≤ m, are linearly independent vectors.

Let us consider semiparallel (pseudo-)Euclidean fundamental triplets with large
outer principal codimension, starting first with the maximal case.

In general, the semiparallel condition is a system of algebraic equations on the
components of the outer second fundamental form:

∑

p

ǫp

[
〈h∗

i[k, h
∗
l]p〉h∗

pj + 〈h∗
j [k, h

∗
l]p〉h∗

ip − 〈h∗
ij , h

∗
p[k〉h∗

l]p

]
= 0, (4.4.1)

where ǫp = 〈ep, ep〉 is +1 or −1 (cf. (4.3.1), where one had all ǫp = 1). The scalar
product 〈h∗

ij , h
∗
kl〉 will be denoted below by H ∗

ij,kl .
In the case of maximal outer principal codimension, the linear independence of

h∗
ij , 1 ≤ i ≤ j ≤ m, implies that the coefficients before these vectors in (4.4.1) must

be zero.
If i = j = k = a and l = b, where a �= b, then the coefficients before haa , hab,

had , where a, b, d have distinct values, give, respectively,

H ∗
aa,ab = 0, (4.4.2)

ǫaH
∗
aa,aa − ǫb(3H

∗
aa,bb − 2H ∗

ab,ab)= 0, (4.4.3)

3H ∗
aa,bd − H ∗

ab,ad = 0. (4.4.4)

Similarly, if i = k = b, j = l = a, a �= b, then the coefficients before haa and hbd
give

H ∗
aa,bb − 2H ∗

ab,ab = 0, (4.4.5)

2H ∗
ab,ad − H ∗

aa,bd = 0. (4.4.6)

But if i = k = a, j = b, and l = d , then before hbb one obtains

H ∗
aa,bd − H ∗

ab,ad = 0. (4.4.7)

From (4.4.3) and (4.4.5) it follows that H ∗
aa,aa = 2ǫaǫbH ∗

aa,bb. Here the right-
hand side does not change if a and b are switched; therefore, H ∗

aa,aa = H ∗
bb,bb for

every distinct pair a, b. Denote their common value by

H ∗
aa,aa = 4κ. (4.4.8)

Equations (4.4.3) and (4.4.5) now give

ǫaǫbH
∗
aa,bb = 2κ, (4.4.9)

ǫaǫbH
∗
ab,ab = κ. (4.4.10)

If m = 3, then (4.4.4) and (4.4.6) give, additionally,
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H ∗
ab,ad = H ∗

aa,ad = 0; (4.4.11)

but for m ≥ 3 and four distinct a, b, d, f , then (4.4.1) gives, in addition,

H ∗
ab,df = 0. (4.4.12)

Proposition 4.4.1. If a semiparallel (pseudo-)Euclidean fundamental triplet (V .T , h)
has outer principal normal subspace of maximal possible dimension, then

εiεkH
∗
ij,kl = (δikδj l + δilδjk + 2δij δkl)κ, (4.4.13)

with κ as defined in (4.4.8).

Proof. Indeed, equation (4.4.13) simply recapitulates equations (4.4.8) to (4.4.12).

Remark 4.4.2. Substituting h∗
ij = hij − xcδij in (4.4.1), denoting 〈hij , hkl〉 = Hij,kl ,

and replacing H ∗
ij,kl with Hij,kl + cδij δkl , one gets from (4.4.13)

∑

p

ǫp
[
Hi[k,l]phpj + Hj [k,l]phip − Hij,p[khl]p

]

+ c
[
ǫl
(
δk[ihj ]l + δijhkl

)
− ǫk

(
δl[ihj ]k + δijhkl

)]
= 0. (4.4.14)

The following proposition shows that for semiparallel (pseudo-)Euclidean fun-
damental triplets with Euclidean T (i.e., where all ǫi = 1), there is a lacuna in their
possible principal codimensions below the maximal value.

Proposition 4.4.3. There exist no semiparallel (pseudo-)Euclidean fundamental trip-
lets (V , T , h) with Euclidean T of dimension m ≥ 3 and with Euclidean principal
normal subspace, whose principal codimension lies between the value 1

2m(m−1)+1
and the maximal value 1

2m(m + 1).

Proof. Suppose that the principal codimension lies between these bounds and T

is Euclidean. Then all hij must satisfy some linear equations, and one of these
hij ξ

ij = 0 can be put in canonical form by a suitable orthogonal transformation of
the basis {e1, . . . , em}. After suitable renumbering, this equation can be presented as

hmm = µ1h11 + · · · + µm−1hm−1m−1 =
m−1∑

a=1

µahaa . (4.4.15)

The lower bound for the principal codimension shows that all hij with i �= j must
be linearly independent and h11, h22, . . . , hm−1m−1 cannot be mutually collinear;
moreover none of the latter can be a linear combination of the former.

Recall that AH is defined by 〈AHX, Y 〉 = 〈h(X, Y ),H 〉 (see Section 4.2), so that
for every orthonormal basis in T one has (AH )ij = 〈hij , H 〉.
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Let us first consider the case r = 1 in Theorem 4.3.1. Then (AH )ij = λ(1)δij , or,
equivalently, 〈hij , H 〉 = λ(1)δij .

Hence, if one takes the scalar product of H with (4.4.15), one obtains

λ(1) = (µ1 + · · · + µm−1)λ(1).

Now if λ(1) = 0, then 〈hij , H 〉 = 0, and therefore 〈H,H 〉 = 0. Since the principal
normal subspace is assumed to be Euclidean, this implies H = 0, which implies
hij = 0, due to the argument in the proof of Theorem 4.1.7. But this conclusion
contradicts the assumption about the principal codimension. Therefore, λ(1) = 0 is
impossible, and hence µ1 + · · · + µm−1 = 1 holds.

In (4.4.14), let us put i = j = k = a, l = b �= a (note that here ǫa = ǫb = 1).
This gives a linear relation among haa and the hij with i �= j ; hence all coefficients
must be zero. In particular, for the coefficient of hab this implies that

3Haa,bb − 2Hab,ab − Haa,aa = 0,

for every pair of distinct a and b. Therefore, Haa,aa = Hbb,bb, and consequently

‖h11‖2 = ‖h22‖2 = · · · = ‖hm−1m−1‖2 = σ 2.

Now take (4.4.14) with i = j = a, k = b �= a, and l = m; then the coefficient
before hbm is

µaσ
2 + (µb − 1)Haa,bb + µcHaa,cc +

∑
µdHaa,dd = 0;

here the value of index c is distinct from a and b (which is possible since m ≥ 3),
and summing is over all values d distinct from a, b, c (which, of course, is possible
only if m > 3, for otherwise the range of d is empty). Here the roles of b and c can
be interchanged, and hence Haa,bb = Haa,cc. As a result Haa,bb = τ for all a, b. The
last equation above now reduces to

µaσ
2 +

⎛
⎝∑

b �=a

µb − 1

⎞
⎠ τ = 0,

which due toµ1 +µ2 +· · ·+µm−1 = 1 givesµa(σ
2 −τ) = 0 for every a. Therefore,

σ 2 − τ = 0 and thus 〈haa, haa − hbb〉 = 0, 〈hbb, haa − hbb〉 = 0. This leads to
‖haa−hbb‖ = 0, and hence to haa = hbb for every pair a �= b. This is a contradiction
to the above statement that h11, h22, . . . , hm−1m−1 are not mutually collinear. This
finishes the proof for r = 1.

If r > 1, then by Theorem 4.3.1, (V , T , h) is the orthogonal direct sum of its sub-
triplets and hij = hi1j1 +hi′j ′ , where the terms on the right-hand side are orthogonal.
Therefore, the maximal value of the principal normal codimension is

1

2
m1(m1 + 1) + 1

2
(m − m1)(m − m1 + 1) = 1

2
m(m − 1) + m(1 − m1) + m2

1,

where 1 ≤ m1 ≤ m
2 ; but m ≥ 3 implies that this is less than 1

2m(m − 1) + 2. This
completes the proof.
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Remark 4.4.4. There is a direct connection between the result (4.4.13) of Proposi-
tion 4.4.1 and the result (3.3.4) obtained in the argument which led to Theorem 3.3.1.
These results were first obtained in [Lu 89c]. Propositions 4.4.1 and 4.4.3 were
derived in [Lu 92b] by purely algebraic arguments similar to those given above.

4.5 Semiparallel Submanifolds as Second-Order Envelopes of

Parallel Submanifolds

As noted in Section 4.2, the semiparallel condition is simpler than the parallel con-
dition: the first is algebraic, the second is a differential system. But from the geo-
metrical viewpoint, on the other hand, the parallel submanifolds are simpler, because
each (complete) parallel Mm is an orbit of a Lie group of isometries of sNn(c), gen-
erated by the reflections in sN

n(c) with respect to the normal (n–m)-planes of Mm.
Indeed, for every two points x and x′ of such an Mm, there exists an isometry of
sN

n(c) that maps Mm into itself and x into x′, namely the reflection with respect to
the (n–m)-plane normal to Mm at the midpoint x0 of the geodesic between x and x′.
(See Section 3.6, where this viewpoint is described in more detail.)

The aim of the present section is to show that semiparallel submanifolds can be
characterized geometrically as second-order envelopes of families of parallel sub-
manifolds. Second-order envelopes can be defined as follows (cf. [Je 77]).

Two curves λ and λ∗ in sN
n(c) (the images of two smooth maps of some interval

of the real line R into sN
n(c)) are said to be first-order tangent at a common point

x0, corresponding to t = 0, if their tangent vectors at x0 coincide. They are said to
be second-order tangent at x0 if, in addition, their curvature vectors h(X0, X0) at x0
coincide, where λ and λ∗ are considered as one-dimensional submanifolds, and X0

is their common unit tangent vector at x0.
Two submanifoldsMm andM∗m with a common point x0 in sN

n(c) are said to be
first-order (or second-order) tangent at x0, if for every curve λ through x0 inMm there
is a curve λ∗ through the same x0 in M∗m, which is first-order (resp. second-order)
tangent to λ at x0.

Obviously, first-order tangency means that the tangentm-planes of these subman-
ifolds at x0 coincide. For second-order tangency, the following holds.

Proposition 4.5.1. Two (pseudo-)Riemannian submanifoldsMm andM∗m of sNn(c)

are second-order tangent at a common point x0 if and only if their fundamental triplets
at x0 coincide.

Proof. Suppose these triplets coincide at x0. Let λ be a curve in Mm through x0
having arclength parameter s. The formulas in the proof of Theorem 3.5.1 show that

x(s) has unit tangent vector d
ds
x = eiX

i of λ, and its curvature vector d2

ds2 x has normal

(to Mm) component hijXiXj (called the normal curvature vector of λ) and tangent
component 1

ds
ei∇Xi (called the geodesic curvature vector of λ). It suffices now to

consider in M∗m the curve λ∗ through x0 with the same unit tangent vector eiXi and
with the same geodesic curvature vector at x0 as λ above. Since by hypothesis the hij
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are the same for Mm and M∗m at x0 and Xi are also the same, the curvature vectors
of λ and λ∗ at x0 coincide; thus these curves are second-order tangent at x0. Since
Xi can be chosen arbitrarily, the two submanifolds are second-order tangent at x0.

The validity of the converse statement is clear.

Now the following definition can be given.
Suppose for every point x of a submanifold Mm of sNn(c) there exists a subman-

ifold M∗m in sN
n(c) that is second-order tangent to Mm at x. Then Mm is said to be

the second-order envelope of the family of these submanifolds M∗m.

Example 4.5.2. Every curve M1 with nonvanishing curvature in En is the second-
order envelope of the family of its circles of curvature. Note that a circle is a one-
dimensional parallel submanifold in some E2 ⊂ En (see Section 3.1). Here a certain
degeneration is possible: if M1 is a circle, then this family consists of the circle
itself. But in general, second-order envelopes of circles are nontrivial, i.e., they do
not reduce to a single circle.

Example 4.5.3. m-dimensional spheres in En are parallel submanifolds. If m > 1,
there do not exist any nontrivial second-order envelopes of families ofm-dimensional
spheres in En. Indeed, if Mm and an m-sphere in En are second-order tangent at a
common point, then this point is an umbilic point of Mm. But it is well known that
if a submanifold in En consists only of umbilic points, then it is a sphere or a subset
of a sphere (see Proposition 3.1.5).

Example 4.5.4. Let Mm be a normally flat submanifold in Euclidean space En, i.e.,
its normal connection ∇⊥ is flat, or equivalently, �β

α = 0 at each point. From the
last formulas of (2.1.9) and (2.1.10) for the bundle of adapted orthonormal frames,
one can see that for every pair of distinct values α and β the matrices (hαij ) and (hβkl)
commute and therefore can be simultaneously diagonalized by a suitable orthogonal
transformation of the frame at every point. Then

hαij = kαi δij

for every value of α. In general one obtainsmmutually orthogonal basis vector fields
whose integral curves are called the lines of curvature of the sumbmanifold Mm with
flat normal connection ∇⊥.

Suppose, furthermore, that this Mm is also locally Euclidean, i.e., that �j
i = 0.

Since here c = 0, the first formulas of (2.1.9) and (2.1.10) give 〈ki, kj 〉 = 0 for every
pair of distinct values i, j , where ki = eαk

α
i . Suppose further that these m mutually

orthogonal vectors, which are the curvature vectors of the lines of curvature, are
nonzero; then n ≥ 2m. It follows that this Mm is a second-order envelope of the
tori S1(c1) × · · · × S1(cm), where the m circles S1(c1), . . . , S

1(cm) are the circles
of curvature at a point x ∈ Mm of the lines of curvature of Mm. These circles lie on
mutually orthogonal 2-planes.

In the particular case m = 2, these tori are Clifford tori. If one family of lines
of curvature of this M2 consists of circles (i.e., M2 is a canal surface in En, n ≥ 4),
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then the family of Clifford tori, each of which second-order envelops M2, depends
on one parameter. This family of Clifford tori reduces to M2 itself if M2 already is a
Clifford torus.

These examples illustrate the following general assertion.

Theorem 4.5.5. A submanifold Mm in sN
n(c) is semiparallel if and only if it is a

second-order envelope of parallel submanifolds.

Proof. Consider the pair consisting of a point x ∈ sN
n(c) and a fundamental triplet

(V , T , h), where V = Tx[sNn(c)] and T is (pseudo-)Euclidean T of dim T = m.
Let such a pair of x and (V , T , h) be called a centered fundamental triplet for sNn(c).
Denote by � the manifold formed by all centered triplets. For each such triplet, if
one chooses an adapted frame, having the origin at x, the first m basis vectors ei
in T , and the next n − m basis vectors eα in T ⊥, one gets a framed fundamental
triplet for sNn(c). The manifold consisting of all these triplets will be denoted by �.
Local coordinates in � are obtained by taking the local coordinates (xI ) of the point
x ∈ sN

n(c), the elements of the nonsingular matrix (XJ
I ) that transforms the natural

basis of ∂/∂xI into the basis adapted to (V , T , h) as above, and the components hαij
of h with respect to the basis just chosen.

The formulas (1.2.4), (1.4.2), and (1.4.3) hold, where now giα = 0.
Let �S (resp. �S) be the manifold of all framed (resp. centered) semiparallel

fundamental triplets for sN
n(c). Consider the following differential system on �S :

ωα = 0, ωα
i − hαijω

j = 0, dhαij − hαkjω
k
i − hαikω

k
j + h

β
ijω

α
β = 0.

Taking exterior differentials of the left-hand sides of these equations, one sees that they
vanish, due to the equations of the same system and the equations for the semiparallel
condition. Thus the differential system is completely integrable (see the Frobenius’
theorem, second variant, in [Ste 64], also [Li 55], Section 21).

Two framed fundamental triplets are said to be equivalent if e′
i = ejA

j
i ,

e′
α = eβA

β
α , with invertible basis change matrices, and ′hβkl = A

β
αh

α
ijA

i
kA

j
l . This

equivalence defines a mapping �S → �S that maps the above differential system
into a well-defined completely integrable system on �S , as can be easily seen.

It follows that for every fixed centered fundamental semiparallel triplet in �S

there is a unique integral submanifold of this differential system, that contains the
fixed triplet and has maximal possible dimension, that is equal to the dimension of
the involutive distribution on �S corresponding to the differential system.

The first two groups of equations of this differential system show that the integral
submanifold in �S consists of centered fundamental triplets that belong to an m-
dimensional submanifold M∗m in sN

n(c). The last group of equations shows that
this M∗m is a parallel submanifold.

Now letMm be a semiparallel submanifold in sN
n(c). Every fixed point x ofMm

defines a centered semiparallel fundamental triplet (Tx[sNn(c)], TxMm, hx), and the
fundamental triplet defines a parallel submanifoldM∗m in sN

n(c), as is shown above.
By Proposition 4.5.1, the submanifolds Mm and M∗m are second-order tangent at x,
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and hence Mm is the second-order envelope of the family of these M∗m, taken at all
points x of Mm.

Remark 4.5.6. The fact that a centered semiparallel fundamental triplet defines a
unique parallel submanifold was proved in [BR 83] (see Theorem 3) by using an
algebraic approach (for the Riemannian case when s = 0). The proof is rather cum-
bersome, involving techniques from [Fe 80] and [Ba 83] developed for the Euclidean
case when c = 0, and using certain constructions leading from Jordan triple systems
to Lie groups. The proof given here above is more direct, following the Riemannian-
case proof given in [Lu 90a] and generalizing it to the pseudo-Riemannian case
considered here.

4.6 Second-Order Envelope of Segre Submanifolds

A new interesting example, in addition to Examples 4.5.2–4.5.4, is provided by the
second-order envelopeMm of Segre submanifoldsS(p,q)(k),m = p+q, with variable
k in Nn(c), n > m.

For such an envelope in its adapted orthonormal frame bundleO(Mm, Nn(c)) the
expressions of dx and dei must be the same as for O(S(p,q)(k), S

pq+m(k2)) (see the
proof of Theorem 4.5.5). In the last frame bundle, one can use the same further frame
adaption that was used in the proof of Theorem 3.2.1. Additionally, in the bundle
O(S(p,q)(k), E

pq+m+1), the unit frame vector em+1 is specified as em+1 = kx.
Then for the bundle of such adapted frames, there holds dx = ei1ω

i1 + ei2ω
i2 ,

and due to (2.1.5)

dei1 = ej1ω
j1
i1

+ e(i1j2)kω
j2 + em+1kω

i1 − cxωi1 ,

dei2 = ej1ω
j2
i2

+ e(j1i2)kω
j1 + em+1kω

i2 − cxωi2 ,

where x is now the radius vector of the point x ∈ Mm in the outer ambient space
En+1 of Nn(c). So for the submanifold geometry of Mm in Nn(c), one has

ω
(j1k2)
i1

= δ
j1
i1
kωk2 , ω

(j1k2)
i2

= δ
k2
i2
kωj1 , ωm+1

i = kωi, ω
ξ
i = 0, (4.6.1)

where pq + m + 2 ≤ ξ, . . . ≤ n + 1.
After exterior differentiation, the last two equations above give

ωi1 ∧ ω
ξ
m+1 + ωj2 ∧ ω

ξ
(i1j2)

= 0, ωi1 ∧ ω
ξ
(i1j2)

+ ωj2 ∧ ω
ξ
m+1 = 0. (4.6.2)

Consider first the general case where p > 1 and q > 1. Then both i1 and j2 take
more than one value. By Cartan’s lemma ω

ξ
m+1 is a linear combination of one ωi1

and of all ωj2 (from the first equation 4.6.2), but also of all ωi1 and of one ωj2 (from
the second equation 4.6.2). Therefore, ωξ

m+1 = 0. The same argument also works

for every ω
ξ
(i1j2)

, and thus they are all zero, as well. Consequently, in this case the

envelope Mm lies in an Npq+m(c).
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After exterior differentiation, the third group of equations (4.6.1) give, separately
for i1 and i2, that

d ln k ∧ ωi1 +
∑

j2

ωm+1
(i1j2)

∧ ωj2 = 0,

∑

i1

ωm+1
(i1j2)

∧ ωi1 + d ln k ∧ ωj2 = 0.

The same argument just used above now gives

k = const, ωm+1
(i1j2)

= 0. (4.6.3)

The first group of equations (4.6.1) leads to

∑

l1

(δ
j1
i1
ω
k2
l1

+ω
k1
i1
δ
j1
l1
)∧ωl1 +

∑

l2

(
δ
j1
i1
ω
k2
l2

+ ω
j1
i1
δ
k2
l2

− ω
(j1k2)

(i1l2)

)
∧ωl2 = 0. (4.6.4)

Now one shows via Cartan’s lemma that ωk2
i1

is a linear combination of only ωl2 .
Indeed, taking i1 = j1 in (4.6.4), one obtains

2ωk2
i1

∧ ωi1 +
∑

l1 �=i1

ω
k2
l1

∧ ωl1 +
∑

l2

(ω
k2
l2

− ω
(i1k2)
(i1l2)

) ∧ ωl2 = 0, (4.6.5)

and thus
ω
k2
i1

= U
k2
i1
ωi1 +

∑

l1 �=i1

V
k2
i1l1

ωl1 +
∑

l2

W
k2
i1l2

ωl2 ,

for an arbitrary fixed value i1 and with V
k2
i1l1

symmetric with respect to the lower
indices. Substituting this back into (4.6.5) gives

∑

l1 �=i1

⎡
⎣2V k2

i1l1
ωl1 ∧ ωi1 +

∑

k1 �=l1

V
k2
l1k1

ωk1 ∧ ωl1

⎤
⎦+ (. . . )

k2
l2

∧ ωl2 = 0.

This implies V k2
i1l1

= 0.

Taking i1 �= j1 in (4.6.4) and substituting the above expression for ωk2
i1

, one finds
that

U
k2
i1
ωi1 ∧ ωj1 + (· · · )j1k2

i1l2
∧ ωl2 = 0,

thus also U
k2
i1

= 0, which proves the assertion about ωk2
i1

.

Here the subindices 1 and 2 are in equivalent roles; thereforeωi1
k2

can be expressed

in terms of ωl1 only. Since ωk2
i1

+ ω
i1
k2

= 0, it follows that

ω
k2
i1

= 0. (4.6.6)

Now putting i1 = j1 in (4.6.4) gives
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ω
k2
l2

− ω
(i1k2)
(i1l2)

= Q
k2
l2j2

ωj2 ,

where Qk2
l2j2

= Q
k2
j2l2

. On the other hand, Qk2
l2j2

= −Q
l2
k2j2

, and thus Qk2
l2j2

= Q
k2
j2l2

=
−Q

j2
k2l2

= −Q
j2
l2k2

= Q
l2
j2k2

= Q
l2
k2j2

= −Q
k2
l2j2

; hence Qk2
l2j2

= 0, and so

ω
(i1k2)
(i1l2)

= ω
k2
l2

(4.6.7)

for every fixed value of i1. Here the roles of the subindices 1 and 2 can be exchanged,
giving

ω
(k1i2)
(l1i2)

= ω
k1
l1
. (4.6.8)

Now (4.6.4) with i1 �= j1 reduces to

∑

l2 �=k2

ω
(j1k2)

(i1l2)
∧ ωl2 = 0;

therefore ω(j1k2)

(i1l2)
with i1 �= j1 and k2 �= l2 can be expressed in terms of ωh2 only, and

similarly, by ωh1 only. Hence

ω
(j1k2)

(i1l2)
= 0 (i1 �= j1, k2 �= l2). (4.6.9)

Taking the exterior derivative of (4.6.6) one concludes, via (1.6.3) and (4.6.1),
that c ωi1 ∧ ωk2 = 0, which implies c = 0. Thus the particular kind of second-
order enveloping of Mm considered in this case can occur only in a locally Euclidean
ambient space. The analysis of the system ω(i1j2) = ωm+1 = 0, (4.6.1), (4.6.3),
and (4.6.6)–(4.6.9) shows that this system is completely integrable and determines a
Segre submanifold S(p,q)(k) in Spq+p+q(k2).

The result is a bit different if p = 1, q > 1. Then i1 takes only one value 1; hence
it is suitable here to use a, b, . . . instead of i2, j2, . . . , and also m+ a instead of the
index pair (1a). Equations (4.6.1) now appear as

ωm+a
1 = kωa, ωm+a

b = δabkω
1, ωm+1

1 = kω1, ωm+1
a kωa,

ω
ξ
i = 0. (4.6.10)

From (4.6.2) it now follows by Cartan’s lemma that

ω
ξ
m+1 = ψξω1, ω

ξ
m+a = ψξωa . (4.6.11)

Similarly, instead of (4.6.3) one now has

d ln k = κω1, ωm+1
m+a = κωa . (4.6.12)

Exterior differentiation of the equations ωm+a
1 = kωa , ωm+a

b = δabkω
1 gives

2(ωa
1 + κωa) ∧ ω1 +

∑

b

(ωa
b − ωm+a

m+b) ∧ ωb = 0, (4.6.13)
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(ωa
b − ωm+a

m+b) ∧ ω1 − (ωb
1 + κωb) ∧ ωa − δab

∑

c

ωc
1 ∧ ωc = 0. (4.6.14)

As in the previous case, substituting first a = b and then a �= b into the exterior
equations (4.6.14) and (4.6.13), one gets

ωa
1 = −κωa, ωm+a

m+b = ωa
b . (4.6.15)

Now, taking exterior derivatives of the second group of equations (4.6.12) gives
(dκ − κ2ω1) ∧ ωa = 0 for all values of a; hence dκ = κ2ω1. The first equa-
tion (4.6.12) leads to an identity, but applying the same procedure to the first group
of equations (4.6.15), and using (2.1.7) and (2.1.8), gives the result c ω1 ∧ ωa = 0.
Hence c = 0.

Finally, taking exterior derivatives of the second group of equations (4.6.15), one
obtains ⎡

⎣∑

ξ

(ψξ )2

⎤
⎦ωa ∧ ωb = 0,

thus
∑

ξ (ψ
ξ )2 = 0, so ψξ = 0 and hence ω

ξ
m+1 = ω

ξ
m+a = 0. This shows that

the whole system is completely integrable. Therefore, in this case the second-order
enveloping of Mm occurs only in a 2q + 2-dimensional locally Euclidean manifold,
and it is determined up to some arbitrary real constants.

It remains to describe the geometrical construction of Mm in this case. Equa-
tions (4.6.15) imply that dω1 = 0; therefore, at least locally, ω1 = ds for some
function s on Mm. For submanifolds with s = const, one has

dx = eaω
a, dea = ebω

b
a + (κe1 + kem+1)ω

a;

therefore they are (m − 1)-dimensional spheres or their open subsets. The center of
such a sphere has the radius vector y = x + (κ2 + k2)−1(κe1 + kem+1). An easy
calculation shows that dy = 0, and hence all these spheres have a common center.

The orthogonal trajectories of all these concentric spheres are defined by ωa = 0,
and for each of them

dx = e1ds, de1 = kem+1ds, dem+1 = −ke1ds.

It is easily seen that they are plane curves with curvature k. The previously derived
equation dκ = κ2ω1, where ω1 = ds, implies, for κ �= 0, that κ = −s−1. Now
from the first equation (4.6.12) it follows that k = Cs−1, where C = const. Hence
all these orthogonal trajectories are congruent logarithmic spirals.

It is well known that a logarithmic spiral with polar equation ρ = aϕ in the
Euclidean plane has curvature k = s−1 tanµ, where s is the arclength from the
pole, tanµ = (ln a)−1, and µ is the constant angle between the unit tangent vector
and the radius vector x. In this notation ρ = s cosµ and the pole has the radius
vector x + s cosµ(n sinµ − t cosµ), where t and n are the tangent and normal
unit vectors of this spiral, respectively. If one writes this radius vector in the form
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x + s2 cos2 µ[em+1(s
−1 tanµ) − s−1e1] = x + (k2 + κ2)−1(em+1k + e1κ), one

sees that all these logarithmic spirals have their pole at the common center of the
concentric generating (m − 1)-dimensional spheres.

AnMm satisfying such a geometrical construction is suitably called a logarithmic
spiral tube.

In the special case when κ ≡ 0, one has k = const, and the enveloping family of
Segre submanifolds reduces to a single S(1,q)(k).

Finally, one notes thatS(1,1)(k) is a torusS1(k)×S1(k) and hence the second-order
envelope is a surface M2 with flat ∇̄ (see Example 4.5.4).

The results of this investigation can be summarized as follows.

Theorem 4.6.1. A semiparallel submanifold Mm in Nn(c), which is a second-order
envelope of Segre submanifolds S(p,q)(k) with m = p + q and variable k, is either

• a single Segre submanifold with constant k, or its open subset, in a (pq + m)-
dimensional submanifold of constant curvature k2, embedded into Nn(c), or

• for p = q = 1, a surface M2 with flat ∇̄, or
• for p = 1, q > 1, a logarithmic spiral tube, or its open subset, in a (2q + 2)-

dimensional locally Euclidean submanifold, embedded into Nn(c).

Remark 4.6.2. Observe that if p > 1 and q > 1, only the first case is possible: such
an envelope is a single Segre submanifold, and the submanifold of constant curvature
k2 could beNn(c) itself (for example, when n = pq+m and c = k2, an Spq+m(k2)),
or it could be a spherical submanifold of curvature k2 in Nn(c), k2 > c.

In the third case, the ambient locally Euclidean submanifold can be Nn(c) itself,
when n = 2q + 1 and c = 0 (thus a E2q+1), or such a submanifold Ñ2q+1(0) in
Nn(c) (e.g., a horosphere in H 2q+2(c)).

Remark 4.6.3. For the case c = 0, Theorem 4.6.1 was previously established in [Lu
91a]. Now it is extended here to the case c �= 0.

4.7 A New Approach to Veronese Submanifolds

An m-dimensional Veronese submanifold in sN
n(c) ⊂ σE

n+1 was introduced in
Section 3.3 as a not totally umbilic submanifold, which lies in its first-order outer
osculating subspace of maximal possible dimension 1

2m(m + 3), so that n + 1 =
1
2m(m + 3), and, moreover, all its inner isometries are induced by the isometries of
sN

n(c) (see Theorem 3.3.1). Such a submanifold has either a positive or negative
definite inner metric and is characterized by the relation (3.3.4), where εα is its
constant curvature, and ε = ±1.

Note that (3.3.4) is a special case of (4.4.13). This leads one to consider semipar-
allel submanifoldsMm in sN

n(c) ⊂ σE
n+1, whose first-order outer normal subspace

is of maximal possible dimension 1
2m(m + 1) at every point x ∈ Mm.

Proposition 4.4.1 implies that (4.4.13) holds for these submanifolds, where, as
one recalls, H ∗

ij,kl = 〈h∗
ij , h

∗
kl〉. The first formulas (2.1.9) and (2.1.10) now imply

�
j
i = εiκω

i ∧ ωj (no sum!), where κ is a function on the submanifold.
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From the first formula (2.1.8) it follows by exterior differentiation that

d�
j
i = ωk

i ∧ �
j
k − �k

i ∧ ω
j
k

(the Bianchi identity; cf. (1.3.5)). Substituting into this the above expression for �j
i ,

denoting dκ = κkω
k and noting that due to (2.1.2) εjω

j
i + εiω

i
j = 0, one obtains∑

k κkω
k ∧ ωi ∧ ωj = 0. If m = 2, i.e., if the submanifold is a surface, then this is

an identity. But if m > 2, then the last equality implies κk = 0 and thus κ = const.
As a result, the following proposition can be stated.

Proposition 4.7.1. If a semiparallel submanifold Mm of dimension m ≥ 3 in sN
n(c)

has first-order outer normal subspace of maximal possible dimension 1
2m(m+1), then

it is intrinsically a (pseudo-)Riemannian space of constant curvature and (4.4.13)
holds, where κ is a constant.

Suppose now that this submanifold lies in its first-order outer osculating subspace,
the dimension of which is, of course, 1

2m(m + 3).
Aconsequence from (4.4.13) is that all 〈h∗

ij , h
∗
kl〉 are constants on this submanifold

Mm. Differentiating these expressions and using (3.1.2), where eαhαijk = hijk belong
now to the first-order outer normal subspace span{h∗

pq} at a fixed point x ∈ Mm, one
obtains after some calculations

〈hijp, h∗
kl〉 + 〈h∗

ij , hklp〉 = 0.

Recall that due to (2.2.3), the hklp are symmetric with respect to their indices. There-
fore,

〈hijp, h∗
kl〉 = −〈hklp, h∗

ij 〉 = −〈hkpl, h∗
ij 〉 = 〈hij l, h∗

kp〉.
This shows that every index of the first triplet can be exchanged by every index of
the second pair. Hence

〈hijp, h∗
kl〉 = 〈hklp, h∗

ij 〉 = −〈hijp, h∗
kl〉,

and so 〈hijp, h∗
kl〉 = 0. Therefore, every hijp is orthogonal to all h∗

kl .
Suppose now that the first-order outer osculating subspace containing the sub-

manifoldMm has a regular metric, i.e., is (pseudo-)Euclidean. Then the last assertion
implies that hijp = 0 for all values of i, j, p. (Recall that a (pseudo-)Riemannian
submanifold Mm in sN

n(c), whose first-order osculating subspaces have constant
dimension and regular metric, is said to be regular; see Section 2.4.)

The result can be formulated as follows.

Theorem 4.7.2. If a semiparallel regular (pseudo-)Riemannian submanifold Mm of
dimension m ≥ 3 in sN

n(c) lies in its first-order osculating subspace of maximal
possible dimension 1

2m(m + 3), then Mm is a parallel submanifold, has constant
curvature, and satisfies equation (4.4.13).
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A parallel submanifold fitting this Theorem 4.7.2 is called (especially if it is
complete) a (general) Veronese submanifold . The Veronese submanifolds of The-
orem 3.3.1 are the special cases with positively or negatively definite inner metric.
Recall that for the latter all of their inner isometries are induced by the isometries of
the ambient space.

Remark 4.7.3. In algebraic geometry (see [Sha 88], Chapter I.4) the Veronese map v2
between projective spaces means the following:

v2 : Pm −→ P
1
2m(m+3), v2(u0, . . . , um) = (vij ), vij = uiuj ,

where 0 ≤ i, j ≤ m. If the real projective spacePm (resp.P
1
2m(m+3)) is considered as

the manifold of one-dimensional vector subspaces of R
m+1 (resp. of R

1
2 (m+1)(m+2)),

then v2 can be considered as a map R
m+1 −→ R

1
2 (m+1)(m+2). After putting a (pseu-

do-)Euclidean metric on R
m+1, thisPm can also be interpreted as a sS

m(c) or sHm(c)

with antipodal points identified (see Section 1.4). In this metric version, Veronese
submanifolds were considered, e.g., in [Blo 86]. As mentioned above, the submani-
folds of Theorem 3.3.1 are the special cases for s = 0 or s = m.

Note that for s = 0 and m = 2, Veronese surfaces were first studied in [Bor 28],
and then for m > 2 in [Bla 53], [So 61] (see also [It 75]).

In [Lu 62] it was shown for a minimal surface in N4(c) that if either (i) the
Gaussian curvature or (ii) the area of the normal curvature ellipse is constant, then
this surface is a Veronese surface in S4(c). In [Br 85] it was shown that a minimal
surface with Gaussian curvature 1

3 in Sn(1) is a Veronese surface in S4(1).
A Veronese submanifold can be also characterized by the second standard immer-

sion of an m-dimensional sphere into a 1
2m(3m + 1)-dimensional sphere (see, e.g.,

[CW 71]).

Remark 4.7.4. Theorem 4.7.2 was first derived in [Lu 89c] for the case s = c = 0 and
then in [Lu 96a] for the general case (see also [Lu 2000a], Chapter 19, for the case
s = 0, c �= 0). Meanwhile the same result was established for surfaces in a space
form in [As 93] and [AM 94].

Remark 4.7.5. In connection with Proposition 4.7.1, the question arises whether there
exist submanifolds fitting this proposition, but not Theorem 4.7.2 (i.e., not Veronese
submanifolds). This question will be given a positive answer in Section 9.7: there
exist such submanifolds, and they are second-order envelopes of families of congruent
Veronese submanifolds (see Theorem 9.7.1 and Proposition 9.7.2).
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Normally Flat Semiparallel Submanifolds

One of the main problems in the theory of semiparallel submanifolds Mm in Nn(c)

is how to classify all of them. Up to now, this classification problem has been solved
only in certain particular cases. For an arbitrary dimension m, it has been done only
for normally flat submanifolds: for the case c = 0, when Nn(0) = En is a Euclidean
space, in [Lu 89b], [Lu 90d, e], [Lu 91d, f] (see also [Ri 88], [Lu 2000a], [Li 2001]);
and for the case c �= 0, partly in [DN 93].

5.1 Principal Curvature Vectors and the Semiparallel Condition

A submanifold Mm in Nn(c) is said to be normally flat if its normal connection ∇⊥

is flat, i.e., the curvature 2-forms �β
α of ∇⊥ vanish: �β

α = 0.
From (2.1.7) and (2.1.8) it then follows that every pair of matrices ‖hαij‖ and

‖hβij‖ (α �= β) commute, and therefore they can all be simultaneously diagonalized
by a suitable change of orthonormal basis in TxM

m at an arbitrary point x ∈ Mm.
Then hαij = kαi δij , or, in vector form, hij = kiδij . The vectors k1, . . . , km are called
the principal curvature vectors of the normally flat submanifold Mm in Nn(c); they
are the natural generalizations of the principal curvatures of a hypersurface Mn−1 in
Nn(c). The outer principal curvature vectors are defined as k∗

i = ki − xc, and they
are the principal curvature vectors ofMm as a submanifold of σEn+1 . Due to (1.6.2),
(2.1.1)–(2.1.3), (2.4.1), (2.2.2), and (2.2.3) the following equations hold:

dx =
m∑

i=1

eiω
i, dei =

m∑

j=1

ejω
j
i + k∗

i ω
i, (5.1.1)

dk∗
i = −

m∑

j=1

ej 〈k∗
i , k

∗
j 〉ωj + Kiω

i +
∑

j �=i

Lijω
j , (5.1.2)

(k∗
i − k∗

j )ω
j
i = Lijω

i + Ljiω
j +

l �=j∑

l �=i

Eij lω
l, i �= j, (5.1.3)

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_6, © Springer Science+Business Media, LLC 2009 
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where Ki = hiii , Lij = hiij (i �= j), Eij l = hij l (i, j , l have three distinct values)
and summing occurs only in terms containing the summation sign

∑
; moreover,

(5.1.2) and (5.1.3) remain valid when ki , kj are put in place of k∗
i , k∗

j , respectively.

Theorem 5.1.1. A normally flat submanifoldMm inNn(c) is semiparallel if and only
if its outer principal curvature vectors are either equal or pairwise orthogonal.

Proof. In the above specialized frame bundle, (2.1.10) and (2.1.11) give

�
j
i = −〈k∗

i , k
∗
j 〉ωi ∧ ωj , �β

α = 0; (5.1.4)

thus the semiparallel condition (4.1.2) reduces to

(k∗
i − k∗

j )〈k∗
i , k

∗
j 〉 = 0. (5.1.5)

The assertion now follows immediately.

Lemma 5.1.2. For a normally flat semiparallel Mm in Nn(c) the coefficients Eij l in
(5.1.3) are zero. If this Mm has r distinct principal curvature vectors k(1), . . . , k(r),
and k(ρ) corresponds to the directions of the tangent basis vectors eiρ , then

Liρjρ = 0, Liρjτ = λ(ρ)jτ (k(ρ) − k(τ )), ω
jτ
iρ

= λ(ρ)jτω
iρ − λ(τ )iρω

jτ , (5.1.6)

dk∗
(ρ) = (k∗

(ρ))
2
∑

jρ

ejρω
jρ + Kiρω

iρ +
∑

j �=iρ

Liρjω
j , (5.1.7)

〈Kiρ , k
∗
(τ )〉 = λ(τ )iρ (k

∗
(ρ))

2, (5.1.8)

where ρ �= τ are in {1, . . . , r} and (k∗
(ρ))

2 = (k(ρ))
2 + c.

If k(ρ) is nonsimple, then Kiρ = 0.

Proof. Formulae (5.1.3) can contain Eij l only if m > 2, and directly imply that
Eiρjρ l = 0. Due to symmetry, Eij l is zero if any two of i, j , l lead to the same k(ρ). It
follows that if r = 1 or r = 2, then all Eij l are zero. For r > 2, consider Eiρjτ lϕ with
three distinct ρ, τ , ϕ. From (5.1.3) it follows that (k∗

(ρ) − k∗
(τ ))‖Eiρjτ lϕ and, similarly,

(k∗
(ρ) − k∗

(ϕ))‖Eiρ lϕjτ = Eiρjτ lϕ . Thus Eiρjτ lϕ = 0 due to Theorem 5.1.1, and hence
all Eij l are zero.

Equations (5.1.7) follow from (5.1.2) by using the identity 〈k∗
(ρ), k

∗
(τ )〉 = 0 for

ρ �= τ , which is a consequence of (5.1.5). To obtain (5.1.8) one has to differentiate
this identity.

If k(ρ) is simple, then iρ takes only one value. If k(ρ) is nonsimple, then kiρ =
kjρ = k(ρ), iρ �= jρ , and from (5.1.2) it follows that Kiρ = Kjρ = 0 and Liρ l = Ljρ l .
Now (5.1.3) reduces to (5.1.6). This concludes the proof.

It is interesting that for the class of semiparallel submanifolds in a space form
Nn(c) there exist other conditions that imply normally flatness.

The first-order subspace span{hij } ⊂ T ⊥
x Mm of a submanifold Mm in Nn(c),

introduced in Section 2.4, is called the principal normal subspace; its dimension is
called the principal codimension of such anMm (cf. Section 4.4) and is often denoted
by m1.
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Proposition 5.1.3. If a semiparallel submanifold Mm in Nn(c) has principal codi-
mension m1 ≤ 2 and nonzero mean curvature vector H �= 0, then this Mm is
normally flat.

Proof. If m1 = 0, then h = 0 and Mm is totally geodesic, hence with flat ∇⊥. If
m1 = 1, the orthonormal frame bundle adapted to Mm can be adapted further so that
hij = hm+1

ij em+1 and thus hξij = 0 for ξ ∈ {m + 2, . . . , n}. Due to (2.1.9)–(2.1.11)

all �β
α = 0, thus ∇⊥ is again flat.

If m1 = 2, the adaption can be chosen so that only Hm+1 and Hm+2 can be
nonzero; moreover, �m+2

m+1 = −�m+1
m+2. The consequence (4.3.2) of the semiparallel

condition (4.1.2) reduces to

Hm+2�m+1
m+2 = Hm+1�m+2

m+1 = 0.

If H �= 0 here, then �m+2
m+1 = 0, and ∇⊥ is indeed flat, as was asserted.

Remark 5.1.4. If H = 0 for a semiparallel submanifold Mm in Nn(c), then in the
case c ≤ 0 this Mm is totally geodesic, due to Theorem 4.1.7, and thus has flat ∇⊥.

But in the case c > 0 there exist semiparallel Mm in Nn(c) ≡ Sn(c) with H = 0,
nonflat ∇⊥, and m1 = 2. An example is the Veronese surface M2 in S4(1), which is
a minimal surface of S4(1), has m1 = 2, and nonflat ∇⊥ (see Sections 3.3 and 6.3).

Remark 5.1.5. If one considers the distribution defined for a fixed value of ρ, with
nonsimple k(ρ), by ωjτ = 0 (τ �= ρ), from (5.1.6) it follows that this distribution
is a foliation (due to the Frobenius theorem, second version). The leaves of this
foliation are called the curvature surfaces (see [Re 76, 79], [Ch 2000], Section 3.7);
for a nonsimple k(ρ) this is of dimension ≥ 2. Then, due to Lemma 5.1.2, Kiρ = 0,
and from (5.1.7) it follows that the corresponding principal curvature vector k(ρ) is
parallel with respect to the normal connection along its curvature surface (cf. [DN 93],
Lemma 2.2, where it is also stated that this curvature surface is totally umbilical and
spherical).

5.2 Normally Flat Parallel Submanifolds

To study normally flat semiparallel submanifolds, let us first consider normally flat
parallel submanifolds. According to Theorem 4.5.5, every semiparallel submanifold
is a second-order envelope of parallel submanifolds, and obviously is normally flat if
and only if the latter are normally flat.

Normally flat parallel submanifolds in Euclidean space have been investigated in
[Wa 73] and [Sak 73], where it was shown that such a submanifold is either a product
of several spheres and, possibly, a Euclidean subspace, or else an open part of such a
product.

Generally, a submanifoldMm in σE
n is said to be a product of submanifoldsMmρ

in σρE
nρ (ρ = 1, . . . , r) if
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(i) Mm = Mm1 × · · · × Mmr ,
(ii) σE

n = σ1E
n1 × · · · × σrE

nr , where the product components on the right are
pairwise totally orthogonal.

Recall that in Section 3.6 a submanifold in Euclidean space was called reducible
if it is decomposable into a product; otherwise it was called irreducible. Now these
terms can also be used for submanifolds in pseudo-Euclidean space, and also in space
forms, considering their standard models in pseudo-Euclidean spaces.

The following gives a generalization of the results cited above to the case of
normally flat submanifolds in space forms (see also [Lu 2000a]).

Let Mm be a normally flat parallel submanifold in Nn(c). Then (5.1.1)–(5.1.3)
hold, where Eij l = 0 due to Lemma 5.1.2, and also Ki = Lij = 0, because Mm is

parallel. From (5.1.6) it follows that λ(ρ)jτ = 0 and thus ωjτ
iρ

= 0 (ρ �= τ ). It follows
that the distribution of subspaces Tρ = span{eiρ } in the tangent vector spaces of Mm

is a foliation for every fixed value of ρ. Indeed, this distribution is defined by the
differential system ωjτ = 0 (τ �= ρ), but due to (1.4.3) and (2.1.3) dωj = ωi ∧ ω

j
i ;

thus now dωjτ = ωiτ ∧ω
jτ
iτ

; hence this system is totally integrable (see the Frobenius’
theorem, second version, in [Ste 64]) and hence determines a foliation. For a leaf of
this foliation, (5.1.1) and (5.1.2) imply

deiρ =
∑

jρ

ejρω
jρ
iρ

+ k∗
(ρ)ω

iρ , dk∗
(ρ) = −(k∗

(ρ))
2
∑

jρ

ejρω
jρ . (5.2.1)

It follows that this leaf is a parallel submanifold M
mρ
ρ and lies in σρE

nρ , spanned by a

point x ∈ M
mρ
ρ and vectors eiρ , k∗

(ρ). For every pair of distinct ρ and σ these vectors
are orthogonal; thus the above-considered normally flat parallel submanifold Mm is
a product of parallel submanifolds M

mρ
ρ , ρ ∈ {1, . . . , r}.

Here the following concept can be used. A submanifold Mm in Nn(c) is said to
be a spherical submanifold, if in (2.1.7) h∗

ij = H ∗gij and ∇∗⊥H ∗ = 0, i.e., if Mm

with m > 1 is totally umbilic or totally geodesic, and thus normally flat parallel (see
Proposition 3.1.2), but for m = 1 this M1 is a plane curve of constant curvature (see
[DN 93], [Lu 2000a]).

If c ≥ 0, i.e., Nn(c) is En or Sn(c), a spherical submanifold is a sphere or a circle
(or their limit cases: a plane or a straight line). If c < 0 and thus Nn(c) is H n(c),
a spherical submanifold is a sphere or a horosphere, or an equidistant submanifold,
including the one-dimensional cases: circle, horocircle, or equidistant curve (or their
limit cases); cf. Remark 3.1.6.

Proposition 5.2.1. A normally flat parallel submanifold Mm in Nn(c) is a product of
spherical submanifolds, or an open part of such a product.

Such an Mm has flat ∇ (and thus flat ∇̄) if and only if every product component is
one-dimensional, except possibly the plane (if c = 0) and the horosphere (if c < 0).

Proof. The first assertion summarizes the preceding analysis.
The second assertion follows from the fact that due to (5.1.4)
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�
jτ
iρ

= 0 (ρ �= τ), �
jρ
iρ

= −(k∗
(ρ))

2ωiρ ∧ ωjρ , (5.2.2)

where (k∗
(ρ))

2 = (k(ρ))
2 + c (see Lemma 5.1.2). Therefore, ∇ is flat if and only

if either (k∗
(ρ))

2 �= 0 and iρ takes only one value, or c = k(ρ) = 0, or c < 0 and

k2
(ρ) + c = 0.

Proposition 5.2.2. An irreducible normally flat parallel submanifold Mm in Nn(c)

(i.e., a spherical submanifold) that is not a plane or straight line (if c = 0), or a
horosphere or circle (if c < 0), is, in the geometry of σEn+1, a sphere (in casem = 1,
a circle) or its open part.

Proof. For such an Mm the formulas above can be used, without the subscripts ρ.
Therefore, dx = eiω

i , dei = ejω
j
i + k∗ωi and due to (5.2.1) dk∗ = −(k∗)2eiωi .

From here d(k∗)2 = 2〈k∗, dk∗〉 = 0, thus (k∗)2 is a constant, which is nonzero
except for the two excluded submanifolds. It follows that Mm belongs to an (m+1)-
dimensional plane in σE

n+1, which is spanned by the point x and vectors ei , k∗. The
point of this plane with radius vector y = x + ‖k∗‖−2k∗ is a fixed point because
dy = 0; recall here that ‖k∗‖2 = (k∗)2 is a nonzero constant, and therefore ‖y − x‖
is also a nonzero constant.

The exceptional case, when (k∗)2 = k2 + c = 0 and either k = c = 0, or c < 0
and k2 = −c, leads to the two excluded submanifolds.

Example 5.2.3. Consider the Plücker submanifold lkG
2,p(r) as an example. Accord-

ing to Theorem 3.2.3 this is a parallel submanifold. As is seen from (3.2.6), (3.2.7),
and (3.2.9), its normal unit vectors are 1

r
x = E[12] and E[uv], and thus θ [12]

u = − 1
r
θu,

θ
[12]
ū = − 1

r
θ ū,

θw[uv] = 1

r
(−δwu θ

v̄ + δwv θ
ū), θ w̄[uv] = 1

r
(δw̄ū θ

v − δw̄v̄ θ
u). (5.2.3)

Let us compute the normal curvature 2-forms. Obviously �
[12]
[12] = 0. Further-

more,

�
[12]
[uv] = θw[uv] ∧ θ [12]

w + θ w̄[uv] ∧ θ
[12]
w̄ = 0,

as is easy to check. But �[wy]
[uv] are not zero in general. Only for p = 4, where

u, v,w, y can take only the values 3 and 4, does one have �[34]
[34] = 0. Thus lkG

2,4(r)

is four-dimensional, parallel normally flat, and thus a product of two two-dimensional
spherical submanifolds; if l = k = 0, then it is a product of two spheres.

Remark 5.2.4. Proposition 5.2.1 was first proved in the special case of normally flat
parallel submanifolds of Euclidean space: for hypersurfaces in [SW 69], and more
generally in [Wa 73] and [Sak 73] (see also [YI 71]). Here the spherical submanifolds
are open parts of spheres or circles (except perhaps one, which can be a plane).
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5.3 Adapted Frame Bundle for a Second-Order Envelope

A general normally flat semiparallel submanifold Mm in Nn(c) is a second-order
envelope of parallel submanifolds with flat ∇⊥, described in Theorem 5.2.1 as product
submanifolds. This implies that such an Mm also has a generalized product structure,
called the warped product structure. For Riemannian manifolds the concept of warped
product was introduced in [Kr 57], [BiO’N 69] (see also [Hie 79], and [Nö 96]). In
the investigation of normally flat semiparallel submanifolds this concept was used in
[Lu 91d, f] and [DN 93].

As preparation, the orthonormal frame bundle is further adapted to the normally
flat semiparallel Mm in Nn(c), considering this Mm as a second-order envelope of
the normally flat parallel submanifolds described in Proposition 5.2.1.

Here the notation for indices will be specified as follows. From now on, let ρ
denote only those values for which k∗

(ρ) is nonzero with non-zero (k∗
(ρ))

2 having the
multiplicity νρ > 1; likewise for τ , etc.

These indices refer to the νρ-dimensional components of the parallel product; let
their range be {1, . . . , p}. Here eiρ are tangent and k∗

(ρ) is normal to such a component

in σE
n+1.

The values of ρ (in the old sense of Lemma 5.1.2), for which k∗
(ρ) is nonzero and

has multiplicity 1, refer to the one-dimensional components of the parallel product.
Let the number of such components be q and let them be denoted by subscripts a,
b, . . . in the range {ν + 1, . . . , ν + q}, where ν = ν1 + · · · + νr . Here ea is tangent
and k∗

a normal to one of these components in σE
n+1.

For the case c = 0, set ρ = 0 as the value of ρ for which k∗
(ρ) = k(ρ) = 0. Due to

(5.2.2), it refers to the plane component of the parallel product in En. Let the indices
i0, j0 take values in {ν + q + 1, . . . , ν + q + ν0 = m}, where ν0 is the dimension of
this component.

Now due to Lemma 5.1.2, Kiρ = Ki0 = 0, and therefore (5.1.8) implies that

λ(0)iρ = λ(a)iρ = λ(τ )iρ = 0 (5.3.1)

for every pair of distinct ρ and τ . Hence, due to (5.1.6),

Lj0iρ = L(a)iρ = Ljτ iρ = 0, (5.3.2)

ω
j0
iρ

= λ(ρ)j0ω
iρ , ωa

iρ
= λ(ρ)aω

iρ , ω
jτ
iρ

= 0. (5.3.3)

The Euclidean case, when c = 0, has been analysed in [Lu 91d, f], where the
ranges of indicesa, b, . . . and i0, j0, . . . are joined by introducing the indicesu, v, . . .
running through {ν + 1, . . . , m}. Moreover, the parts of the orthonormal frames
normal to Mm at arbitrary x ∈ Mm are specified so that em+ρ are collinear with
k(ρ), and the succeeding em+p+a∗ , with a∗ = a − ν running through {1, . . . , q}, are
collinear to k(a). Then k(ρ) = κρem+ρ and k(a) = κaem+p+a∗ . The remaining frame
vectors normal to Mm are denoted by eξ .

The non-Euclidean case was treated in [DN 93] by a somewhat different method,
not using the orthonormal frame bundle O(Mm, Nn(c)). The frame-bundle method
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will now be also extended to the case of c �= 0, allowing more detail to be added to
the results of [DN 93].

Suppose first that c ≥ 0, i.e., consider a normally flat semiparallel submanifold
Mm in En or in Sn(c) ⊂ En+1. Then this Mm, together with the adapted frame
bundle introduced above, is defined by the following Pfaffian system (note that in
Sn(c) the range of i0 is empty, and thus ν0 = 0):

ωm+ρ = ωm+p+a∗ = ωξ = 0, (5.3.4)

ωm+τ
iρ

= κρδ
τ
ρω

iρ , ωm+τ
u = 0, ω

m+p+a∗
iρ

= 0, ω
m+p+a∗
u = κaδ

a
uω

a, (5.3.5)

ω
ξ
iρ

= ωξ
u = 0, (5.3.6)

where the left-hand sides contain coefficients from the formulas (1.4.2), and the
ranges of indices are as indicated above.

Exterior differentiation and the use of (1.4.3) and Cartan’s lemma lead to the
following equations:

ω
jτ
iρ

= 0 (ρ �= τ), ωu
iρ

= λ(ρ)uω
iρ , (5.3.7)

ωb
a = κaγ

b
a ω

a − κbγ
a
b ω

b, ωi0
a = λ(a)i0ω

a, (5.3.8)

ωm+τ
m+ρ = 0 (ρ �= τ), ω

m+p+a∗
m+ρ = −κaκ

−1
ρ λ(ρ)aω

a, ω
ξ
m+ρ = 0, (5.3.9)

ω
m+p+b∗
m+p+a∗ = κaγ

a
b ω

a − κbγ
b
a ω

b, ω
ξ
m+p+a∗ = ϕξaω

a, (5.3.10)

dκρ = κρ
∑

u

λ(ρ)uω
u, dκa = ψaω

a + κa
∑

i0

λ(a)i0ω
i0 . (5.3.11)

Note that here equations (5.3.7) coincide with (5.3.3), and those of (5.3.8) are the
remaining part of (5.1.6), using the notation γ b

a = κ−1
a λ(a)b; moreover, exterior dif-

ferentiation of ωm+p+a
i0

= 0 gives λ(0)a = 0. Equations (5.3.9)–(5.3.11) follow from
(5.1.2) (with ki instead of k∗

i ) by replacing k(ρ) = κρem+ρ and k(a) = κaem+p+a∗ ;

moreover, ϕξa = κ−1
a K

ξ
a and ψa = K

m+p+a∗
a .

In the case c < 0, when Nn(c) = H n(c), there is the possibility that k∗
(0) �= 0.

Since the other p + q outer principal curvature vectors are orthogonal to this k∗
(0),

they all have positive scalar squares in 1E
n+1. Then, in addition to k(ρ) = κρem+ρ ,

k(a) = κaem+p+a , the next two normal frame vectors em∗+1 and em∗+2, with m∗ =
m + p + q, can be chosen so that both are orthogonal to all em+ρ and em+p+a , both
have zero scalar squares, their scalar product is 1, and k∗

(0) = κ0em∗+1. The remaining

frame vectors eξ normal toMm in 1E
n+1 constitute an orthonormal set, and they span

a subspace orthogonal to all the previous ones.
Here equations (5.3.4)–(5.3.6) remain the same, but we add

ωm∗+1 = ωm∗+2 = 0, (5.3.12)

ωm∗+1
iρ

= ωm∗+1
a = ωm∗+2

iρ
= ωm∗+2

u = 0, ωm∗+1
i0

= κ0ω
i0 , (5.3.13)
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where the range of ξ is now {m∗ + 3, . . . , n + 1}.
Moreover, exterior differentiation of the equations

〈eI∗ , em∗+1〉 = 〈eI∗ , em∗+2〉 = 〈em∗+1, em∗+1〉 = 〈em∗+2, em∗+2〉 = 0,

and 〈em∗+1, em∗+2〉 = 1, with I ∗ in the range {1, . . . , n+ 1} of I , except for m∗ + 1
and m∗ + 2, yields

ωm∗+1
I∗ + ωI∗

m∗+2 = ωm∗+2
I∗ + ωI∗

m∗+1 = ωm∗+2
m∗+1 = ωm∗+1

m∗+2 = ωm∗+1
m∗+1 + ωm∗+2

m∗+2 = 0,

in addition to the usual ωJ ∗
I∗ + ωI∗

j∗ = 0.
Equations (5.3.7) also remain the same. In (5.3.8) the last group of equations

becomes ω
i0
a = λ(a)i0ω

a − λ(0)aω
i0 , but in (5.3.9) the last equations have to be

replaced by

ωm∗+1
m+ρ = −κ0κ

−1
ρ λ(ρ)i0ω

i0 , ωm∗+2
m+ρ = ω

ξ
m+ρ = 0. (5.3.14)

In (5.3.10) the last group becomes

ωm∗+1
m+p+a = κ−1

a Km∗+1
a ωa, ωm∗+2

m+p+a = κaκ
−1
0 λ(0)aω

a, ω
ξ
m+p+a = 0,

(5.3.15)
but (5.3.11) has to be complemented by

dκ0 = κ0(ω
m∗+1
m∗+1 + λ(0)aω

a) + Km∗+1
i0

ωi0 . (5.3.16)

5.4 Second-Order Envelope as Warped Product

Now it is possible to realize the program announced at the beginning of the previous
section.

Exterior differentiation applied to equations (5.3.7) gives

∑

u

λ(ρ)uλ(τ )u = 0 (ρ �= τ), dλ(ρ)u = λ(ρ)v(ω
v
u + λ(ρ)uω

v). (5.4.1)

Let the value ρ be fixed and consider the distribution defined on Mm by ωiτ = 0
(τ �= ρ), ωu = 0. Due to (5.3.7) and (5.3.11) dωiτ = ωjτ ∧ (ω

iτ
jτ

+ δ
iτ
jτ
d ln κτ ),

dωu = ωv ∧ ωu
v , hence this distribution is a foliation. For each leaf M

νρ
ρ , one has

dx = eiρω
ρ (ρ fixed); and on Mm itself, equations (5.3.5)–(5.3.7) imply that

deiρ = ejρω
jρ
iρ

+ ωiρ

(∑

u

λ(ρ)ueu + k∗
(ρ)

)
. (5.4.2)

Hence each leaf M
νρ
ρ is a totally umbilic submanifold with outer mean curvature

vector
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H ∗
ρ =

∑

u

λ(ρ)ueu + k∗
(ρ). (5.4.3)

Comparison of (5.4.2) with (2.1.7) shows that h∗
iρjρ

= H ∗
ρ δiρjρ . Since νρ > 1,

this implies that each leaf M
νρ
ρ is a spherical submanifold (see Section 5.2). As

follows from (5.2.2), it is intrinsically a Riemannian manifold of constant curvature
(H ∗

ρ )
2 (here (H ∗

ρ )
2 is in the role of (k∗

(ρ))
2).

A consequence from (5.4.1) is that H ∗
ρ and H ∗

τ are orthogonal for every pair of

distinct ρ and τ . Therefore, the subspaces in σE
n+1 that contain the leaves M

νρ
ρ and

M
ντ
τ passing through a point x ∈ Mm are totally orthogonal.

From (5.4.3) it follows, due to (2.1.3), (2.1.5), (5.4.1), and (5.3.11), that

dH ∗
ρ = H ∗

ρλ(ρ)uω
u − (H ∗

ρ )
2eiρω

iρ , (5.4.4)

where (H ∗
ρ )

2 = 〈H ∗
ρ , H

∗
ρ 〉 =∑u λ

2
(ρ)u+(k∗

(ρ))
2 and thus d(H ∗

ρ )
2 = 2(H ∗

ρ )
2λ(ρ)uω

u.

If c ≥ 0, then each (H ∗
ρ )

2 > 0; but if c < 0, this need not hold. Suppose now

that (H ∗
ρ )

2 �= 0, for both cases of c. Note that in 1E
n+1, among mutually orthogonal

vectors with nonzero scalar squares, only one of the squares is negative, while all
others are positive.

Let us denote rρ = ‖H ∗
ρ ‖−1, where ‖H ∗

ρ ‖ =
√
(H ∗

ρ )
2. From (5.4.2) and (5.4.3)

it follows that every leaf M
νρ
ρ is, in the geometry of σE

n+1, a sphere with radius rρ
and normal unit vector nρ = rρH

∗
ρ , possibly an imaginary unit, for one value of ρ,

in the case c < 0 (also see Remark 3.1.6 and Proposition 5.2.2).
It turns out that all these spheres which go through a point x ∈ Mm lie on a

(ν + p − 1)-dimensional sphere in σE
n+1, whose radius is r =

√
r2

1 + · · · + r2
p

and whose center has the radius vector y = x + r1n1 + . . . rpnp (recall that here
ν = ν1 + · · · + νp).

Indeed, it can be deduced that

drρ = rρuω
u, dnρ = −r−1

ρ eiρω
iρ , (5.4.5)

where rρu = −rρλ(ρ)u, and therefore

dy = fuω
u, dr = r−1

∑

ρ

rρrρuω
u, (5.4.6)

where fu = eu +∑ρ rρunρ . For the foliation on Mm defined by ωu = 0, one has
dy = 0, dr = 0. This proves the assertion above.

Note also that (5.3.13) and (5.4.3) imply that d(κρrρ) = 0.

Now (5.4.2) is deiρ = ejρω
jρ
iρ

+ r−1
ρ nρω

iρ . From this and from (5.4.5) it follows

that the subspaces that contain the spherical leaves M
νρ
ρ for a fixed value ρ are

parallel in σE
n+1, because span{eiρ , nρ} is invariant on Mm, and these subspaces are

orthogonal for different values of ρ, as was shown above.
Further, let us consider the submanifold in σE

n+1 that is described by the centers
of the (ν + p − 1)-dimensional spheres containing the leaves through an x ∈ Mm.
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From (5.4.6) it follows that this is a (q + ν0)-dimensional submanifold Bm′
, where

m′ = q + ν0, and fu are its tangent vectors. A straightforward computation shows
that 〈fu, nρ〉 = 0 and, using (5.3.5) and (5.3.13), that

dfu = fvω
v
u +

∑

a

δauk
∗
(a)ω

a +
∑

i0

δi0u k
∗
(0)ω

i0 . (5.4.7)

The submanifoldBm′
lies in an (n−ν−p)-dimensional subspace of σEn+1 which

is orthogonal to all the subspaces containing the leavesM
νρ
ρ . This can be deduced from

(5.4.2)–(5.4.7) by starting with the identities 〈dy, eiρ 〉 = 0, 〈dy, nρ〉 = 0 and deriving
successively 〈d2y, eiρ 〉 = 0, 〈d2y, nρ〉 = 0; 〈d3y, eiρ 〉 = 0, 〈d3y, nρ〉 = 0, . . . .

AleafM
νρ
ρ , which is a spherical submanifold of constant curvature cρ = (H ∗

ρ )
2 =

r−2
ρ , will be denoted below by Sph

νρ
ρ (cρ). For cρ > 0 it is a sphere S

νρ
ρ (cρ), for cρ < 0

an equidistant submanifold H
νρ
ρ (cρ).

The properties established above for a normally flat semiparallel Mm motivate
the following general concept.

Consider a smooth fibre bundle immersed in a space σE
n+1 so that

(1) the base manifold is immersed as a smooth submanifoldBm′
in an n′-dimensional

subspace of σE
n+1,

(2) every fibre is immersed as a product Sphν1
1 (c1) × · · · × Sph

νp
p (cp) of spherical

submanifolds in an (n − n′)-dimensional subspace, which is totally orthogonal
to this n′-dimensional subspace and goes through the point y ∈ Bm′

which is y
the center of the (ν∗ + p − 1)-dimensional sphere containing this product; here
n − n′ = ν + p, m − m′ = ν,

(3) for every fixed value ρ ∈ {1, . . . , p} the subspaces which span Sph
νρ
ρ (cρ) at

different points of Bm′
are parallel to each other.

Then this immersed fibre bundle is said to be a warped product submanifold, de-
noted by

Bm′ ×r1 Sphν1
1 (1) ×r2 · · · ×rp Sph

νp
p (1),

which is, more specifically, either

Bm′ ×r1 S
ν1
1 (1) ×r2 · · · ×rp S

νp
p (1),

or, for c < 0 possibly

Bm′ ×r1 H
ν1
1 (−1) ×r2 S

ν2
2 (1) ×r3 · · · ×rp S

νp
p (1),

where r1 is pure imaginary and r2, . . . , rp are real positive functions on Bm′
.

Here r1, . . . , rp are called the warping functions; recall that rρ = (
√
cρ)

−1 is the

radius of the sphere in σE
n+1, which contains the spherical leaf Sph

νρ
ρ (cρ).

It remains to consider the exceptional case, when c < 0 and (H ∗
ρ )

2 = 0 for some

value of ρ. There can only be one such value. Indeed, if also (H ∗
τ )

2 = 0 for τ �= ρ,
then 〈k∗

(ρ), k
∗
(τ )〉 = 0 and

∑
u λ(ρ)uλ(τ )u = 0 (see (5.4.1)) imply that 〈H ∗

ρ , H
∗
τ 〉 = 0.
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In 1E
n+1 two vectors with zero scalar square can be orthogonal only if they are

collinear, but for k∗
(ρ) = k(ρ) − cx and k∗

(τ ) = k(τ ) − cx this is possible only if they
are equal, which is excluded here.

For this single value ρ, the corresponding spherical leaf is intrinsically of constant
curvature (H ∗

ρ )
2 = 0, thus locally Euclidean, but extrinsically it is a horosphere of

a hyperbolic space form realized as the standard model in 1E
n+1. The subspaces of

1E
n+1 which contain these horospheres are also parallel, and orthogonal to such sub-

spaces for the other spherical leaves, as was shown above. Each of these horospheres
is an orthogonal submanifold of straight lines in the direction of H ∗

ρ with (H ∗
ρ )

2 = 0,
which by (5.4.4) are parallel in its subspace (in hyperbolic geometry and also in the
geometry in 1E

n+1). The only difference from the general case above is that all
horospheres are mutually congruent; therefore, no warping function is needed.

As a result, the submanifold Mm is simply the product of a warped product,
described above, and a horosphere.

Recall that a submanifold in σE
n+1 is said to be irreducible if it is not a product

of submanifolds of lower dimension (see Section 3.6).
From the preceding analysis above, the geometric structure of an irreducible

normally flat semiparallel submanifold Mm in Nn(c) can be described as follows.

Theorem 5.4.1. Let Mm in Nn(c) be an irreducible normally flat semiparallel sub-
manifold with nonzero principal curvature vectors k(1), . . . , kp+q of multiplicities
ν1 > 1, . . . , νp > 1 and νp+1 = · · · = νp+q = 1. Then Mm is either

• a horosphere, if c < 0, p = 1, q = 0, and (k∗
(1))

2 = 0 for the only outer principal
curvature vector k∗

(1) �= 0, or

• a warped product submanifold, described above, withp ≤ m′ = m−ν1−· · ·−νp,
satisfying the following conditions:
(1) Bm′

is intrinsically locally Euclidean and with flat ∇⊥, i.e., with flat ∇̄.
(2) The warping functions r1, . . . , rp are, with respect to some local affine co-

ordinates in Bm′
, nonconstant linear functions having mutually orthogonal

gradients.

Proof. The assertions concerning the horosphere and the warped product submanifold
were obtained above, except for the inequality p ≤ m′ and the conditions (1) and (2).

To prove (1), let us consider the formulas (5.4.7). It is seen that Bm′
is normally

flat with outer curvature vectors k∗
(a), which are mutually orthogonal. Therefore, due

to (5.1.4), Bm′
is indeed locally Euclidean, and hence has flat ∇̄.

To prove (2), let us consider (5.4.5), where rρu = −rρλ(ρ)u. Consider the covector
field on the locally Euclidean Bm′

having the components rρu (ρ fixed) with respect
to the moving frame {y; fu} on Bm′

. Its covariant derivative is defined as ∇ ′rρu =
drρu − rρvω

v
u. An easy computation using (5.4.1) and (5.4.5) shows that ∇ ′rρu = 0.

This verifies the assertion in (2) about the linearity of rρ . The assertion about the
orthogonality of their gradients follows from the first equation (5.4.1).
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Also the inequality p ≤ m′ follows, because in the contrary case, there would be
more thanm′ mutually orthogonal nonzero vectors

∑
u λ(ρ)ueu in them′-dimensional

linear span of all the vectors eu.
Finally, for an irreducible normally flat semiparallel Mm in En, none of the

warping functions r1, . . . , rp can be constant. Indeed, if rρ = const, then rρu = 0
and λ(ρ)u = 0; hence (5.3.9) and (5.3.11) imply ωu

iρ
= ω

m+p+a
m+ρ = 0, but this implies

that the submanifold Mm is the product of a sphere Sνρ (cρ) and of the remaining
warped product, i.e., it is not irreducible. This finishes the proof.

Remark 5.4.2. For the case c = 0, i.e., is whenMm is inEn, the base submanifoldBm′

is extrinsically the envelope of a q-parameter family of m′-dimensional subspaces
Em′

in En.
Indeed, consider onBm′

the distribution defined byωa = 0, where a runs through
{ν+1, . . . , ν+q}. From (5.3.7) and (5.3.8) it follows that this distribution is a foliation
whose leaves have, due to (5.4.6), the tangent vectors fi0 . From (5.4.7) it follows in
the case c = 0, when k∗

(0) = 0, that along each of these leaves, (5.3.8) implies that

dfa = 0, dfi0 = fj0ω
j0
i0
,

and hence these leaves are ν0-dimensional planes in En and, moreover, the tangent
subspace of Bm′

spanned by fu is invariant along each leaf.
Conversely, if a warped product submanifoldBm′ ×r1 S

ν1(1)×r2 · · ·×rp S
νp (1) in

En satisfies the above conditions, then it is an irreducible normally flat semiparallel
submanifold, as was shown in [Lu 91d], [Lu 91f].

Remark 5.4.3. In the special case when p = 0, the normally flat semiparallel Mm

in Nn(c) reduces to Bm′
with m′ = m, i.e., has flat van der Waerden–Bortolotti

connection ∇̄.
In the case c = 0 and q �= 0, this Mm is the envelope of a q-parameter family of

m-dimensional planes in En. This kind of Mm in En was studied in [Lu 87b].
In the case c �= 0 (or c = 0 and ν0 = 0), this Mm has m distinct orthogonal

nonzero outer principal curvature vector fields. They consist of the curvature vectors
of the lines of curvature of Mm, which form an orthogonal holonomic conjugate net
on Mm. Such types of submanifolds Mm were investigated by É. Cartan in [Ca 19]
and they are called submanifolds of Cartan type, or, following [Che 47], Cartan
varieties (see also [AG 93], Chapter 3).

Remark 5.4.4. Normally flat semiparallel submanifolds Mm in space forms Nn(c) as
warped product submanifolds were studied in [DN 93], mostly for c �= 0. Theo-
rem 5.4.1 contains some of the results obtained there.

5.5 Semiparallel Submanifolds of Principal Codimension 1

All semiparallel submanifolds Mm in Nn(c) whose principal codimension is 1 are
normally flat, as follows from the proof of Proposition 5.1.3. For such Mm, the
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orthonormal frame bundle O(Mm, Nn(c)) can be adapted further so that the first
normal frame vector em+1 at arbitrary x ∈ Mm belongs to the one-dimensional prin-
cipal normal subspace of Mm at x. Then ki = κiem+1 and the semiparallel condition
(5.1.5) reduces to (κi − κj )(κiκj + c) = 0, i.e., every two principal curvatures κi and
κj are either equal or their product is −c.

The simplest case is a curve M1, which is always semiparallel, namely with flat
∇̄, and there there is only one κ1.

Ifm > 1 and there are two or more principal curvatures, it follows from the above
that they can have only two distinct values. Indeed, if three among them, with indices
i, j, k, are distinct, then κiκj = κiκk = −c, thus κi(κj − κk) = 0 and hence κi = 0.
This is possible only if c = 0, but then κjκk = 0 leads to a contradiction. Therefore,

κ1 = · · · = κs = κ �= 0, κs+1 = · · · = κm = −cκ−1

for some natural number s, 0 ≤ s ≤ m.
Let us suppose first that c = 0, i.e., that Nn(c) is the Euclidean space En. Here

s = 0 is impossible, for principal codimension 1. Therefore, either

(1) s = 1, or
(2) 1 < s < m, or
(3) s = m.

In the first subcase, when s = 1, Mm is defined by the differential system

ωm+1 = ωξ = 0, ωm+1
1 = κω1, ωm+1

2 = · · · = ωm+1
m = ω

ξ
i = 0,

where i runs through {1, . . . , m} and ξ through {m + 2, . . . , n}. By exterior differ-
entiation, this system leads to

ω
i0
1 = λi0ω

1, ω
ξ
m+1 = ϕ

ξ
1ω

1, dκ = ψω1 + κλi0ω
i0 ,

where i0 runs through {2, . . . , m} and the notation in (5.3.8), (5.3.10), (5.3.11) has
been simplified by writing λi0 = λ(1)i0 . Here the distribution defined on Mm by

ω1 = 0 is a foliation, for whose leaves there holds dei0 = ej0ω
j0
i0

. Therefore, these
leaves are (m − 1)-dimensional planes, and thus Mm in En is generated by a one-
parameter family of these generator planes. Since now

de1 = ei0ω
i0
1 + em+1ω

m+1
1 =

⎛
⎝∑

i0

ei0λi0 + κem+1

⎞
⎠ω1,

the tangent vector e1 is constant along each of these plane generators. This means
that the tangent m-dimensional plane of Mm depends only on one parameter and thus
Mm is the envelope of the one-parameter family of these tangent planes.

In the second subcase, when 1 < s < m, the submanifold Mm is defined by

ωm+1 = ωξ = 0, ωm+1
i1

= κωi1 , ωm+1
i0

= ω
ξ
i1

= ω
ξ
i0

= 0,
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where i1, etc., run through {1, . . . , s} and i0, etc., through {s+1, . . . , m}. The system
above leads via exterior differentiation to

d ln κ = λj0ω
j0 , ω

j0
i1

= λj0ω
i1 , ω

ξ
m+1 = 0,

and then to
dλj0 =

∑

k0

λk0(ω
k0
j0

+ λj0ω
k0) (5.5.1)

(cf. (5.3.11), (5.3.7), (5.3.9), (5.4.1)), where the notation has been simplified by
putting λj0 = λ(1)j0 . It follows that

dx = eiω
i, dei = ejω

j
i + em+1κδij1ω

j1 , dem+1 = −κei1ω
i1 .

Hence, Mm lies in the (m + 1)-dimensional subspace Em+1 ⊂ En, spanned at the
point x ∈ Mm by the vectors ei , em+1, and thus Mm is a hypersurface.

Moreover, the vector l = ∑j0
λj0ej0 is invariant at each point x ∈ Mm, because

dl = l2ei1ω
i1 + l(λj0ω

j0).
Let us suppose first that l �= 0. Then the frame at each x can be specified so

that es+1 is collinear to l. Hence λs+1 �= 0, λi′0 = 0, where i′0, etc., run through

{s + 2, . . . , m}. This implies ω
j ′

0
i1

= 0, and due to (5.5.1), the equation ωs+1
j ′

0
= 0

holds.
Now considering the distributions on Mm defined by ωi1 = ωs+1 = 0 and by

ωi′0 = 0, one can see that both are foliations. For the leaves of the first of them,

one has dej ′
0

= ek′
0
ω
k′

0
j ′

0
; thus the leaves are parallel (m − s − 1)-dimensional planes

in Em+1.
For the leaves of the second foliation, orthogonal to the first one, one has

dx = ei1ω
i1 + es+1ω

s+1, dei1 = ej1ω
j1
i1

+ (es+1λs+1 + em+1κ)ω
i1 , (5.5.2)

des+1 = − λs+1ei1ω
i1 , dem+1 = −κei1ω

i1 . (5.5.3)

This implies that every leaf is contained in the (s + 2)-dimensional plane at the point
x spanned by the vectors e1, . . . , es+1 and em+1, and are thus totally orthogonal to
the plane leaves of the first foliation. Moreover, d(x+λ−1

s+1es+1) = 0. It follows that

there is a fixed point with radius vector z = x+λ−1
s+1es+1. Therefore, the leaf consists

of straight lines with direction vectors es+1 passing through this point z; hence the
leaf is a cone. Orthogonal sections of the generator lines of this cone are the integral
manifolds of the totally integrable equation ωs+1 = 0. They are totally umbilic and
therefore are s-dimensional spheres or their open subsets. Consequently, these leaves
are round hypercones Cs+1 in (s + 2)-dimensional planes. Hence Mm is a product
submanifold Cs+1 × Em−s−1 in Em+1.

The case l = 0 can be considered as the limit of cases where l tends to the zero
vector, and thus λs+1 tends to 0. Thus the limit case of the round cone Cs+1 is the
round cylinder Ss × E1, and Cs+1 × Em−s−1 tends to Ss × Em−s .
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Finally, in the third subcase when s = m, the submanifold Mm in En is totally
umbilic, thus a sphere Sm or its open subset.

The following theorem summarizes the above results.

Theorem 5.5.1. A semiparallel submanifold Mm with principal codimension 1 in
Euclidean space En is either

• the envelope of a one-parameter family of m-dimensional planes, or
• a hypersurface which is a product Cs+1 × Em−s−1 of an (s + 1)-dimensional

round cone and an (m − s − 1)-dimensional plane, or a product Ss × Em−s , or
• a sphere Sm, or an open subset of one of the above.

Remark 5.5.2. In the first subcase, Theorem 4.5.5 and the results presented in Re-
mark 5.2.4 imply that such an Mm is a second-order envelope of round cylinders
S1 × Em−1. If m = 1 this is a curve.

In the second subcase, Mm is the second-order envelope of round cylinders
Ss × Em−s .

Now let c �= 0, i.e., let Nn(c) be a non-Euclidean space form. Denoting here
λ = −cκ−1, the differential system which defines the above-considered semiparallel
submanifold Mm in Nn(c) is

ωm+1 = ωξ = 0, ωm+1
i1

= κωi1 , ωm+1
i′ = λωi′ , ω

ξ
i = 0, (5.5.4)

where i′ runs through {s + 1, . . . , m}, κ �= 0, and κλ + c = 0; hence also λ �= 0.
Exterior differentiation of the last equations implies that ωξ

m+1 = 0. Hence
Mm lies in an Nm+1(c) which is spanned by x, all ei , and em+1, and therefore is a
hypersurface.

Here the simplest case is s = 1 and m = 2. This gives a semiparallel surface
M2 in N3(c) with principal curvatures κ and λ, and zero Gaussian curvature, due to
κλ + c = 0 (see, e.g., (5.1.4)).

Suppose now s = m − 1 > 1. Then i′ takes only one value m, and exterior
differentiation leads from (5.5.4) to

dκ = ψωm, (κ − λ)ωm
i1

= ψωi1 + χi1ω
m, dλ = χi1ω

i1 + ζωm, (5.5.5)

where κλ + c = 0 gives by differentiation that χi1 = 0, ζ = −λκ−1ψ . Hence

dκ = ψωm, ωm
i1

= ψ∗ωi1 , (5.5.6)

where ψ∗ = ψκ(κ2 + c)−1; note that here κ2 + c �= 0, because otherwise κ = √−c

and then λ = √−c = κ , which is impossible here (it would imply s = m, which will
be considered below).

The first equation (5.5.6) implies via exterior differentiation that dψ ∧ ωm = 0,
whence dψ = ϕωm. The next two equations imply dψ∗ = (ψ∗)2ωm, due to (1.3.9)
(where now gIK = δIK ).
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Since due to (5.5.6), dωm = ωi1 ∧ωm
i1

= 0, there exists (at least locally) a function
t on Mm such that ωm = dt . Now the equation for ψ∗ can be integrated and gives

ψ∗ = −t−1, by suitable choice of the initial value of t . Therefore, ψ = − κ2+c
κt

and
so the first equation (5.5.6) is

d(κ2 + c)

κ2 + c
= −2

dt

t
.

This implies
κ2 = kt−2 − c, (5.5.7)

where k is a constant.
As is seen from (5.5.4) and (5.5.6), the submanifolds of Mm defined by t = const

are all totally umbilic with mean curvature vector emψ∗ + em+1κ .
The curves of Mm defined by ωi1 = 0 (i1 = 1, . . . , m − 1) are orthogonal

trajectories of the family of these totally umbilic submanifolds. For each of them,

dx = emdt, dem = −(cκ−1em+1 + cx)dt, dem+1 = cκ−1emdt.

Here t is the arclength parameter of this trajectory, whose principal normal in the
geometry of Nm+1(c) is the unit vector em+1, which is orthogonal to Mm. Hence the
trajectory is a geodesic line of Mm. At the same time it is also a line of curvature of
Mm and belongs to a plane N2(c), spanned at x by the vectors em (tangent) and em+1
(normal). Considering an (m − 1)-parameter family of the planes of these geodesic
lines of curvature, if one wants to find the envelope of this family, one has to find the
points with radius vectors y = x + emy

m + em+1y
m+1, having the property that dy

belongs to the same plane. Since that component in the expression of dy which cannot
belong to this plane, is (1−ψ∗ym −κym+1)(e1ω

1 +· · ·+ em−1ω
m−1), for the above

points one must have 1 − ψ∗ym − κym+1 = 0. Hence, all planes of the geodesic
lines of curvature intersect in the straight line whose equation was just obtained.

It is easy to see that the centers of the totally umbilic leaves satisfy this equation
and therefore lie on this straight line. Therefore, in this case the hypersurface Mm is
invariant with respect to the isometries of Nm+1(c), leaving this straight line fixed,
and hence is a rotation hypersurface in Nm+1(c).

It remains to describe the profile curve, the geodesic line of curvature. From
the above equations it follows that the geodesic curvature of this curve in Mm is
κg = −cκ−1. Then (5.5.7) implies that the natural equation of the profile curve in
the geometry of N2(c) is

κg = ct√
k − ct2

. (5.5.8)

Now let s > 1 and m − s > 1. Then it is better to denote the index i′ in (5.5.4)
by i2, as in Section 5.3; note that here κ and λ play the roles of κ(1) and κ(2) of that
section.

Equations (5.5.4) imply via exterior differentiation that

dκ ∧ ωi1 + (λ − κ)ω
i1
j2

∧ ωj2 = 0, (λ − κ)
∑

i1

ω
i1
j2

∧ ωi1 + dλ ∧ ωj2 = 0.



5.6 Semiparallel Submanifolds of Principal Codimension 2 in Euclidean Space 89

Here the indices i1 and j2 both take more than one value. Therefore, due to Cartan’s
lemma, dκ = κj2ω

j2 , dλ = λi1ω
i1 , whence

(λ − κ)ω
i1
j2

= κj2ω
i1 + λi1ω

j2 .

But here κλ = −c leads to κj2 = λi1 = 0, so that κ and λ are constants, and ωi1
j2

= 0
(cf. (5.3.7) and (5.3.11), where the range of u is now empty). Therefore,

dei1 = ek1ω
k1
i1

+ k∗
(1)ω

i1 , dej2 = ek2ω
k2
j2

+ k∗
(2)ω

j2 ,

where k∗
(1) = κem+1 − cx and k∗

(2) = λem+1 − cx. Here 〈k∗
(1), k

∗
(2)〉 = κλ + c = 0

and
dk∗

(1) = −(κ2 + c)ei1ω
i1 , dk∗

(2) = −(λ2 + c)ej2ω
j2 .

Hence Mm is a product of an s-dimensional spherical submanifold and an (m − s)-
dimensional spherical submanifold. Both are parallel submanifolds, and thus Mm is
also parallel.

Finally, let s = m. Then Mm is totally umbilic, hence spherical and parallel.
The preceding results can be summarized as follows.

Theorem 5.5.3. A semiparallel submanifold Mm with principal codimension 1 in a
non-Euclidean space form Nn(c) is either

• a curve M1, or
• a hypersurface in Nm+1(c) ⊂ Nn(c), which is either

– a surface M2 with zero Gaussian curvature in N3(c), or
– a rotation hypersurface whose profile curve has natural equation (5.5.8), or
– a parallel hypersurface, which is either spherical or a product of two spherical

hypersurfaces of lower dimensions, or
– an open subset of one of the above.

Remark 5.5.4. The essential part of this theorem was proved for hypersurfaces in
[Di 91b]. The proof given here is more direct and starts from a more general as-
sumption. Also the case of a parallel hypersurface is studied here in more detail. The
explicit parametric equations of the profile curves were derived at the same time in
[Di 91b] for all particular cases.

5.6 Semiparallel Submanifolds of Principal Codimension 2 in

Euclidean Space

It follows from Proposition 5.1.3 that a semiparallel submanifold Mm of principal
codimension 2 and with nonzero mean curvature vector H in Nn(c) is normally flat.
Here the hypothesis about H is essential only if c > 0, because for c ≤ 0 the identity
H ≡ 0 leads by Theorem 4.1.7 to zero principal codimension, and thus is impossible
in this case.
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In the present section the case c = 0 will be considered, and thusNn(0) = En is a
Euclidean space. A semiparallel Mm with principal codimension 2 is normally flat in
this case. Since span{k1, . . . , km} now has dimension 2, only two principal curvature
vectors can be nonzero and distinct, and therefore also orthogonal (see Section 5.1).

They are either (i) both with multiplicities > 1, or (ii) one of multiplicity > 1,
the other simple, or (iii) both simple.

In subcase (i), the range of indices a, b, . . . is empty, and ρ takes only two values
1 and 2, using the notation introduced in Section 5.3. Therefore, only equations
(5.3.7), (5.3.9) and the first equations of (5.3.11) work here, where u = j0. It follows

that dωiρ = ωjρ ∧ θ
iρ
jρ

, where θ
iρ
jρ

= ω
iρ
jρ

+ δ
iρ
jρ
λ(ρ)k0ω

k0 . Hence the distribution on

Mm defined by ωi1 = ωi2 = 0 is a foliation, whose leaves have the tangent vectors
ei0 . It follows from (5.3.5)–(5.3.7) that along a leaf dei0 = ej0ω

j0
i0

; hence every leaf
is a plane in En.

On the other hand, it follows from (5.4.1) that the vectors l(ρ) = ∑u λ(ρ)ueu are
orthogonal and satisfy the equation dl(ρ) = l(ρ)(λ(ρ)uω

u) − l2(ρ)(eiρω
iρ ). Therefore,

their directions are fixed on each of these plane leaves.
If both l(ρ) are zero, then λ(ρ)u = 0. Due to (5.3.11), both κρ are constants; and

due to (5.3.7,)ωu
iρ

= 0. Then it follows from (5.3.5) thatMm is a product submanifold

Sν1 × Sν2 × Em−ν1−ν2 .
If both l(ρ) are nonzero, then the orthonormal frame bundle can be adapted further

to Mm so that among the basis vectors ei0 the last two em−1 and em are collinear with
l(1) and l(2), respectively. Then λ(1)u′ = λ(1)m = λ(2)u′ = λ(2)m−1 = 0, λ(1)m−1 =
λ1 �= 0, and λ(2)m = λ2 �= 0, where u′, v′, . . . run through {ν1 + ν2 + 1, . . . , m− 2}.
Now equations (5.3.7) imply

ω
j2
i1

= ωu′
i1

= ωm
i1

= ωu′
j2

= ωm−1
j2

= 0, ωm−1
i1

= λ1ω
i1 , ωm

j2
= λ2ω

j2;

moreover, equations (5.4.1) imply that

ωm−1
u′ = ωm

m−1 = ωm
u′ = 0, dλ1 = λ2

1ω
m−1, dλ2 = λ2

2ω
m.

Therefore, the distributions defined on Mm by ωi1 = ωj2 = ωm−1 = ωm = 0,
then by ωj2 = ωu′ = ωm = 0, and then by ωi1 = ωu′ = ωm−1 = 0 are foliations.
Their leaves have the tangent vectors eu′ , then ei1 , em−1, and then ej2 , em, respectively.
Here deu′ = ev′ωv′

u′ , whence

dei1 = ek1ω
k1
i1

+ ωi1(λ1em−1 + κ1em+1), dem−1 = −λ1ei1ω
i1 ,

and then

dej2 = ek2ω
k2
j2

+ ωj2(λ2em + κ2em+2), dem = −λ2ej2ω
j2;

moreover, (5.3.9) implies dem+1 = −κ1ei1ω
i1 and dem+2 = −κ2ej1ω

j2 .
It follows that Mm is contained in an Em+2, spanned at the point x by the vectors

e1, . . . , em, em+1, em+2, and the leaves of the three foliations above are parallel planes
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in Em+2 with totally orthogonal vector subspaces. The leaves of the first foliation are
parallel (m − ν1 − ν2 − 2)-dimensional planes. And, for the leaves of the other two
foliations, equations (5.5.2) and (5.5.3) can be used to obtain the conclusion that Mm

is a product Cν1+1 ×Cν2+1 ×Em−ν1−ν2−2 in Em+2, where the first two components
are round cones.

Finally, if one of l(ρ) is zero and the other nonzero, then one gets the limit case
where one of these round cones tends to the round cylinder. This finishes the analysis
of subcase (i).

In subcase (ii), the indices ρ and a each take only one value, namely 1 and ν1 +1,
respectively. Thus Mm is, according to the remark at the beginning of Section 5.3, a
second-order envelope of the product submanifolds Sν1 × S1 ×Em−ν1−1. Equations
(5.3.7)–(5.3.11) reduce to

ωu
i1

= λ(1)uω
i1 , ωi0

a = λi0ω
a, (5.6.1)

ωm+1+a
m+1 = − κaκ

−1
1 λ(1)aω

a, ω
ξ
m+1 = 0, ω

ξ
m+1+a = ϕξaω

a, (5.6.2)

dκ1 = κ1

∑

u

λ(1)uω
u, dκa = ψaω

a + κa
∑

i0

λi0ω
i0 , (5.6.3)

where the notation is simplified by introducing λi0 = λ(a)i0 . In the argument which
led to Theorem 5.4.1 above, one has in the current case (ii) p = q = 1, ν = ν1,
and m′ = ν0 + 1 = m − ν. Hence this theorem implies that Mm is a warped
product submanifoldBm′ ×r S

ν(1)with locally EuclideanBm′
and nonconstant linear

warping function r; moreover, Bm′
is the envelope of a one-parameter family of m′-

dimensional planes in En.
Such an Mm can be described in more detail as follows. Due to (5.3.5), (5.3.6),

and (5.6.1), one has

dei1 = ej1ω
j1
i1

+
(∑

u

λ(1)ueu + κ1em+1

)
ωi1 , (5.6.4)

dea = − λ(1)aei1ω
i1 +

⎛
⎝∑

i0

λi0ei0 + κaem+1+a

⎞
⎠ωa, (5.6.5)

dei0 = − λ(1)i0ei1ω
i1 − λi0eaω

a + ej0ω
j0
i0
. (5.6.6)

Due to (5.6.1), the distribution defined onMm byωi1 = 0 is a foliation. Equations
(5.6.5) and (5.6.6) imply that its leaves are envelopes of one-parameter families of
m′-dimensional planes, like Bm′

.
Also the distribution determined on Mm by ωi0 = 0 is a foliation. On each of

its leaves, the system ωa = 0 defines a family of ν-dimensional spheres Sν . Along
each of these spheres, dλ(1)a = λ(1)aλ(1)i0ω

i0 , due to (5.4.1) and (5.6.1); and if
λ(1)a �= 0, then d(x − λ−1

(1)aea) = 0, i.e., the point with radius vector x − λ−1
(1)aea

is fixed. Therefore, the tangent lines to a leaf in the direction of ea at all points of
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such a sphere Sν generate a round cone with vertex at this fixed point. There exists
a sphere Sν+1 which is tangent to this cone and to the above-considered leaf along
this sphere Sν . If λ(1)a = 0, then instead of the cone there is a round cylinder, and a
sphere Sν+1 with the properties mentioned above exists as before. Consequently, the
leaf is the envelope of the one-parameter family of spheres Sν+1, and therefore it can
be considered a canal submanifold. Moreover, the characteristic spheres Sν in this
leaf lie in parallel (ν + 1)-dimensional planes, as follows from (5.6.5), due to (5.4.1)
and (5.6.1)–(5.6.3). Since the radius r of Sν is a nonconstant linear function on Bm′

,
this canal submanifold can be considered a warped cone.

Finally, consider the distribution defined on Mm by the equation ωa = 0. Since
(5.6.1) implies dωa = ωa ∧λi0ω

i0 , this distribution is also a foliation. For its leaves,
equations (5.6.4) and (5.6.6) reduce to

dei1 = ej1ω
j1
i1

+ H ∗
1 ω

i1 , dei0 = −λ(1)i0ei1ω
i1 + ej0ω

j0
i0
.

For H ∗
1 = ∑u λ(1)ueu + κ1em+1, it follows from (5.4.4) that dH ∗

1 = H ∗
1 λ(1)i0ω

i0 −
(H ∗

1 )
2ei1ω

i1 . These formulas show that every leaf is a hypersurface Mm−1 of an
m-dimensional plane, which is described in Theorem 5.5.1 as its middle case, i.e., is
a product Cν+1 × Em−ν−2 (or its limiting case Sν × Em−ν−1).

It remains to study subcase (iii) of the case c = 0. Then p = 0 and q = 2,
and thus the range of indices iρ is empty and a, etc., run through {1, 2}. Equations
(5.3.5)–(5.3.8) reduce to

ωm+1
1 = κ1ω

1, ωm+2
2 = κ2ω

2,

ωm+1
2 = ωm+1

i0
= ωm+2

1 = ωm+2
i0

= ωξ
a = ω

ξ
i0

= 0,

ω2
1 = κ1γ

2
1 ω

1 − κ2γ
1
2 ω

2, ω
i0
1 = λ(1)i0ω

1, ω
i0
2 = λ(2)i0ω

2.

Therefore,

dei0 = − (e1λ(1)i0ω
1 + e2λ(2)i0ω

2) + ej0ω
j0
i0
,

de1 = e2ω
2
1 +

⎛
⎝∑

i0

ei0λ(1)i0 + κ1em+1

⎞
⎠ω1,

de2 = − e1ω
2
1 +

⎛
⎝∑

i0

ei0λ(2)i0 + κ2em+2

⎞
⎠ω2.

The equations ω1 = ω2 = 0 define on Mm a foliation whose leaves are (m− 2)-
dimensional planes in En, along which e1 and e2 are constant vectors. Hence Mm is
the envelope of a two-parameter family of m-dimensional planes. Moreover, since
now �2

1 = ωα
1 ∧ ω2

α = 0, this Mm has flat ∇ and hence is locally Euclidean. Recall
also that ∇⊥ is flat, which, all together implies that ∇̄ is flat.

The above results can be summarized as follows.
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Theorem 5.6.1. A semiparallel submanifold Mm with principal codimension 2 in
Euclidean space En is either

• a product submanifold Cν1+1 ×Cν2+1 ×Em−ν1−ν2−2 in Em+2 ⊂ En, where the
first two components are round cones of dimension > 2 with point-vertex (each
of these two could also be a round cylinder), or

• a warped product submanifold Bm′ ×r S
ν(1), ν > 1, m′ = m − ν, where Bm′

is the envelope of a one-parameter family of m′-dimensional planes in En, hence
locally Euclidean, and r is a nonconstant linear function, or

• the envelope of a two-parameter family of m-dimensional planes, which has flat
∇̄, or

• an open subset of one of the above.

Remark 5.6.2. Semiparallel submanifolds Mm in Em+2 were classified in [Lu 88b].
The preceding theorem generalizes those results to the case of semiparallel Mm with
principal codimension 2 in En.

Note that for the submanifolds Bm′ ×r S
ν(1) of the middle class, more detailed

information is given in the analysis above about the behavior of the fibre spheres
Sν(r−2) along the base submanifoldBm′

: in every generating (m′−1)-plane, there is a
direction in which they generate round cones, and in the other directions they generate
round cylinders, and along the orthogonal trajectories of these plane generators, they
generate canal submanifolds, which are warped cones.

5.7 Normally Flat Semiparallel Submanifolds of Principal

Codimension 2 in Non-Euclidean Space Forms

As seen above, a semiparallel submanifold Mm of principal codimension 2 in a non-
Euclidean space form Nn(c) must be normally flat if c ≤ 0, but not if c > 0 (cf.
Proposition 5.1.3 and Remark 5.1.4). Therefore, in order to include the case c > 0
in this section, normal flatness has to be assumed explicitly.

So let Mm be a normally flat semiparallel submanifold with principal codimen-
sion 2 in Nn(c). Among its distinct principal curvature vectors k(1), . . . , k(r) at least
one must be nonzero; and by renumbering if needed, k(1) �= 0. The orthonormal
frame bundle O(Mm, Nn(c)) can be adapted so that

k(1) = κ1em+1, k(a) = κaem+1 + µaem+2,

where a, b, . . . run through {2, . . . , r} and κ1 �= 0.
Due to (5.1.5), for every value of a there holds 〈k(1), k(a)〉 + c = κ1κa + c = 0;

thus κ1(κa − κb) = 0, if a �= b. It follows that κ2 = · · · = κr = κ , where κ �= 0,
due to c �= 0; and hence κ1 = −cκ−1. Moreover, 〈k(a), k(b)〉 = κ2 +µaµb + c = 0,
for a �= b. Here at least one µa must be nonzero, because otherwise if all µa = 0,
one has κ = √−c and thus also κ1 = √−c, which implies k(1) = · · · = k(r), which
is impossible here. So, assume that µ2 �= 0 (further renumbering if needed). Now
µ2(µa − µb) = 0, if the indices 2, a, and b are distinct, which implies µ3 = · · · =
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µr = µ �= 0; but this leads to k3 = · · · = kr , which is possible only for r = 3.
Therefore, µ3 = −µ−1(κ2 + c) and thus

k1 = − cκ−1em+1, k(2) = κem+1 − µem+2,

k(3) = κem+1 + µ−1(κ2 + c)em+2. (5.7.1)

All this shows that the submanifold Mm satisfying the current hypotheses is de-
fined by the following differential system:

ωm+1 = ωm+2 = ωξ = 0,

ωm+1
i1

= − cκ−1ωi1 , ωm+1
i2

= κωi2 , ωm+1
i3

= κωi3 , (5.7.2)

ωm+2
i1

= 0, ωm+2
i2

= µωi2 , ωm+2
i3

= −µ−1(κ2 + c)ωi3 , (5.7.3)

ω
ξ
i1

= ω
ξ
i2

= ω
ξ
i3

= 0, (5.7.4)

where ξ runs through {m + 3, . . . , n}.
By exterior differentiation of (5.7.4), it follows that

ω
ξ
m+1 ∧ ωi1 = 0, [κωξ

m+1 + µω
ξ
m+2] ∧ ωi2 = 0,

[κωξ
m+1 − µ−1(κ2 + c)ω

ξ
m+2] ∧ ωi3 = 0.

Due to Cartan’s lemma

ω
ξ
m+1 = U ξωi1 , κω

ξ
m+1 + µω

ξ
m+2 = V ξωi2 ,

κω
ξ
m+1 − µ−1(κ2 + c)ω

ξ
m+2 = W ξωi3 .

Eliminating ω
ξ
m+2 and then substituting the expression of ωξ

m+1, one obtains

κµ−1(κ2 + µ2 + c)U ξ = µ−1(κ2 + c)V ξ = µW ξ = 0,

because ωi1 , ωi2 , and ωi3 are linearly independent. Here κ2 + c �= 0 and κ2 +
µ2 + c �= 0, because κ2 + c = 0 would lead to k1 = k2 and κ2 + µ2 + c = 0 to
k2 = k3, which are both impossible here. Therefore, U ξ = V ξ = W ξ = 0, and
hence ω

ξ
m+1 = ω

ξ
m+2 = 0. Consequently, the submanifold Mm is contained in an

Nm+2(c) ⊂ Nn(c).
Further let us use the notation introduced in Section 5.3.
First let p = 0, i.e., let k(1), k(2), k(3) be simple k1, k2, k3. Due to (5.1.4), �j

i =
−(〈ki, kj 〉 + c)ωi ∧ ωj , where now i, j are in {1, 2, 3}. From (5.7.1) one can easily

deduce that all �j
i are zero, thus the submanifold M3 of N5(c), considered in this

case, has flat van der Waerden–Bortolotti connection ∇̄.
An analysis of the above exterior system by means of Cartan’s theory (see [Ca 45],

[Fin 48], [Gri 83], [GJ 87], [BCGGG 91]) shows that this M3 in N5(c) does exist
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and depends on six real holomorphic functions of one real argument. Indeed, in six
exterior equations there are six secondary 1-forms: dκ, dµ, ω1

2, ω
1
3, ω

2
3, ω

5
4, and after

applying Cartan’s lemma, it turns out that Cartan’s test is satisfied.
From (5.7.1) it is seen that k∗

i = ki − xc are three nonzero mutually orthogonal
outer curvature vectors for this M3 in σE

6; therefore the outer principal codimension
of M3 is 3. Hence this M3 is a Cartan variety (see Remark 5.4.3).

If k(1) is nonsimple with multiplicity ν > 1, but k(2) and k(3) are simple k2, k3,
then in Theorem 5.4.1 p = 1, m = ν + 2, m′ = 2.

If k(1) and k(2) are nonsimple with multiplicities ν1 and ν2, but k(3) is simple k3,
then in this theorem p = 2, m = ν1 + ν2 + 1 and m′ = 1.

If all k(1), k(2), k(3) are nonsimple, then p = 3, m = ν1 + ν2 + ν3, m′ = 0, and
Mm lies in an (m + 2)-dimensional sphere of σE

m+3 as the product Sphν1
1 (c1) ×

Sphν2
2 (c2) × Sphν3

3 (c2) in Nm+2(c).
Recall that Theorem 5.4.1 describes only the irreducible normally flat Mm. For

the complete classification of the normally flat semiparallel Mm of principal codi-
mension 2, the requisite product submanifolds must also be added.

The results of all these considerations can be summarized as follows.

Theorem 5.7.1. A normally flat semiparallel submanifold Mm with principal codi-
mension 2 in a non-Euclidean space form Nn(c) is either

• an M3 with flat ∇̄ in an N5(c) ⊂ Nn(c), which is a Cartan variety, or
• a warped product submanifold B2 ×r Sphm−2(1) with m > 3 in an Nm+2(c) ⊂

Nn(c), where B2 is a surface with flat ∇̄ and r is a linear warping function on
it, or

• a warped product submanifold B1 ×r1 Sphν1(1) ×r2 Sphν2(1), where m = ν1 +
ν2 + 1 > 4, in an Nm+2(c) ⊂ Nn(c); here B1 is a curve, and r1 and r2 are some
linear warping functions on it, or

• a product Sphν1
1 (c1) × Sphν2

2 (c2) × Sphν3
3 (c2), where m = ν1 + ν2 + ν3 > 5, in

an Nm+2(c) ⊂ Nn(c), or
• a product of one of these m̃-dimensional submanifolds above and a totally geodesic

Nm−m̃(c), where 3 ≤ m̃ < m, or
• a product of two semiparallel hypersurfaces, described in Theorem 5.5.3.



6

Semiparallel Surfaces

In this chapter semiparallel submanifolds of dimension 2 (surfaces) in space and in
spacetime forms sN

n(c), s ≥ 0, will be considered. With respect to the dimension
of the submanifold, this is the simplest nontrivial case, because all submanifolds of
dimension 1 (curves) are trivially semiparallel, namely, with flat ∇̄; see Proposi-
tion 4.1.4.

The inner metric ofM2 is assumed to be regular, i.e., either Riemannian or pseudo-
Riemannian. The surface is said to be, respectively, spacelike or timelike, using terms
familiar from relativity theory. All semiparallel surfaces M2 with regular metric in
sN

n(c) will be classified and geometrically described.

6.1 Semiparallel Spacelike Surfaces

Deprez in his paper [De 85], where the concept of semiparallel submanifold Mm in
Euclidean En was introduced, also gave a classification of these submanifolds for
dimension m = 2, i.e., of semiparallel surfaces M2 in En.

In this section this classification is extended to semiparallel spacelike surfacesM2

(i.e., with Riemannian inner metric) in sN
n(c), under some supplementary regularity

assumptions (see [Lu 99a]1).
The tangent frame vectors in the orthonormal frame bundle adapted to such an

M2 transform according to

e′
1 = e1 cosϕ + e2 sin ϕ, e′

2 = −e1 sin ϕ + e2 cosϕ. (6.1.1)

Substitution into dx = eiω
i leads to

ω1 = ω1′
cosϕ − ω2′

sin ϕ, ω2 = ω1′
sin ϕ + ω2′

cosϕ; (6.1.2)

1 A preliminary partial version of this extension was given in two master’s theses [Rä 94] and
[Fil 95] written under the author’s supervision; the main results of the second thesis were
published in [Saf 2001] (under a new name after marriage).

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_7, © Springer Science+Business Media, LLC 2009 
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hence for hijωiωj the transformation formulas are

h1′1′ = 1

2
(h11 + h22) + 1

2
(h11 − h22) cos 2ϕ + h12 sin 2ϕ, (6.1.3)

h1′2′ = 1

2
(h22 − h11) sin 2ϕ + h12 cos 2ϕ, (6.1.4)

h2′2′ = 1

2
(h11 + h22) + 1

2
(h22 − h11) cos 2ϕ − h12 sin 2ϕ. (6.1.5)

Setting 1
2 (h11 −h22) = A, h12 = B and recalling that 1

2 (h11 +h22) = H is the mean
curvature vector (see Section 2.4), one obtains

A′ = A cos 2ϕ + B sin 2ϕ, B ′ = −A sin 2ϕ + B cos 2ϕ, H ′ = H. (6.1.6)

Hence span{A,B} is an invariant subspace and H an invariant vector in the first-
order normal subspace span{h11, h12, h22} = span{A,B,H } at every point x ∈ M2;
moreover,

〈A′, B ′〉 = 〈A,B〉 cos 4ϕ + 1

2
(B2 − A2) sin 4ϕ. (6.1.7)

From here it follows that there exists a ϕ0 such that 〈A′, B ′〉 = 0; then ϕ0 ± π
2

gives the same result, but with the roles of A′ and B ′ interchanged.
Suppose that this transformation has been done, i.e., suppose 〈A,B〉 = 0.
Moreover, assume M2 is regular, in the sense that its first-order normal subspaces

span{A,B,H } have the same dimension m1 and also the subspaces span{A,B} have
the same dimension m0; here, of course, 0 ≤ m1 ≤ 3 and 0 ≤ m0 ≤ min{2,m1}.
In general, M2 is a union of closures of its regular open subsets, and one can restrict
attention to one of these sets.

In the most general case m1 = 3 and m0 = 2. Then the bundle of frames,
orthonormal in its tangent part {e1, e2}, can be adapted further so that

A = ke4, B = le5, H = αe3 + βe4 + γ e5. (6.1.8)

Then

h11 = αe3 + (β + k)e4 + γ e5, h12 = le5, h22 = αe3 + (β − k)e4 + γ e5,

thus

ω3
1 = αω1, ω4

1 = (β + k)ω1, ω5
1 = γω1 + lω2, ω

ξ
1 = 0, (6.1.9)

ω3
2 = αω2, ω4

2 = (β − k)ω2, ω5
2 = lω1 + γω2, ω

ξ
2 = 0, (6.1.10)

where ξ, η, . . . run through {6, . . . , n}.
In this general case αkl �= 0. But the formulas (6.1.8)–(6.1.10) also hold in

the special degenerate cases, which are listed in rows (b)–(f) of Table 6.1.1, where
in the last column the corresponding conditions are given, together with simplifica-
tions achievable by suitable adaption of the frame; only one possibility is shown,
considering that A and B are interchangeable.
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Table 6.1.1.

m1 m0 Condition
(a) 3 2 αkl �= 0
(b) 2 2 α = 0, kl �= 0
(c) 2 1 l = 0, αk �= 0∗
(d) 1 1 α = γ = l = 0, k �= 0
(e) 1 0 k = l = 0, α �= 0∗∗
(f) 0 0 k = l = H = 0

∗By further adaption of the frame, one can make γ = 0.
∗∗One can make β = γ = 0.

For the last two subcases of the table, the surface M2 can be characterized imme-
diately. Indeed, in subcase (f) hij = 0, thus M2 is totally geodesic, and in subcase
(e) hij = Hδij , thus M2 is totally umbilic (see Proposition 3.1.2).

6.2 The Case of Regular Metrics

Assume now that span{A,B,H } and span{A,B} both have regular metrics. Then in
(6.1.8), 〈ea, eb〉 = gab = εaδab (a, b · · · ∈ {3, 4, 5}), where every εa is either 1 or
−1. Moreover, 〈ea, eξ 〉 = gaξ = 0, and due to (2.1.9),

�2
1 = − �1

2 = (ε4k
2 + ε5l

2 − H 2 − c)ω1 ∧ ω2, (6.2.1)

�5
4 = − 2ε4klω

1 ∧ ω2, �4
5 = 2ε5klω

1 ∧ ω2; (6.2.2)

all other �j
i , �β

α are zero.
The semiparallel condition (4.1.2) reduces to a system whose only essential equa-

tions are

ε5γ kl = 0, (6.2.3)

l[ε4k(2k + β) + ε5l
2 − H 2 − c] = 0, (6.2.4)

l[ε4k(2k − β) + ε5l
2 − H 2 − c] = 0, (6.2.5)

k[ε4k
2 + 2ε5l

2 − H 2 − c] = 0. (6.2.6)

In subcases (a) and (b) of the table, one has kl �= 0. Then the first equation above
yields γ = 0, the middle two imply β = 0 and 2ε4k

2 + ε5l
2 = H 2 + c, and the last

gives ε4k
2 + 2ε5l

2 = H 2 + c; hence ε4k
2 = ε5l

2, and thus ε4 = ε5.
This yields

ε4 = ε5 = ε = ±1, k2 = l2, H 2 = ε3α
2 = 3εk2 − c; (6.2.7)

moreover, one can make k = l �= 0 by replacing e5 by −e5 if needed. Then due
to (6.2.7),



100 6 Semiparallel Surfaces

�2
1 = −εk2ω1 ∧ ω2, �5

4 = −�4
5 = −2εk2ω1 ∧ ω2, (6.2.8)

i.e., the Gaussian curvature of M2 is K = εk2.
In case (b) one has H = 0, i.e., M2 is a minimal surface, and due to (6.2.7)

this is possible only if c �= 0 and ε = sign c. Moreover, c < 0 is not possible here,
because then due to Theorem 4.1.7 this minimalM2 would be totally geodesic, which
contradicts k = l �= 0.

The normal curvature vector ofM2 is defined as h(X,X), with ‖X‖ = 1 (see, e.g.,
[SchStr 35], B. II, Section 10). ForX = e1′ , one has h1′1′ = H+A cos 2ϕ+B sin 2ϕ,
due to (6.1.3). For subcases (a) and (b), it reduces to

h1′1′ = e3α + k(e4 cos 2ϕ + e5 sin 2ϕ), (6.2.9)

and therefore the normal curvature vector has constant scalar square 4εk2 − c at
every point x ∈ M2, i.e., M2 is an isotropic surface (cf. O’Neill [O’N 65]); moreover
H 2 = 3K − c.

In particular, if s = 0, i.e., for a semiparallel M2 in Nn(c), one has ε3 = ε = 1,
and one can make α =

√
3k2 − c, by replacing e3 by −e3, if needed.

For subcases (c) and (d), ε4k
2 −H 2 − c = 0, and hence �2

1 = 0, �5
4 = �5

4 = 0;
i.e., M2 is locally Euclidean and has flat normal connection ∇⊥ and thus flat ∇̄.

Recall that in subcase (e), M2 is totally umbilic, and in subcase (f), totally
geodesic.

The above analysis can be summarized as follows.

Theorem 6.2.1. Let M2 be a semiparallel surface, obtained by an isometric immer-
sion of a two-dimensional Riemannian manifold into sN

n(c) such that the regularity
assumptions are satisfied. Then it can be characterized for subcases (a)–(f) of Ta-
ble 6.1.1 as follows:

(a) M2 is isotropic (cf. O’Neill [O’N 65]), n ≥ 5, the first-order normal subspace
ofM2 is three-dimensional and has definite metric (positive or negative), and
moreover, H 2 = 3K − c at every point x ∈ M2;

(b) M2 is a minimal isotropic surface of Gaussian curvature K = 1
3c > 0;

(c), (d) M2 has flat ∇̄;
(e) M2 is totally umbilic;
(f) M2 is totally geodesic.

Note that due to Proposition 3.1.2, the totally umbilic M2 of subcase (e) is a
parallel surface, as is the totally geodesic M2 of subcase (f).

For the geometric description of the semiparallel surfaces of subcases (c) and (d),
Theorem 4.5.5 can be used, according to which every semiparallel submanifold is a
second-order envelope of parallel submanifolds. It remains to describe the parallel
surfaces of subcases (c) and (d), i.e., with flat ∇̄.

For these surfaces l = γ = 0; therefore, (6.1.9) and (6.1.10) give

h3
11 = h3

22 = α, h3
12 = 0, h4

11 = β + k, h4
22 = β − k, h4

12 = 0, h
ρ
ij = 0,
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where ρ ∈ {5, . . . , n}. Now the parallel condition (3.1.1) reduces to the following
essential equations:

dα = dβ = dk = ω2
1 = ω4

3 = ω
ρ
3 = ω

ρ
4 = 0.

Thus for these parallel surfaces one has

dx = e1ω
1 + e2ω

2, de1 = h∗
11ω

1, de2 = h∗
22ω

2,

where h∗
11 = αe3 + (β + k)e4 − cx, h∗

22 = αe3 + (β − k)e4 − cx. Since for subcases
(c) and (d) ε4k

2 − H 2 = 0, it follows that ε4(k
2 − β2) − εα2 = 0; hence

dh∗
11 = −(h∗

11)
2e1ω

1, dh∗
22 = −(h∗

22)
2e2ω

2

with constant (h∗
11)

2 and (h∗
22)

2. Therefore, each such parallel surface is a product of
two plane curves of constant curvature, defined by ω1 = 0 and ω2 = 0.

The result can be formulated as follows (cf. Theorem 3.6.1 and Examples 4.5.2
and 4.5.4).

Proposition 6.2.2. The only parallel spacelike curves in sN
n(c) are the plane curves

of constant curvature. Every surface of Theorem 6.2.1 which has flat ∇̄ but is not
totally geodesic, is a second-order envelope of products of such curves.

A more detailed description of the isotropic semiparallel surfaces of subcases (a)
and (b) will be given in the next section.

Remark 6.2.3. The subspace span{A,B} has a good geometric interpretation. At a
point x ∈ M2, consider the normal curvature vectors h(X,X), for all tangent vectors
X with ‖X‖ = 1; their endpoints describe the normal curvature indicatrix (see
[SchStr 35], Vol. II, Section 12). Due to (6.1.8), the indicatrix is generally an ellipse
whose plane has direction span{A,B} and goes through the endpoint of the vector
H , with startpoint placed at x; it could also be a degenerate form of such an ellipse
(a line segment, if m1 = 1, or a point, if m1 = 0). The adaptation (6.1.8) means that
e4 and e5 are directed along the axes of symmetry of this ellipse with semiaxes k and
l (see [Ca 60]).

For subcases (a) and (b), this ellipse is a circle, and this characterizes the isotropic
surfaces, if this holds at every point x ∈ M2.

Remark 6.2.4. If c = 0 and s = 0, then Theorem 6.2.1 reduces to a result of Deprez
[De 85]; the proof given above is more direct, and it also covers the general case of
c �= 0 and s > 0.

6.3 Veronese Surfaces

The most general and also most interesting case in Theorem 6.2.1 is, of course,
subcase (a). Note that in all other subcases the semiparallel surface M2 has inner
metric of constant curvature.
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This subcase (a) can be characterized by the property that the first-order osculating
subspace of the surfaceM2 has maximal possible dimension 5 at every point x ∈ M2.

If s = 0, i.e., if ε3 = ε = 1, the following assertion holds.

Proposition 6.3.1. If a semiparallel surface M2 in Nn(c) belongs to subcase (a) of
Theorem 6.2.1 and lies in an N5(c) ⊂ Nn(c), then it is a parallel surface and lies in
a four-dimensional space form.

Proof. For such an M2, equations (6.1.9) and (6.1.10) reduce to

ω3
1 = αω1, ω4

1 = kω1, ω5
1 = kω2, ω

ξ
1 = 0, (6.3.1)

ω3
2 = αω2, ω4

2 = −kω2, ω5
2 = kω1, ω

ξ
2 = 0, (6.3.2)

where α =
√

3k2 − c. Taking exterior derivatives and applying the structure equa-
tions and Cartan’s lemma, one gets

−1

2
d ln k = k1ω

1 + k2ω
2,

1

5
(2ω2

1 − ω5
4) = −k2ω

1 + k1ω
2, (6.3.3)

α

3k
ω4

3 = k1ω
1 − k2ω

2,
α

3k
ω5

3 = k2ω
1 + k1ω

2, (6.3.4)

α

k
ω
ξ
3 + ω

ξ
4 = p

ξ
1ω

1 + p
ξ
2ω

2,
α

k
ω
ξ
3 − ω

ξ
4 = p

ξ
3ω

1 + p
ξ
4ω

2, (6.3.5)

ω
ξ
5 = p

ξ
2ω

1 + p
ξ
3ω

2. (6.3.6)

The same procedure applied to the equations in the first two rows above leads to

dk1 = k2ω
2
1 +

[
ρk2

2 − σk2
1 + 1

30
(4π1 − π2)

]
ω1

−
(
ϕk1k2 + 1

12
π3

)
ω2, (6.3.7)

dk2 = − k1ω
2
1 −

(
ϕk1k2 + 1

12
π3

)
ω1

+
[
ρk2

1 − σk2
2 + 1

30
(4π2 − π1)

]
ω2, (6.3.8)

where

ρ = 3

10
α−2(28k2 − 5c), σ = 3

10
α−2(22k2 − 5c),

ϕ = 3α−2(5k2 − c),

and
π1 = p1p3 − p2

2, π2 = p2p4 − p2
3, π3 = p1p4 − p2p3; (6.3.9)
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here pa = eξp
ξ
a (a ∈ {1, 2, 3, 4}), and papb = gξηp

ξ
ap

η
b are scalar products.

If this M2 lies in an N5(c), the set of values of ξ is empty. Then (6.3.7) and
(6.3.8) can be used (in general they are useful also for n > 5, below) after exterior
differentiation to obtain

ki[50α4 + 3(252k2 + 215c)(k2
1 + k2

2)] = 0; i = 1, 2.

Here either k1 = k2 = 0, and thus k = const, or else [. . . ] = 0. It turns out that
this last case also leads to k = const. Indeed, by direct calculation, d(k2

1 + k2
2) =

kσ(k2
1 + k2

2)dk; applying the hypothesis [. . . ] = 0 and taking derivatives, one gets
P(k)dk = 0, where P(k) is a quartic polynomial in k with constant coefficients and
leading term 23 · 32 · 511k4.

Hence (6.3.3), (6.3.4) reduce to

k = const, ω4
3 = ω5

3 = 2ω2
1 − ω5

4 = 0. (6.3.10)

The differential system consisting of ω3 = ω4 = ω5 = 0, (6.3.1), (6.3.2) (for
n = 5), and (6.3.10) is totally integrable, since an easy computation shows that
the covariant equations obtained by exterior differentiation are satisfied due to the
equations of the same system. Hence the surface M2 lies in N5(c) and depends on
some arbitrary constants.

Since from (6.3.1), (6.3.2)

h3
ij = αδij ; h4

11 = −h4
22 = k, h4

12 = 0;

h5
11 = h5

22 = 0, h5
12 = k, (6.3.11)

substitution into (2.2.2) shows immediately that ∇̄hαij = 0, i.e., the surface M2 is
parallel.

For such an M2, dx = e1ω
1 + e2ω

2,

de1 = e2ω
2
1 + k(e4ω

1 + e5ω
2) + H ∗ω1,

de2 = − e1ω
2
1 + k(−e4ω

2 + e5ω
1) + H ∗ω2, (6.3.12)

where H ∗ = −cx + αe3, and

de4 = − k(e1ω
1 − e2ω

2) + 2e5ω
2
1,

de5 = − k(e1ω
2 + e2ω

1) − 2e5ω
2
1, (6.3.13)

dH ∗ = − (H ∗)2(e1ω
1 + e2ω

2), (6.3.14)

where (H ∗)2 = c + α2 = const. Now the point in σE
5 with radius vector z =

x + 1
(H ∗)2H

∗ is a fixed point, because dz = 0; and z − x has constant length 3k2.
This ends the proof.
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Remark 6.3.2. In the case c = 0 Proposition 6.3.1 reduces to the main result (for
m = 2) of [Lu 89c], which was reproduced afterwards in [Lu 99a]. Here the hypoth-
esis c = 0 implies considerable simplifications: ρ = 14

5 , σ = 11
5 , ϕ = 5; see the

proof of Proposition 2 in [Lu 99a], where the case s > 0 was also treated. For the last
case from (6.2.7) with c = 0, it follows that ε3 = ε, so that only s = 3 is possible.

An extension to the case c �= 0 (and s = 0) was then given in [Me 91], [AM 94],
where the proof for subcase c < 0 is indirect and uses a classical result of Bel-
trami about differential parameters of a surface. The proof given here is taken from
[Lu 2000a]; it is more direct and does not depend on the sign of c.

The converse to Proposition 6.3.1 also holds.

Proposition 6.3.3. If a semiparallel surface M2 in Nn(c) belongs to subcase (a) of
Theorem 6.2.1 and is parallel, then it lies in a four-dimensional space form.

Proof. From (6.3.1, (6.3.2) it follows that (6.3.11) and h
ξ
ij = 0 hold. Substituting

this into the parallel condition (3.1.1) gives dk = ω4
3 = ω5

3 = ω5
4 − 2ω2

1 = 0.
Therefore, (6.3.12)–(6.3.14) hold and give the asserted conclusion, as in the proof of
Proposition 6.3.1 above.

The situation is also similar for subcase (b).

Proposition 6.3.4. If a semiparallel surface M2 in Nn(c) belongs to subcase (b) of
Theorem 6.2.1 and lies in an N4(c) ⊂ Nn(c), then it is parallel.

Proof. In subcase (b), α = 0, and thus due to (6.2.7), k2 = l2 = 1
3c = const �= 0.

Now (6.1.9) and (6.1.10) reduce to

ω3
1 = 0, ω4

1 = kω1, ω5
1 = kω2, ω

ξ
1 = 0,

ω3
2 = 0, ω4

2 = −kω2, ω5
2 = kω1, ω

ξ
2 = 0.

Here the outer equations can be joined together into ω
φ
1 = ω

φ
2 = 0, where φ ∈

{3, 6, . . . , n}.

If this M2 lies in an N4(c), the set of values φ is empty and these outer equations
disappear. The remaining equations lead after exterior differentiation to the single
condition 2ω2

1 − ω5
4 = 0, which by exterior differentiation gives an identity. Hence

this surface M2 which is contained in N4(c) depends on some arbitrary constants.
Now h4

12 = h5
11 = h5

22 = 0, h4
11 = −h4

22 = h5
12 = k = const, and substitution

into (2.2.2) shows immediately that ∇̄hαij = 0, i.e., the surface M2 is parallel, as
asserted.

Remark 6.3.5. In subcase (b), for H ∗ one has H ∗ = −cx, where c = 3k2 > 0. Now
considering the surface M2 in the outer version, and using in En+1 the frame bundle
introduced in Section 1.4 and adapted to M2, then x = − 1√

c
en+1, and therefore

H ∗ = √
cen+1 = k

√
3en+1.
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For the surface M2 of Proposition 6.3.4, the formulas (6.3.12) and (6.3.13) can
be used. Here the first of them are

de1 = e2ω
2
1 + k(e4ω

1 + e5ω
2) + k

√
3en+1ω

1,

de2 = − e1ω
2
1 + k(−e4ω

2 + e5ω
1) + k

√
3en+1ω

2.

They show that the situation is the same as in Proposition 6.3.1 for c = 0, except that
the subscript n + 1 must be replaced by the subscript 3, which is unrestricted here.

The conclusion is that subcase (b) can be subsumed under (a) by replacing the
ambient space form by its outer Euclidean space.

Note that the situation above was analysed already in [Lu 89c]; see Remark 6.3.2.

Using the results of [Blo 86], one can give a full characterization of the above-
considered parallel surface M2, when it is complete and connected. Namely, in [Blo
86] there is shown, in particular, that if a parallel complete connected RiemannianM2

in En or sE
n (s > 0) is planar geodesic (i.e., each of its geodesics lies in a 2-plane

of En or sEn), then this M2 is a Veronese surface, a surface homothetic to the image
of the isometric Veronese immersion

x ∈ S2
(

1

3

)
⊂ R

3 → 1√
6
(x ·tx − I3) ∈ s0(3),

where s0(3) = {A ∈ sl(3,R) | tA = A} with 〈A,B〉 = tr(A,B) in R
5, or

x ∈ H 2
(

−1

3

)
⊂ R

3
1 → 1√

6
(x ·∗x + I3) ∈ s0(1, 2),

where ∗x =txI1,2 and s0(1, 2) = {A ∈ sl(3,R) | I1,2
tAI1,2 = A} with 〈A,B〉 =

− tr AB in 3R
5. The image of S2

( 1
3

)
is minimal in S4(1) and the image of H 2

(
− 1

3

)

is minimal in 2H
4(−1).

This leads to the following.

Corollary 6.3.6. A semiparallel complete connected surface M2 which satisfies the
conditions of Proposition 6.3.1 or 6.3.4 is a Veronese surface.

Indeed, it remains to show that this M2 is planar geodesic.
The differential equation ω2

1 = γ1ω
1 + γ2ω

2 determines, for every initial condi-
tion, a frame field onM2 for which γ1 is the geodesic curvature of the curve defined by
ω2 = 0. Let this curve be a geodesic, i.e., let γ1 = 0. Since for this curve dx = e1ω

1,
de1 = (ke4 +H ∗)ω1, d(ke4 +H ∗) = −[k2 + (H ∗)2]e1ω

1, due to (6.3.12)–(6.3.14),
the curve lies in a 2-plane spanned at the point x by vectors e1, ke4 + H ∗.

The case of Proposition 6.3.4 is then already covered as a special case, as men-
tioned in Remark 6.3.5.

Remark 6.3.7. The geodesic curve just considered has curvature
√
k2 + (H ∗)2, which

is a constant 2k. Hence it is a circle.
Note that these Veronese surfaces are the same as in case (2) of Theorem 3.3.1

for m = 2.
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6.4 Second-Order Envelopes of Veronese Surfaces

The results of the preceding section make it possible to interpret the semiparallel
surfaces of the most general subcase (a) of Theorem 6.2.1 as second-order envelopes
of Veronese surfaces, via Proposition 4.5.1. Due to (6.2.8) the Gaussian curvature
of Veronese surfaces is K = εk2. Here K is constant for each separate Veronese
surface, but it could vary for the different members of the envelope. The question
then arises, what is the nature of the function K on such an envelope?

This problem will be investigated here in the (pseudo-)Euclidean space sE
n, i.e.,

supposing that c = 0. Recall that inE5 the envelope reduces, due to Proposition 6.3.1,
to a single Veronese surface. In E6 there exist nonparallel second-order envelopes of
congruent Veronese surfaces, as was shown in [Ri 91]. Afterwards in [Lu 96a], the
same was shown for sE

6 (and in sN
6(c)), where s is 0, 3, or 4, and in [Lu 99a] also

for such envelopes of noncongruent Veronese surfaces.
The most general result, established in [Lu 99a], is the following.

Theorem 6.4.1. In sE
7 there exist holomorphic semiparallel surfaces, depending on

one holomorphic function of two real arguments, which are second-order envelopes
of Veronese surfaces (here necessarily s ∈ {0, 3, 4, 5}). Each two-dimensional holo-
morphic Riemannian manifold M2 can be immersed isometrically into sE

7 as such
a surface.

Proof. To equations (6.3.7), (6.3.8) four equations are to be added, which follow
from (6.3.5), (6.3.6) by exterior differentiation:

δp
ξ
1 − 3pξ2ω

2
1 = q

ξ
1ω

1 + q
ξ
2ω

2 − (p
ξ
1 + 6pξ3)ϑ, (6.4.1)

δp
ξ
2 + (p

ξ
1 − 2pξ3)ω

2
1 = q

ξ
2ω

1 + q
ξ
3ω

2 + (3pξ2 − 2pξ4)ϑ, (6.4.2)

δp
ξ
3 − (p

ξ
4 − 2pξ2)ω

2
1 = q

ξ
3ω

1 + q
ξ
4ω

2 + (3pξ3 − 2pξ1)ϑ, (6.4.3)

δp
ξ
4 + 3pξ3ω

2
1 = q

ξ
4ω

1 + q
ξ
5ω

2 − (p
ξ
4 − 6pξ2)ϑ, (6.4.4)

where δpξa = dp
ξ
a + p

η
aω

η
ξ and ϑ = k1ω

1 + k2ω
2 = − 1

2d ln k.

The differential system consisting of the equations ω3 = ω4 = ω5 = ωξ = 0,
(6.3.1)–(6.3.8), (6.4.1)–(6.4.4) is not (yet) involutive; therefore, exterior differentia-
tion must be used once more. Most of these equations give identities, except (6.3.7),
(6.3.8), (6.4.1)–(6.4.4).

The last four groups yield the following covariant exterior equations:

[θ ξ1 + (q
ξ
1 + 6qξ3 )ϑ] ∧ ω1 + [θ ξ2 + (q

ξ
2 + 6qξ4 )ϑ] ∧ ω2 = 0, (6.4.5)

[θ ξ2 − (3qξ2 − 2qξ4 )ϑ] ∧ ω1 + [θ ξ3 − (3qξ3 − 2qξ5 )ϑ] ∧ ω2 = 0, (6.4.6)

[θ ξ3 − (3qξ3 − 2qξ1 )ϑ] ∧ ω1 + [θ ξ4 − (3qξ4 − 2qξ2 )ϑ] ∧ ω2 = 0, (6.4.7)

[θ ξ4 + (q
ξ
4 + 6qξ2 )ϑ] ∧ ω1 + [θ ξ5 + (q

ξ
5 + 6qξ3 )ϑ] ∧ ω2 = 0, (6.4.8)
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with secondary forms θ ξb = dq
ξ
b + q

η
bω

ξ
η − r

ξ
bω

2
1, where

r
ξ
1 = 4qξ2 , r

ξ
2 = 3qξ3 − q

ξ
1 , r

ξ
3 = 2(qξ4 − q

ξ
2 ), r

ξ
4 = q

ξ
5 − 3qξ3 , r

ξ
5 = −4qξ4 .

Equations (6.3.7) and (6.3.8), if treated similarly, do not give exterior equations,
but reduce to two algebraic equations

k1

[
k2 + 42

25
ǫ(k2

1 + k2
2) + ǫ

50
(29π1 + 24π2)

]

− 1

20
k2π3 − 1

30
π11 + 2

15
π21 − 1

12
π32 = 0, (6.4.9)

k2

[
k2 + 42

25
ǫ(k2

1 + k2
2) + ǫ

50
(24π1 + 29π2)

]

− 1

20
k1π3 − 1

30
π22 + 2

15
π12 − 1

12
π31 = 0, (6.4.10)

where k1, k2 and π1, π2, π3 are given by (6.3.3) and (6.3.9), respectively, and

π11 = p2q4 + p4q2 − 2p3q3 − 3k1Q1, π12 = p2q5 + p4q3 − 2p3q4 − 2k2Q1,

π21 = p3q1 + p1q3 − 2p2q2 − 2k1Q2, π22 = p3q2 + p1q4 − 2p2q3 − 2k2Q2,

π31 = p4q1 + p1q4 − p3q2 − p2q3 − 2k1Q3,

π32 = p4q2 + p1q5 − p3q3 − p2q4 − 2k2Q3,

Q1 = 2p1p3 + p2p4 − 3p2
3 − 3p2

2 − p2
3,

Q2 = p1p3 + 2p2p4 − 3p2
2 − 3p2

3 − p2
1,

Q3 = p1p4 + 2p3p4 + 2p1p2 + 3p2p3.

After differentiation, these algebraic relations (6.4.9), (6.4.10) lead to a system of
two linear equations, which relate to each other the secondary forms θ ξb of the exterior
system (6.4.5)–(6.48), the form ω2

1 and the basic forms ω1, ω2. The dependence on
the latter two will be indicated indirectly below by (mod ω1, ω2). Writing the scalar
products componentwise, using eξ eη = ǫξ δξη, these linear equations are as follows:
∑

ξ

ǫξ [8pξ3θ
ξ
1 − (16pξ2 + 7pξ4)θ

ξ
2 + (8pξ1 + 9pξ3)θ

ξ
3 + 3pξ2θ

ξ
4 − 5pξ1θ

ξ
5 ] + S1ω

2
1

= 0(mod ω1, ω2), (6.4.11)
∑

ξ

ǫξ [8pξ2θ
ξ
5 − (16pξ3 + 7pξ1)θ

ξ
4 + (8pξ4 + 9pξ2)θ

ξ
3 + 3pξ3θ

ξ
2 − 5pξ4θ

ξ
1 ] + S2ω

2
1

= 0(mod ω1, ω2), (6.4.12)

where S1 and S2 are some nonzero polynomials of k, k1, k2 and of the components
of pa , qb.
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The investigation of the Pfaffian system defining the above semiparallel surfaces
M2 is reduced now to the study of the system of covariant exterior equations (6.4.5)–
(6.4.8) and of the last two linear equations for the secondary forms θ ξa and the new
secondary form ω2

1.
Let n = 7. Then ξ takes values in {6, 7}. Provided 64p6

2p
6
3 − 25p6

1p
6
4 �= 0, one

can solve the linear system (6.4.11), (6.4.12) with respect to θ6
1 and θ6

5 , and obtain
(mod ω1, ω2) their expressions as linear combinations of θ6

2 , θ
6
3 , θ

6
4 , θ

7
1 , . . . , θ

7
5 , and

ω2
1, where the coefficients are some rational functions of the coefficients on the right-

hand sides of (6.3.3)–(6.3.6), (6.4.1)–(6.4.4).
These expressions are then substituted into the four exterior equations (6.4.5)–

(6.4.8). After that, the latter contain nine secondary forms ω2
1, θ6

2 , θ6
3 , θ6

4 , θ7
1 , . . . , θ

7
5 .

The 8 × 9 matrix of the corresponding polar system (for some values u1, u2 of ω1,
ω2) has an 8 × 8-determinant with a zero block and therefore equal to the product of
two 4 × 4-determinants, both nonzero in general. For instance, one of them is

∣∣∣∣∣∣∣∣

u1 u2 0 0
0 u1 u2 0
0 0 u1 u2

0 0 0 u1

∣∣∣∣∣∣∣∣
= (u1)4.

Thus the first Cartan character is s1 = 8. It follows that the second Cartan character
is s2 = 1, and hence s1 + 2s2 = 10.

It suffices to show that the general integral element of the above system with basis
ω1, ω2 depends on 10 independent parameters. Then the Cartan criterion is satisfied
(see [Ca 45], Section 85) or, equvalently, equality holds in Cartan’s test inequality
(see [BCGGG 91], p. 140). To show this, Cartan’s lemma is applied to the exterior
equations (6.4.5)–(6.4.8) for basis ω1, ω2. Since ξ takes the two values 6 and 7, this
gives 12 new coefficients beforeω1, ω2 in the expressions of θ ξ1 , . . . , θ

ξ
5 . Substituting

the latter into (6.4.11), (6.4.12) gives two expressions for ω2
1 as linear combinations

of ω1, ω2. These expressions must be equal, thus there are two linear dependencies
among these new coefficients. Therefore, the number of independent coefficients is
actually 10.

The first assertion of Theorem 6.4.1 is hence true.
To verify the second assertion of Theorem 6.4.1, one has to observe that the above

system does not set any condition on the Gaussian curvature K = εk2 of the two-
dimensional Riemannian space M2 to be immersed. Indeed, this system involves
conditions only on the quantities determining the immersion.

6.5 The Case of a Singular Metric

For a spacelike M2 in sN
n(c) with s > 0 the metric regularity conditions of Sec-

tion 6.2 may not necessarily be satisfied. In this section it is assumed that the first-
order normal subspace span{hij } = span{A,B,H } has constant dimension m1 on
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M2, 1 ≤ m1 ≤ 3, and at every point x ∈ M2, it belongs to a three-dimensional
subspace of the normal space T ⊥

x M2, with Lorentz metric, and that the subspace
span{A,B} has constant dimension m0, 1 ≤ m0 ≤ 2; moreover, at least one of the
spaces span{A,B,H } and span{A,B} has singular metric.

For the subspaces of a Lorentz space, especially for the one-dimensional ones,
terminology familiar from relativity theory will be used. If such a one-dimensional
subspace is spanned by the vector e �= 0 and e2 > 0, or e2 < 0, or e2 = 0, then
it is called, respectively, spacelike, or timelike (the regular case), or lightlike (the
singular case).

6.5.1 The subcases where span{A, B} has singular metric

Let us consider first the general case, where m1 = 3, m0 = 2, supposing here that
the three-dimensional span{A,B,H } is Lorentzian, thus regular, and that the two-
dimensional span{A,B} has singular metric (which does not vanish completely, due
to m0 = 2).

Recall that the tangent part {e1, e2} of the orthonormal frame can be chosen so
that 〈A,B〉 = 0, and here A, B can be interchanged (see Section 6.1). Singularity of
the metric on span{A,B} leads to 〈A,A〉〈B,B〉 = 0, where only one factor can be
zero, since this metric does not vanish completely.

One may assume 〈B,B〉 = 0, 〈A,A〉 �= 0.
The part of the frame in the Lorentzian first-order normal subspace can be adapted

so that (6.1.8) holds as before, only now this part is no longer orthonormal but must
satisfy the conditions

〈e4, e5〉 = 〈e5, e5〉 = 0; (6.5.1)

moreover, e3 and e4 can be chosen so that

〈e3, e4〉 = 〈e3, e3〉 = 0, 〈e4, e4〉 = 〈e3, e5〉 = 1. (6.5.2)

Note that e3 and e5 may be replaced by λe3 and λ−1e5, respectively, for every λ �= 0.
This leads to H 2 = β2 + 2αγ .
The formulas (6.1.9), (6.1.10) hold as well, but now due to (1.2.4),

ω1
1 = ω2

2 = 0, ω2
1 = −ω1

2, ωi
4 = −ω4

i , ωi
5 = −ω3

i , ωi
3 = −ω5

i , (6.5.3)

ω4
4 = ω3

5 = ω5
3 = 0, ω3

4 = −ω4
5, ω4

3 = −ω5
4, ω5

5 = −ω3
3; (6.5.4)

where i ∈ {1, 2}. Therefore, due to (6.1.9), (6.1.10), and (2.1.8),

−�1
2 = �2

1 = (k2 − H 2 − c)ω1 ∧ ω2, −�4
3 = �5

4 = −2klω1 ∧ ω2; (6.5.5)

the remaining �
j
i , �β

α are zero.
The semiparallel condition (4.1.2) reduces to a system whose only essential equa-

tions are
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klα = 0, (6.5.6)

k(k2 − H 2 − c)= 0,

l(2k2 + kβ − H 2 − c)= 0,

l(2k2 − kβ − H 2 − c)= 0, (6.5.7)

where the last equation can be replaced by

klβ = 0. (6.5.8)

In the general subcase above, with m1 = 3, m0 = 2, one has αkl �= 0 in (6.1.8)
(see (a) in Table 6.1.1). Comparing with (6.5.6) gives the following.

Proposition 6.5.1. There exists no semiparallel spacelike surface M2 in sN
n(c) with

three-dimensional Lorentzian first-order normal subspace, whose normal curvature
indicatrix spans a two-dimensional plane with singular metric.

Next, let span{A,B} be two-dimensional and have singular metric, as before, but
let span{A,B,H } coincide with it. This is subcase (b) of Table 6.1.1, thus α = 0,
kl �= 0. Here equation (6.5.8) gives β = 0, and the previous equations lead to
k2 −H 2 − c = 2k2 −H 2 − c = 0, which are impossible for k �= 0. This implies the
following.

Proposition 6.5.2. There exists no semiparallel spacelike surface M2 in sN
n(c)

whose normal curvature indicatrix spans a two-dimensional plane which coincides
with the two-dimensional first-order normal subspace and has singular metric.

Now let span{A,B} be one dimensional, i.e., m0 = 1, and have singular metric.
Then 〈A,B〉 = A2 = B2 = 0, and (6.1.7) shows that 〈A′, B ′〉 = 0 independently
of ϕ; thus the tangent part of the adapted frame is free, and it can be used to make
A′ = 0 according to the first equation (6.1.6). Having done this, one can use the
above frame with (6.1.8) and k = 0. This implies B �= 0, since m0 = 1, and thus
l �= 0. Therefore, the semiparallel conditions (6.5.6)–(6.5.7) reduce here to a single
condition H 2 + c = 0 (which is equivalent to β2 + 2αγ + c = 0). All this implies,
via (6.5.5), that all �j

i , �β
α are zero, i.e., the surface M2 has flat ∇̄.

More detailed geometrical description of these M2 can be given by considering
the corresponding parallel surfaces. This will be done for the special case c = 0,
i.e., in (pseudo-)Euclidean space sE

n. Then H 2 = 0 and hence both B and H are
lightlike.

Let span{A,B,H } = span{B,H } be two dimensional. Then m1 = 2 and one
gets subcase (c) of Table 6.1.1. The lightlike B and H are noncollinear here, and
hence span{B,H } has regular metric. Since A = 0, the frame vector e4 is now free,
together with e3, which can be taken collinear to nonzero H . This gives α �= 0,
β = γ = 0.

The parallel condition (4.1.2) reduces to the following essential equations:

ω2
1 = ω4

3 = ω3
4 = ω

ξ
4 = ω

ξ
3 = 0, (6.5.9)
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dl = lω3
3, dα = −αω3

3; (6.5.10)

therefore d(αl) = 0. Due to these equations, and also due to (6.5.3), (6.5.4),

dx = e1ω
1 + e2ω

2,

de1 = αe3ω
1 + le5ω

2 = Hω1 + Bω2,

de2 = αe3ω
2 + le5ω

1 = Hω2 + Bω1,

dH = − (αl)(e1ω
2 + e2ω

1), dB = −(αl)dx;

therefore the parallel surface M2 is contained in a four-dimensional Lorentz space
1E

4 ⊂ sE
n, spanned at the point x by vectors e1, e2, H , and B. Moreover, for

z0 = x + (αl)−1B, one has dz0 = 0; hence the point with radius vector z0 is a fixed
point. Due to x = z0 −(αl)−1B and 〈B,B〉 = 0, the surfaceM2 lies on the light cone
C3 ⊂ 1E

4 with vertex at this fixed point. Note that span{A,B} = spanB is directed
along a generator line through x of this cone C3 and the mean curvature vector H is
parallel to a different generator line.

Lastly, let span{B,H } be one-dimensional. Then m1 = 1 and one gets subcase
(d) of Table 6.1.1. Hence one has α = β = 0 in (6.1.8).

The parallel condition (4.1.2) now reduces to the following essential equations:

ω2
1 = ω3

5 = ω4
5 = ω

ξ
5 = 0,

dγ = − γω5
5, dl = −lω5

5;

hence for γ l−1 = h one has dh = 0. Due to these equations, and also due to (6.5.3),
(6.5.4),

dx = e1ω
1 + e2ω

2,

de1 = l(hω1 + ω2)e5, de2 = l(ω1 + hω2)e5, d(le5) = 0.

Therefore, the parallel surfaceM2 is contained in a three-dimensional semi-Euclidean
space, spanned at the point x ∈ M2 by vectors e1, e2, and le5, the latter being constant
with zero length squared.

Here dω1 = dω2 = 0, and at least locally ω1 = du1, ω2 = du2. Consequently,
e1 = x1, e2 = x2, where subscripts on the vector x denote partial derivatives with
respect to the variables u1, u2. Further, x11 = x22 = γ e5 = H , x12 = le5 = B,
x111 = x112 = x122 = x222 = 0, where H = hB, h = const, and B is a constant
vector with zero length squared. Therefore, this parallel M2 can be represented by
the equation

x = 1

2
[h(u1)2 + h(u2)2 + 2u1u2]B + c1u

1 + c2u
2,

where c1 and c2 are constant vectors, noncollinear like x1 and x2. (Note that here the
absolute term has been made zero by exchanging the initial point).
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Thus with respect to affine coordinates u1, u2, v in the three-dimensional semi-
Euclidean space with basis vectors c1, c2 and 1

2B, the parallel surface M2 has the
equation

v = h[(u1)2 + (u2)2] + 2u1u2

and therefore is a paraboloid , elliptic or hyperbolic. Note that the basis vector along
the v-axis has zero length squared and therefore has singular direction of the semi-
regular metric of the semi-Euclidean space containing the paraboloid. The same
direction is singular also for the paraboloid as a quadric surface.

6.5.2 The subcases where span{A, B} has regular metric

In this case, span{A,B,H } must have singular metric. Here, too, only the case c = 0
will be considered.

Consider first the subcase with m0 = 2. Then m1 must be 3. Therefore, subcase
(b) is impossible, and only (a) can occur. Taking the frame vectors e3, e4, and e5 so
that (6.1.8) holds, it follows that 〈e3, e3〉 = 〈e3, e4〉 = 〈e3, e5〉 = 0, and, as before,
〈e4, e4〉 = ε4, 〈e5, e5〉 = ε5, 〈e4, e5〉 = 0. Here one needs to choose one of the next
frame vectors, e.g., e6, so that 〈e4, e6〉 = 〈e5, e6〉 = 〈e6, e6〉 = 0. It can also be
assumed that 〈e3, e6〉 = 1, which requires that n ≥ 6. If n > 6 then the remaining
frame vectors eξ can be chosen to make an orthonormal basis.

After differentiation, these conditions on the frame vectors give

ωi
3 = − ω6

i = 0, ωi
4 = −ε4ω

4
i , ωi

5 = −ε5ω
5
i , ωi

6 = −ω3
i ,

ω4
4 = ω5

5 = 0, ε4ω
4
5 = −ε5ω

5
4, ω6

6 = −ω3
3,

ω3
4 = − ε4ω

4
6, ω3

5 = −ε5ω
5
6, ω6

4 = −ε4ω
4
3, ω6

5 = −ε5ω
5
3.

An easy calculation shows that for the curvature 2-forms, the formulas (6.2.1), (6.2.2)
hold with only the difference that now, due to ε3 = 0, one has H 2 = ε4β

2 + ε5γ
2.

The semiparallel condition (4.1.2) reduces to the same system as in Section 6.2,
and yields similarly β = γ = 0; thus H 2 = 0, which implies 2ε4k

2 + ε5l
2 =

ε4k
2 + 2ε5l

2 = 0. This is in contradiction with kl �= 0 and ε4ε5 �= 0. Therefore,
subcases (a) and (b) are impossible here.

Now consider subcase (c) of Table 6.1.1, where m0 = 1 and m1 = 2. It is
assumed here in subsection 6.5.2 that the one-dimensional span{A,B} has regular
metric (i.e., space- or timelike) and that the two-dimensional span{A,B,H } has
singular metric. Thus the one-dimensional regular span{A,B} is spacelike, where A
and B are collinear vectors. Making, as before, 〈A,B〉 = 0 with interchangeable A
and B, one can get B = 0 and use the above frame with (6.1.8) and l = 0, α �= 0;
but now ε3 = 0, ε4 = 1, and thus H 2 = β2. Moreover, one can make γ = 0.

Now the semiparallel conditions of Section 6.1 can be used, and they give a single
essential equation k2 − H 2 = 0, which implies β2 = k2 and �

j
i = �

β
α = 0, i.e., ∇̄

is flat and either β = k or β = −k.
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For a geometrical description of a semiparallelM2 in this subcase, the correspond-
ing parallel surfaces can be considered. By Theorem 4.5.5, a semiparallel surface
M2 is the second-order envelope of these surfaces.

First set β = k. Then the parallel condition (4.1.2) reduces to the following
essential equations:

ω2
1 = ω4

3 = ω3
4 = ω

ξ
4 = ω

ξ
3 = 0,

dk = 0, dα = −αω3
3.

These equations imply via (6.5.3), (6.5.4) that

dx = e1ω
1 + e2ω

2,

de1 = (H + A)ω1, de2 = (H − A)ω2,

d(H + A)= − (2k)2e1ω
1, d(H − A) = 0.

HereH+A = αe3+2ke4 has a constant length 2k, andH−A = αe3 is a constant
lightlike vector. It is seen that the integral curves of ω2 = 0 are the congruent circles
S1(2k) of curvature 2k on parallel Euclidean 2-planes, spanned by the spacelike
vectors e1 and H +A. For the integral curves of ω1 = 0, at least locally ω2 = ds and
_x = e2, ẍ = αe3 = const, and hence these curves are congruent parabolas on parallel
singular (i.e., semi-Euclidean) 2-planes, spanned by the spacelike e2 and lightlike
constant αe3; the axes of these parabolas go in direction of this constant lightlike
vector. The parallel surface is a translation surface of these circles and parabolas.

The other possibility is that k = −β. The result is the same, only the roles of the
circles and parabolas are interchanged.

Subcase (d) of Table 6.1.1, wherem1 = m0 = 1, is impossible here 6.5.2, because
here in Section 6.5, it is assumed that span{A,B} and span{A,B,H } do not both have
regular metric.

Summarizing the investigations in Section 6.5, the following theorem can be
stated.

Theorem 6.5.1. If a semiparallel Riemannian surface M2 in sN
n(c), s > 0, has its

first-order normal subspaces span{A,B,H } contained at every point x ∈ M2 in a
three-dimensional subspace with Lorentz metric in the normal space T ⊥

x M2, and at
least one of the subspaces span{A,B,H } and span{A,B} (the latter spanned by the
normal curvature indicatrix) has singular metric, then M2

• is either totally umbilic or totally geodesic, or
• has flat ∇̄ and is a second-order envelope of parallel surfaces, each of which is,

in the case c = 0, either
(1) a surface on a light coneC3 in Minkowski space, such that its normal curvature

indicatrix is a segment of a generator of C3 and its mean curvature vector is
directed along another generator, or

(2) a paraboloid in three-dimensional semi-Euclidean space, such that the sin-
gular direction of this paraboloid (as a quadric surface) is singular also for
the metric of the space, or
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(3) a translation surface of circles and parabolas, the latter on parallel semi-
Euclidean planes, whose singular direction coincides with the direction of
diameters of the parabolas.

Remark 6.5.2. Here the question arises: Do there exist nontrivial second-order en-
velopes of the parallel surfaces (1), (2), or (3), which do not reduce to a single parallel
surface? This problem was treated in [Saf 2001] and solved affirmatively.

6.6 Semiparallel Timelike Surfaces in Lorentz Spacetime Forms

Let M2 be a semiparallel timelike surface in a Lorentz spacetime form 1N
n(c). The

aim is now to classify and describe geometrically all such M2 (see [Lu 97b]).
The frame bundle adapted to such an M2 (see Section 2.1) will be used here, so

that the tangent part {e1, e2} of the frame is orthonormal,with g11 = −1, g22 = 1,
g12 = 0, and therefore due to (1.2.4) one has

ω1
1 = ω2

2 = 0, ω1
2 = ω2

1.

This part can be transformed according to

e′
1 = ε1(e1 cosh ϕ + e2 sinh ϕ), e′

2 = ε2(e1 sinh ϕ + e2 cosh ϕ),

where ε2
1 = ε2

2 = 1.

Similar to Section 6.1, this leads to ω
′2
1 = ε1ε2(ω

2
1 + dϕ) and

h′
11 = 1

2
(h11 − h22) + 1

2
(h11 + h22) cosh 2ϕ + h12 sinh 2ϕ,

h′
12 = ε1ε2

[
1

2
(h11 + h22) sinh 2ϕ + h12 cosh 2ϕ

]
,

h′
22 = 1

2
(−h11 + h22) + 1

2
(h11 + h22) cosh 2ϕ + h12 sin 2ϕ.

Denoting 1
2 (h11 + h22) = A, h12 = B, and 1

2 (−h11 + h22) = H , one obtains

A′ = A cosh 2ϕ + B sinh 2ϕ, B ′ = ε1ε2[A sinh 2ϕ + B cosh 2ϕ], H ′ = H.

Hence, as in Section 6.1 at each point x ∈ M2, span{A,B} is an invariant subspace
and H is an invariant vector (the mean curvature vector) in the first-order normal
subspace span{h11, h12, h22} = span{A,B,H }; moreover,

〈A′, B ′〉 = ε1ε2

[
〈A,B〉 cosh 4ϕ + 1

2
(A2 + B2) sinh 4ϕ

]
. (6.6.1)

Here a special case can be distinguished, where A = B = 0. Then −h11 = h22,
h12 = 0, i.e., hij = Hgij , and the surface M2 is totally umbilic (if H �= 0) or totally
geodesic (if H = 0) (see Section 2.4), thus it is parallel (see Proposition 3.1.2).
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Recall that in the general situation of Section 6.1 there always existed a transfor-
mation giving 〈A′, B ′〉 = 0. In this section, this is not the case for timelike surfaces,
since −1 < tanh 4ϕ < 1. Therefore, one has the principal case, when this can be
done, and the exceptional case, when this is impossible, i.e., when the right-hand side
of (6.6.1) is never zero.

The corresponding criterion follows from the inequality

〈A,B〉2 ≤ 1

4
(A2 + B2)2, (6.6.2)

which can be deduced in the following way. Since span{A,B} now lies in a Euclidean
vector subspace, normal to timelike M2 in 1N

n(c) with Lorentz metric, one has
〈A,B〉2 ≤ A2 ·B2. On the other hand, since (a2 −b2)2 ≥ 0 for any two real numbers
a and b, one also has 4a2b2 ≤ (a2 + b2)2.

The exceptional case is where equality holds in (6.6.2), and both sides are nonzero.
It turns out that this is equivalent to A = εB �= 0, where ε is either 1 or −1. Indeed,
let 〈A,B〉2 = i

4 (A
2 + B2)2 �= 0. Since 〈A,B〉 = ‖A‖ · ‖B‖ · cosα, this gives

cos2 α = 1
4 (λ + λ−1 + 2), where λ = ‖A‖2 · ‖B‖−2, which in turn implies that

λ2 − 2(2 cos2 α − 1)λ + 1 = 0 has a real root, whence cosα = ±1 and λ = 1. The
converse is obvious.

6.6.1 The principal case

In this case A �= εB, and by a suitable transformation one can get 〈A,B〉 = 0.
Let m1 and m0 be defined as in Section 6.1. In general the orthonormal frame

bundle can be adapted so that (6.1.8) holds, except that now

A = 1

2
(h11 + h22), H = 1

2
(−h11 + h22).

Thus instead of (6.1.9), (6.1.10), one now has

ω3
1 = − αω1, ω4

1 = (k − β)ω1, ω5
1 = −γω1 + lω2,

ω3
2 = αω2, ω4

2 = (k + β)ω2, ω5
2 = lω1 + γω2,

therefore instead of (6.2.1) and (6.2.2) now

�2
1 = �1

2 = (c − k2 + l2 + H 2)ω1 ∧ ω2, −�4
5 = �5

4 = 2klω1 ∧ ω2; (6.6.3)

here H 2 = α2 + β2 + γ 2 and all other �j
i , �β

α are zero.
The particular subcases of the table are the same as in Section 6.1, with the only

difference that here the orthogonal vectorsA andB are not interchangable. Therefore,
(c) must be further divided into subsubcases (c1) with k > 0, l = 0, where one can
get α = 0, γ �= 0; and (c2) with k = 0, l > 0, where one can make α = 0
β �= 0. Likewise, subcase (d) is to be divided into (d1) and (d2), which differ from
the previous ones only by γ = 0 and β = 0, respectively.
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The semiparallel condition (4.1.2) reduces to a system whose only essential equa-
tions are

klγ = 0,

k(c − k2 + 2l2 + H 2)= 0,

l(c − 2k2 + l2 + kβ + H 2)= 0,

l(c − 2k2 + l2 − kβ + H 2)= 0,

where the last one can be replaced by

klβ = 0.

In general, when m1 = 3, m0 = 2 and thus kl > 0, this system leads to contra-
diction, because then β = γ = 0, c − k2 + 2l2 + α2 = c − 2k2 + l2 + α2 = 0 and
these last two equations give k2 + l2 = 0.

In the particular case (b) m1 = m0 = 2, when α = 0, the same contradiction
occurs.

In conclusion, the following assertion can be formulated.

Proposition 6.6.1. In subcases (a) and (b) of Table 6.1.1, there are no semiparallel
timelike surfaces M2 in 1N

n(c).

In the particular cases (c) and (d), when either k > 0 and l = 0, or else k = 0
and l > 0, the above system gives either c − k2 + H 2 = 0, or c + l2 + H 2 = 0,
respectively.

Due to (6.6.3), �2
1 = 0, �4

3 = 0 for both these subcases, i.e., ∇̄ is flat.
In the first subcase one can make α = 0, and thus k2 − β2 = c + γ 2. Then

h11 = (k − β)e4 − γ e5, h12 = 0, h22 = (k + β)e4 + γ e5. (6.6.4)

Let us consider the corresponding parallel surface. Then the condition (3.1.1)
must be satisfied and leads to

dk = dβ = dγ = ω2
1 = ω5

4 = ω3
4 = ω3

5 = ω
ξ
4 = ω

ξ
5 = 0, ξ ∈ {6, . . . , n}.

Hence for this parallel surface

dx = e1ω
1 + e2ω

2,

de1 = [ke4 + (cx − H)]ω1, de2 = [ke4 − (cx − H)]ω2,

d[ke4 + (cx − H)] = 2k(k − β)e1ω
1, d[ke4 − (cx − H)] = −2k(k + β)e2ω

2,

where the vectors in square brackets are orthogonal due to k2 − (c + H 2) = 0
(see above). It follows that this parallel surface either lies in a 1E

4, 2E
4, or in a

semipseudo-Euclidean 4-space, spanned at the point x by the mutually orthogonal
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vectors e1, e2, e4, cx − γ e5, where (cx − γ e5)
2 = c + γ 2 = k2 − β2 is either (1)

positive, (2) negative, or (3) zero, respectively; here d(cx − γ e5) = (c + γ 2)dx.
In cases (1) and (2), it can be seen that the surface is a product of two plane curves

of constant curvature. Moreover, the point with radius vector

z = x − (c + γ 2)−1(cx − γ e5)

is a fixed point z0 in 1E
4 or 2E

4, since dz = 0. Since (x − z0)
2 = (c + γ 2)−1, the

distance between x and z0 is a constant, c0. Hence this parallel surface belongs to an
1S

3(c0) ⊂ 1E
4 or to an 1H

3(c0) ⊂ 2E
4.

In case (3), where c + γ 2 = k2 − β2 = 0, and thus c < 0, the vector cx − γ e5
is a constant vector with zero length squared, orthogonal to other vectors of the 4-
space. Thus the latter is semipseudo-Euclidean. Here either (31) k − β = 0, or (32)
k + β = 0.

In subcase (31), when k − β = 0, one has

de1 = (cx − γ e5)ω
1, de2 = [−(cx − γ e5) + 2ke4]ω2,

where cx − γ e5 = p1 is, in this case, a constant vector with zero length squared.
Here ω2

1 = 0 implies that, at least locally, ω1 = du1, ω2 = du2. For the u1-

curves dx
du1 = e1, d2x

(du1)2
= p1; therefore, x = 1

2p1(u
1)2 + p2u

1 + p3, where
p2, p3 are also constant vectors, and hence these curves are congruent parabolas
on parallel semipseudo-Euclidean 2-planes which differ only by translations. Since
d[−(cx−γ e5)+2ke4] = −4k2e2du

2, theu2-curves are congruent circles of curvature
2k on the parallel planes E2 spanned at x, by e2, −(cx − γ e5) + 2ke4, and are thus
orthogonal to the 2-planes of these parabolas. Hence the parallel surface here is a
product of such a parabola and such a circle.

In the second subcase (32), where k + β = 0, the roles of the parabola and circle
are interchanged.

The semiparallel surfaceM2 of the first subcase with k > 0, l = α = 0, k2−β2 =
c + γ 2, is a second-order envelope of these parallel products or translation surfaces.
Its h is diagonalizable, thus its set of lines of curvature is enveloped by the generating
plane curves of these parallel surfaces. Using the Cartan–Kähler theory of Pfaffian
systems, it can be shown that these semiparallel surfaces (c1) exist, depend on 2(n−2)
arbitrary real functions of one argument, and are nonparallel in general (see [Lu 97b]).

In the other subcase with k = 0, l > 0, one can also make α = 0, and thus
c + l2 + β2 + γ 2 = 0, whence c < 0. Then

−h11 = h22 = βe4 + γ e5, h12 = le5. (6.6.5)

The parallel condition (3.1.1) now reduces to

dl = dβ = dγ = ω2
1 = ω5

4 = ω
ρ
4 = ω

ρ
5 = 0.

Hence for this parallel surface

dx = e1ω
1 + e2ω

2,
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de1 = (cx − βe4)ω
1 + (−γω1 + lω2)e5,

de2 = − (cx − βe4)ω
2 + (lω1 + γω2)e5,

d(cx − βe4)= (c + β2)dx, de5 = (−γω1 + lω2)e1 − (lω1 + γω2)e2.

It is seen that this parallel surface lies in a 2E
4, spanned at the point x by mutually

orthogonal vectors e1, e2, cx−βe4, e5 with e2
1 = −1, (cx−βe4)

2 = −(l2 +γ 2) < 0.
The point with radius vector z = x − (c + β2)−1(cx − βe4) is a fixed point z0,

since dz = 0. Since (x − z)2 = −(l2 + γ 2)−1, the distance between x and z0 is

an imaginary constant i(l2 + γ 2)−
1
2 . Hence the parallel surface here belongs to an

1H
3(c∗) ⊂ 2E

4.
The asymptotic lines of this surface, with respect to the projective structure in

1H
3(c∗), are defined by ω1(−γω1 + lω2) + ω2(lω1 + γω2) = 0 or, for general

γ �= 0, by

[(l −
√
l2 + γ 2)ω1 + γω2][l +

√
l2 + γ 2)ω1 + γω2] = 0.

The tangent vectors of these curves are

e∗
1 = γ e1 − (l −

√
l2 + γ 2)e2,

e∗
2 = − γ e1 + (i +

√
l2 + γ 2)e2

and they are linearly independent if γ �= 0. For these vectors

de∗
1 = c∗x∗[γω1 + (l −

√
l2 + γ 2)ω2] + e5

√
l2 + γ 2[(l −

√
l2 + γ 2)ω1 + γω2],

de∗
2 = − c∗x∗[γω1 + (l +

√
l2 + γ 2)ω2] + e5

√
l2 + γ 2[(l +

√
l2 + γ 2)ω1 + γω2],

where x∗ = x − z. On the asymptotic lines of the first family,

dx∗ = γ−1e∗
1ω

1, de∗
1 = −γ−1(e∗

1)
2 · c∗x∗ω1,

and on the asymptotic lines of the second family,

dx∗ = γ−1e∗
2ω

1, de∗
2 = −γ−1(e∗

2)
2 · c∗x∗ω1,

where (e∗
1)

2 = 2l(l −
√
l2 + γ 2) < 0, (e∗

2)
2 = 2l(l +

√
l2 + γ 2) > 0. It is seen that

these asymptotic lines are geodesics of 1H
3(c∗), i.e., straight lines of the projective

structure of 1H
3(c∗). Hence the parallel surface here is projectively a quadric. From

point of view of the metric in 1H
3(c∗), it is an orbit of a 2-parametric subgroup of

isometries of 1H
3(c∗).

In case (d) of Table 6.1.1, when γ = 0, the asymptotic lines are defined by
2lω1ω2 = 0; they are geodesics of 1H

3(c∗) too; note that here c∗ = c. Therefore,
the result is the same: the parallel surface is projectively a quadric. Moreover, since
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these asymptotic lines are orthogonal at each point of the surface, the latter is a
minimal surface of 1H

3(c).
For all values of γ , the semiparallel surface M2 here is a second-order envelope

of these parallel surfaces. It is unique up to 2(n − 2) arbitrary real functions of one
argument, and in general is nonparallel (see [Lu 97b]).

The results of this analysis can be summarized as follows.

Theorem 6.6.2. A semiparallel timelike surface M2 of principal case in a Lorentz
space-time form 1N

n(c) is the union of the closures of its open subsets, each of which
is either

(1) a special subcase, i.e., a totally geodesic or umbilic surface, or
(2) has flat ∇̄ and either

(2a) is a second-order envelope of parallel surfaces in 1E
n, 1S

n(c), or 1H
n(c),

and each such surface either
(2a′) lies in an 1S

3(c0) ⊂ 1E
4 or in an 1H

3(c0) ⊂ 2E
4, and is a product of

two plane curves of constant curvature in 1E
4 or 2E

4, respectively, or
(2a′′) lies in a semipseudo-Euclidean 4-space and is the product surface of

a parabola with imaginary arclength and diameters in null direction,
and of a circle S1(c) in a plane E2, orthogonal to the 2-plane of this
parabola, or

(2b) is a second-order envelope in 1H
n(c) of parallel surfaces, each of which

is projectively a ruled quadric in some 1H
3(c∗), generated by geodesics of

1H
3(c∗), one family having real arclength, and the other family, imaginary

arclength.

Remark 6.6.3. There is a subcase of (2b) satisfying (6.6.5), where on each of the
parallel ruled quadrics, two generating families of geodesics are orthogonal to each
other at each point. It follows that M2 is a minimal surface of 1H

n(c).
Note that the surfaces of (2a) satisfying (6.6.4) are minimal, i.e., β = γ = 0, iff

h11 = h22 = √
ce4, h12 = 0. Then the surface is totally umbilic in 1S

n(c).

6.6.2 The exceptional case

The exceptional case is characterized by A = εB �= 0. Then A′ = εε1ε2B
′ for every

ϕ and by a suitable choice of ε1 and ε2 (replacing e1 by −e1 and e2 by −e2, if needed)
one can make A′ = B ′. So, one may suppose that A = B �= 0.

Here always m0 = 1. In general, m1 = 2 and the normal basis vectors e3 and e4
can be chosen so that

A = B = 1

2
(h11+h22) = h12 = ke4, a > 0, H = 1

2
(−h11+h22) = αe3+βe4;

then

h11 = −αe3 + (k − β)e4, h12 = ke4, h22 = αe3 + (k + β)e4

and
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ω3
1 = − αω1, ω4

1 = (k − β)ω1 + kω2, ω
ρ
1 = 0, (6.6.6)

ω3
2 = αω2, ω4

2 = kω1 + (k + β)ω2, ω
ρ
2 = 0, (6.6.7)

where ρ ∈ {5, . . . , n}. Hence �2
1 = (c + α2 + β2)ω1 ∧ ω2, �4

3 = 0, and all other

�
β
α = 0, thus ∇⊥ is flat.

The semiparallel condition (4.1.2) reduces to a single equation k(c+α2+β2) = 0,
thus to c + α2 + β2 = 0. Consequently, ∇ is also flat, and it follows that c ≤ 0.

In general c < 0 and the semiparallel surface in this case lies in 1H
n(c).

Due to the Pfaffian system above,

dx = e1ω
1 + e2ω

2,

de1 = cxω1 + e2ω
2
1 − αe3ω

1 + e4[(k − β)ω1 + kω2],

de2 = − cxω2 + e1ω
2
1 + αe3ω

2 + e4[kω1 + (k + β)ω2];

thus the curves with ω2 = −ω1, considered in 2E
n+1, are straight lines in null

(or lightlike) directions, since for these curves dx = (e1 − e2)ω
1, d(e1 − e2) =

−(e1 − e2)ω
2
1, (e1 − e2)

2 = 0. Hence this semiparallel surface in 2E
n+1 is a ruled

surface with generators in null directions, and it lies in 1H
n(c). Using the Cartan–

Kähler theory of Pfaffian systems, it can be proved that this surface exists uniquely
up to the choice of 2n − 5 real functions of one argument (see [Lu 97b]).

For the corresponding parallel surface, the following equations have to be added:

dα = dβ = ω4
3 = dk − 2kω2

1 = ω
ρ
3 = ω

ρ
4 = 0.

Let β �= 0. This parallel surface belongs to a 2E
4, spanned at x by mutually

orthogonal vectors e1, e2, e4, cx − αe3, with e2
1 = −1, e2

2 = e2
3 = 1, (cx − αe3)

2 =
c + α2 = −β2 < 0.

Since d(cx − αe3) = (c + α2)dx = −β2dx, the point with radius vector z =
x+β−2(cx−αe3) is a fixed point z0 for this parallel surface, at the constant imaginary
distance i|β|−1 from x. Hence this surface lies in a 1H

3(c∗), where c∗ = −β2.
Its asymptotic lines with respect to the projective structure of 1H

3(c∗) are defined
by hijω

iωj = 0, i.e., by

(ω1 + ω2)[(k − β)ω1 + (k + β)ω2] = 0.

One family consists of straight lines in null directions of e1 − e2, considered above.
A curve of the other family has tangent vector (k + β)e1 − (k − β)e2 with length
squared −4kβ �= 0, and is noncollinear to e1 − e2. Moreover,

d[(k + β)e1 − (k − β)e2] = −β2(x − z)θ + [(k + β)e1 − (k − β)e2]ω2
1,

where θ = 2α(ω1 −ω2). Hence these curves are geodesics of 1H
3(c∗), i.e., straight

lines of the projective structure of 1H
3(c∗), and so the parallel surface is projectively

a quadric.
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The semiparallel surface M2 of the exceptional case with m1 = 2, m0 = 1, and
β �= 0 in 1H

n(c) is a second-order envelope of these parallel surfaces.
There is another subcase withm1 = 2, m0 = 1, namely the subcase where β = 0,

α �= 0. Then c + α2 = 0, thus c = −α2 < 0, and so dα = 0.
A semiparallel surface belonging to this subcase is defined by equations (6.6.6)

and (6.6.7) with β = 0. Here the treatment can be simplified considerably.
Recall that �2

1 = 0, thus dω2
1 = 0, and therefore, at least locally, ω2

1 = dψ .
Now the transformation of the tangent part {e1, e2} of the frame in the adapted frame
bundle (see the introduction of Section 6.6) will be applied. This transformation leads
to ω

′2
1 = ω2

1 + dϕ, and then to ω
′2
1 = d(ψ + ϕ). Taking ϕ = −ψ , one gets ω

′2
1 = 0,

and it may thus be assumed that ω2
1 = 0.

For this surface M2 one has dx = e1ω
1 + e2ω

2,

de1 = (cx − αe3)ω
1 + ke4(ω

1 + ω2), de2 = −(cx − αe3)ω
2 + ke4(ω

1 + ω2),

where dω1 = dω2 = 0, due to ω2
1 = 0, and at least locally ω1 = du1, ω2 = du2.

Denoting e′
1 = e1 + e2, e′

2 = e1 − e2, 2du = du1 + du2, 2dv = du1 − du2 one
obtains

dx = e′
1du + e′

2dv, de′
1 = 4ke4du + 2(cx − αe3)dv,

de′
2 = 2(cx − αe3)du.

(6.6.8)

It is seen that for the curves with u = const one has dx = e′
2dv, de′

2 = 0, (e′
2)

2 = 0;
thus these curves are straight lines, and hence the semiparallel M2 is a ruled surface
with generators in null directions. Using the Cartan–Kähler theory, it can be proved
that an M2 of this subcase exists, and is given uniquely up to 2n − 3 real functions
of one variable (see [Lu 97b]).

Here equations (6.6.8) can be partly integrated. Indeed, here e′
1 = xu and e′

2 = xv
are the partial derivatives of x. From the last equation it is seen that xvv = 0. Thus
xv = y(u); hence x = y(u)v + z(u). Further, xu = y′(u)v + z′(u) and

xuv = y′(u) = 2(cx − αe3). (6.6.9)

The integration can be continued for the corresponding parallel surfaces. In fact,
(3.1.1) in addition to (6.6.6) and (6.6.7) implies

dk = 0, ω4
3 = −ω3

4 = ω
ρ
3 = ω

ρ
4 = 0 (ρ ∈ {5, . . . , n});

thus d(cx − αe3) = 0, since c + α2 = 0, and de4 = 2ke′
2du. Now from (6.6.7),

xuuv = y′′(u) = 0; hence y(u) = p1u + p2, where p1 and p2 are some constant
vectors.

Further, xuu = 4ke4, xuuu = 8k2xv = 8k2y(u). This implies that z′′′ =
8k2(p1u + p2); therefore,

x = (p1u + p2)v + 8k2
(

1

24
p1u

4 + 1

6
p2u

3 + 1

2
p3u

2 + p4u + p5

)
, (6.6.10)

where p3, p4 and p5 are additional constant vectors.
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From here x − 8k2p5 = ξ1p1 + ξ2p2 + ξ3p3 + ξ4p4, where ξ1 = uv + 1
3k

2u4,
ξ2 = v + 4

3k
2u3, ξ3 = 4k2u2, and ξ4 = 8k2u satisfy the equations 2ξ2ξ4 − (ξ3)

2 −
16k2ξ1 = 0, (ξ4)

2 − 16k2ξ3 = 0. Hence the surface is contained in H n
1 (r), thus

〈x, x〉 = 1
c

is satisfied identically with respect to u and v. It follows that the matrix
of 〈pϕ, pψ 〉, ϕ,ψ ∈ {1, · · · , 5}, is

⎛
⎜⎜⎜⎜⎝

0 0 0 0 κ

0 0 0 −κ 0
0 0 κ 0 0
0 −κ 0 0 0
κ 0 0 0 λ,

⎞
⎟⎟⎟⎟⎠

where λ = (64ck2)−1 and κ is a nonzero real number. Therefore, p1, . . . , p5 is a
basis of 2E

5, which contains 1H
4(c) as a standard model. The equations above show

that the parallel M2 is an algebraic surface in this case, namely, the intersection of
two quadrics.

The semiparallel surface M2 of the present subcase is a second-order envelope of
these parallel algebraic ruled surfaces.

Now consider the particular subcase with m1 = m0 = 1, which is characterized
by α = 0.

First suppose β �= 0. The geometry of the corresponding semiparallel surface
M2 is the same as above, its codimension and degree of arbitrariness are reduced

substantially. Namely, in its Pfaffian system now ω
ρ′
1 = ω

ρ′
2 = 0, ρ′ ∈ {3, 5, . . . , n},

which gives by exterior differentiation that ωρ′
4 ∧ ω4

1 = ω
ρ′
4 ∧ ω4

2 = 0, and hence

ω
ρ′
4 = 0, because ω4

1 and ω4
2 are linearly independent since (k − β)(k + β) − k2 =

−β2 �= 0. It follows that this M2 lies in an 1H
3(c); and it exists, uniquely up to

one real function of one variable (see [Lu 97b]). Furthermore, it is a second-order
envelope of the corresponding parallel surfaces, which are projective quadrics in
1H

3(c), and it is a ruled surface with generators in null directions.
Finally, let α = β = 0. Then c = 0, and hence this timelike semiparallel surface

M2 of the exceptional case lies in 1E
n; and since now H = 0, it is a minimal surface.

Equations (6.6.8) now reduce to

dx = e′
1du + e′

2dv, de′
1 = 4ke4du, de′

2 = 0.

Here xv = e′
2 = p0 is a constant vector; hence the curves with u = const on this

M2 are parallel straight lines of null direction, so M2 is a cylinder. Moreover, now
x = p0v + q(u), thus xu = e′

1 = q ′(u), and hence xuu = 4ke4 = q ′′.
For a corresponding parallel surface, de4 = 2ke′

2du (see above), which implies
q ′′′ = 8k2p0, and thus q = 4

3k
2p0u

3 + 1
2p1u

2 + p2u + p3, where p1, p2, p3 are
some constant vectors. Consequently, this parallel cylindrical surface is given by

x = p0

(
v + 4

3
k2u3

)
+ 1

2
p1u

2 + p2u + p3.
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Here v + 4
3k

2u3 = a = const gives a family of congruent parabolas, and hence the
parallel surface is a parabolic cylinder with generators in a null direction.

The semiparallelM2 of this subcase is a second-order envelope of such cylinders.
The results of the analysis for this case can be summarized as follows.

Theorem 6.6.4. A semiparallel timelike surface M2 of exceptional case in a Lorentz
spacetime form 1N

n(c) is the union of the closures of its open subsets, each of which is

(i) a ruled surface with flat ∇̄ and with generators in null directions, lying in 1H
n(c),

and is a second-order envelope of parallel surfaces, each of which is either
• a quadric in some 1H

3(c∗), or
• an algebraic surface, defined by (6.6.10) (intersection of two quadrics) in

some 1H
4(c), or

(ii) a cylindrical surface in 1E
n with generators in null direction, which is a second-

order envelope of parabolic cylinders, each contained in some 1E
3.

Remark 6.6.5. As shown for the parallel parabolic cylinder above, each of them con-
tains a family of congruent parabolas defined by v + 4

3k
2u3 = a = const. Similarly,

on the parallel algebraic ruled surfaces defined by (6.6.8), a simple algebraic curve
can be indicated. Namely, adding to (6.6.8) the equation v + 1

3u
3 = 0 leads to

x = k2(p2u
3 + 4p3u

2 + 8p4u + 8p5), and thus to a cubic curve.

Remark 6.6.6. As is noted above, the semiparallel timelike cylindrical surfaces M2

in 1E
n of Theorem 6.6.4 are minimal surfaces. They are not the only semiparallel

minimal timelike surfaces in 1N
n(c) which are not totally geodesic, as seen from

Remark 6.6.3.
These minimal semiparallel timelike surfaces can be considered as objects of

geometrical string theory, which plays an important role in theoretical particle physics
and cosmology.

The fact that a timelike surface with flat ∇̄ in 1E
3 is minimal iff it is a cylinder

with lightlike generators, was proved in [Va 91] (see also [VdW 90]). Corresponding
surfaces in 1E

n were considered in [Mag 84]. (In some of those references, minimal
timelike surfaces are called maximal or extremal.)

6.7 Spacelike 2-Parallel Surfaces

Among semiparallel surfaces M2 in a space form Nn(c), a special class consists of
2-parallel surfaces (see Proposition 4.1.5), which will be studied in this section.

First, consider 2-parallel curves; their product surfaces are special cases of space-
like 2-parallel surfaces.

A plane curve in a space form Nn(c) is called a clothoid, or Cornu spiral, if its
natural equation is k = as, for some constant a.

Proposition 6.7.1. A 2-parallel curve in Nn(c) is a Cornu spiral, either on a plane
N2(c) ⊂ Nn(c) or on a totally umbilic surface N2(c∗) of Nn(c).
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Proof. For a curve dx = e1ω
1; if e1 is a unit vector, then ω1 = ds, where s is

the arclength parameter. Now (2.4.1) reduces to de1 = h∗
11ds, since ω1

1 = 0; then
h∗

11 = h11 − cx, and for a 2-parallel curve h11 �= 0. Taking the unit vector e2 to lie
in the normal subspace, so that h11 = k1e2, one obtains de1 = (k1e2 − cx)ds, where
k1 is the curvature of the curve, moreover ω2

1 = k1ds. Further, (3.1.2) reduces to
dh11 = −k2

1e1ds + h111ds, where dh11 = d(k1e2) = e2dk1 + k1(−ω2
1e1 + ωα

2 eα),
and for a 2-parallel curve, h111 �= 0. Therefore,

h2
111 = dk1

ds
, h

ρ
111dseρ = ω

ρ
2 eρ,

where ρ ∈ {3, . . . , n}. In general the part e3, . . . , en of the orthonormal frame can
be chosen so that hρ111eρ = k1k2e3 for some k2. Then

h3
111 = k1k2, h4

111 = · · · = hn111 = 0.

The 2-parallel condition ∇̄hαijk = 0, where

∇̄hαijk = hαljkω
l
i + hαilkω

l
j + hαij lω

l
k − h

β
ijkω

α
β ,

then reduces to

d2k1

ds2
− k1k

2
2 = 0,

d(k1k2)

ds
+ dk1

ds
k2 = 0, k1k2k3 = 0, (6.7.1)

where at least one of dk1
ds

and k1k2 is nonzero, because ∇̄h �= 0.

If k1 �= 0, dk1
ds

�= 0, k2 = 0, then d2k1
ds2 = 0, and thus k1 = as + b with constant

a �= 0 and b. The origin of s can be chosen so that b = 0. Hence the curve has the
natural equations k1 = as, k2 = 0 and is a Cornu spiral on a plane of Nn(c).

If k1k2 �= 0, then k3 = 0. Hence the curve lies in a three-dimensional subspace
N3(c) ⊂ Nn(c). The middle equation (6.7.1) is dk2

ds
k−1

2 = −2 dk1
ds
k−1

1 and yields

k2 = qk−2
1 , where q = const �= 0. Substitution into the first equation (6.7.1)

gives d2k1
ds2 = q2k−3

1 ; thus k1 =
√
As2 + 2Bs + C with constants A,B,C satisfying

AC − B2 = q2. A suitable choice of the origin of s makes B = 0, so that

k1 =
√
As2 + C, k2 = qk−2

1 , q2 = AC.

Hence q = ε
√
AC, where ε is 1 or −1. Now a straightforward computation shows

that in σE
4 the point with radius vector

x0 = x + k−1
1

(
e2 + ε

√
A

C
se3

)

is a fixed point, since dx0 = 0. Moreover (x0 − x)2 = C−1 = const. Therefore, this
curve lies on a sphere, whose unit normal vector is n = k−1

1 (
√
Ce2 +ε

√
Ase3). Thus
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the geodesic unit normal vector of this curve on the sphere is ng = k−1
1 (−ε

√
Ase2 +√

Ce3). Now de1
ds

= k1e2 has the geodesic normal component −ε
√
Asng . Thus the

geodesic curvature of the curve is kg = as, where a = −ε
√
A is a constant. Hence

the curve is a Cornu spiral on a sphere in σE
4, which intersects N3(c) along a totally

umbilic surface N2(c∗). This finishes the proof.

Now consider 2-parallel surfaces.

Theorem 6.7.2. Each 2-parallel surface M2 in Nn(c) has flat ∇̄ and is either

• a product of 2-parallel or parallel curves, at least one of which is 2-parallel, or
• a surface in a three-dimensional totally umbilic N3(c∗), generated by the

geodesics of N3(c∗) which go in directions of the binormals of a curve in N3(c∗)
with geodesic curvature kg = as, and with constant geodesic torsion κg = √

c.

The last surface is often called the B-scroll of this curve, following [DaN 81].

Proof. Since 2-parallel surfaces are semiparallel, Theorem 6.2.1 can be used, but with
subcases (e) and (f) omitted, because totally umbilic surfaces and totally geodesic
surfaces are parallel and therefore not 2-parallel.

It can be shown that in subcases (a) and (b), the surface also reduces to a parallel
one, namely to a Veronese surface.

Due to Remark 6.3.5 it suffices to analyse subcase (a) since it also encompasses (b).
Then (6.3.11) holds, and h

ξ
ij = 0. Substitution into (2.2.3), considering (2.2.2),

gives the following system of nine equations for superscripts α = 3, 4, 5:

dα = kω4
3 + h3

111ω
1 + h3

112ω
2,

0 = kω5
3 + h3

112ω
1 + h3

122ω
2,

dα = − ω4
3 + h3

122ω
1 + h3

222ω
2,

dk = − αω4
3 + h4

111ω
1 + h4

112ω
2,

0 = − k(2ω2
1 − ω5

4) + h4
112ω

1 + h4
122ω

2,

−dk = − αω4
3 + h4

122ω
1 + h4

222ω
2,

0 = k(2ω2
1 − ω5

4) − αω5
3 + h5

111ω
1 + h5

112ω
2,

0 = − k(2ω2
1 − ω5

4) − αω5
3 + h5

122ω
1 + h5

222ω
2,

dk = h5
112ω

1 + h5
122ω

2.

Here dk, ω4
3, ω5

3, and 2ω2
1 − ω4

3 can be eliminated and, since ω1 and ω2 are linearly
independent, this leads to the following 10 relations on the components of ∇̄h:

h4
111 − h4

122 = 2h5
112, h4

112 − h4
222 = h5

122,

2h4
112 = h5

122 − h5
111, 2h4

122 = h5
222 − h5

112,
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k(h4
111 + h4

122)= − α(h3
111 − h3

122), k(h4
112 + h4

222) = −α(h3
112 − h3

222),

k(h5
111 + h5

122)= − 2αh3
112, k(h5

112 + h5
222) = −2αh3

122,

3kh5
112 = α(h3

111 + h3
122), 3kh5

122 = α(h3
112 + h3

222).

The 2-parallel condition implies via (2.2.6) that hαijkl = 0, and thus (2.2.7) gives

�̄ ◦ hαijk = 0, or, more explicitly,

hαljk�
l
i + hαilk�

l
j + hαij l�

l
k − h

β
ijk�

α
β = 0. (6.7.2)

Then (2.1.9), together with (6.3.1) and (6.3.2), imply �2
1 = −k2ω1 ∧ ω2 �= 0,

�3
α = 0, �ξ

4 = �
ξ
5 = 0 (where ξ ∈ {6, . . . , n}); therefore from (6.7.2) h3

ijk = 0.

Now the above 10 relations imply that h4
ijk = h5

ijk = 0. Moreover, since �
ξ
3 =

�
ξ
4 = �

ξ
5 = 0, then (6.7.2) implies hξijk = 0. As a result, all hαijk = 0, thus ∇̄h = 0.

Hence the surface is parallel; due to Proposition 3.1.7, it lies in an N5(c); and due to
Proposition 6.3.1 and Corollary 6.3.6, it is a Veronese surface, i.e., not 2-parallel.

So it remains to study the surfaces of subcases (c) and (d), with the additional
2-parallel condition. Recall that for these, ∇̄ is flat, i.e., �2

1 = �
β
α = 0; that proves

the first assertion.
For subcase (c), l = 0, αk �= 0, and one can make γ = 0. Therefore,

h3
11 = h3

22 = α, h5
12 = 0, h4

11 = β + k, h4
12 = 0, h4

22 = β − k, h5
ij = h

ξ
ij = 0,

where ξ ∈ {6, . . . , n}. Substitution into (2.2.3), using (2.2.2), gives

h3
112 = h3

122 = h5
112 = h5

122 = h
ξ
112 = h

ξ
122 = 0,

2kω2
1 = h4

112ω
1 + h4

122ω
2, (6.7.3)

dα = (β + k)ω4
3 + h3

111ω
1, dα = (β − k)ω4

3 + h3
222ω

2,

d(β + k)= − αω4
3 + h4

111ω
1 + h4

112ω
2,

d(β − k) = −αω4
3 + h4

122ω
1 + h4

222ω
2,

αω
ρ
3 + (β + k)ω

ρ
4 = h

ρ
111ω

1, αω
ρ
3 + (β − k)ω

ρ
4 = h

ρ
222ω

2,

where ρ ∈ {5, 6, . . . , n}. From here, in particular,

2kω4
3 = −h3

111ω
1 + h3

222ω
2, 2kωρ

4 = h
ρ
111ω

1 − h
ρ
222ω

2. (6.7.4)

Recall that for a semiparallel M2 in En, in subcase (c) it follows from (6.2.6) that
k2 −H 2 − c = 0, i.e., (β + k)(β − k)+ α2 + c = 0. After differentiation, this gives

(β − k)h4
111 + (β + k)h4

122 = − αh3
111, (6.7.5)

(β − k)h4
112 + (β + k)h4

222 = − αh3
222. (6.7.6)
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Now apply the 2-parallel condition ∇̄hαijk = 0. In particular, ∇̄h3
112 = 0 and

∇̄h3
122 = 0 reduce to

h3
111h

4
112 = 0, h3

222h
4
122 = 0, h3

111h
4
122 = h3

222h
4
112,

which by (6.7.3) and (6.7.4) is equivalent to

ω2
1ω

4
3 = 0.

Similarly ∇̄h
ρ
112 = 0 and ∇̄h

ρ
122 = 0 imply ω2

1ω
ρ
4 = 0, which all together means that

ω2
1ω

α
4 = 0.

Here the case ω2
1 = 0 gives the first case of Theorem 6.7.2. Indeed, here h12 = 0,

and by (6.7.3), h112 = h122 = 0. Hence for this surface

dx = e1ω
1 + e2ω

2, de1 = h∗
11ω

1, de2 = h∗
22ω

2,

where the vectors

h∗
11 = αe3 + (β + k)e4 − cx, h∗

22 = αe3 + (β − k)e4 − cx

are orthogonal since 〈h∗
11, h

∗
22〉 = α2 + β2 − k2 + c = 0.

For these vectors, (3.1.2) and (3.1.3) imply

dh∗
11 = (h111 − e1〈h∗

11, h
∗
11〉)ω1, dh∗

22 = (h222 − e2〈h∗
22, h

∗
22〉)ω2.

Differentiation of the last relation gives 〈h111, h
∗
22〉 = 〈h∗

11, h222〉 = 0.
For hijk , a formula anologous to (3.1.2) holds, but with an additional lower index.

Here the 2-parallel condition means that eαhαijkl = 0, and therefore

dh111 = −e1〈h111, h
∗
11〉ω1, dh222 = −e2〈h222, h

∗
22〉ω2.

This implies that the surface is a product of curves defined by ω2 = 0 and ω1 = 0,
and therefore is at least 2-parallel. This proves the first part of Theorem 6.7.2.

It remains to study the case ωα
4 = 0, where, in particular, ω3

4 = 0. Then h3
ijk =

h
ρ
ijk = 0, due to (6.7.3) and (6.7.4). This must be substituted into all the formulas

above. In particular, dα = 0, so that α = const.
It turns out that if β2 − k2 = 0, then the situation is the same as before. Indeed, if

β+k = 0, this implies h4
111 = h4

112 = 0, and by (6.7.6) also h4
222 = 0; hence ω2

1 = 0.
If β − k = 0, one just has to interchange the roles of the lower indices 1 and 2.

So, assume now that β2 − k2 �= 0; then α2 + c �= 0. From (6.7.5) and (6.7.6) it
follows that there exist some functions λ and µ such that

h4
111 = λ(β + k), h4

122 = −λ(β − k), h4
112 = µ(β + k), h4

222 = −µ(β − k).

The above expressions for d(β + k), d(β − k) and 2kω2
1 now imply
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d(β + k)

β + k
= d(β − k)

β − k
= λω1 + µω2,

2kω2
1 = µ(β + k)ω1 − λ(β − k)ω2.

Substitution into ∇̄h4
ijk = 0 gives

λ2(β − k) + µ2(β + k) = 0,

dλ = k − 3β

2k
λ(λω1 + µω2), dµ = −k + 3β

2k
µ(λω1 + µω2). (6.7.7)

Multiplying the first of the preceding equations by β + k = B gives λ2C2 = µ2B2,
where C2 = α2 + c. Thus there exists a function ψ such that

λ = 2kBC−1ψ, µ = 2kεψ, ε = ±1;

hence
ω2

1 = ψ(εBω1 + Cω2).

Substitution into (6.7.7) gives

dψ = εψ

(
2C

B
− 3B

c

)
ω2

1;

moreover
dB = εC−1(B2 + C2)ω2

1.

Recall that the M2 in Nn(c) with the specialized orthonormal frame field chosen
above satisfies the Pfaffian equations

ω3 = ω4 = ωρ = 0 (ρ = 5, 6 . . . , n),

ω3
1 = αω1, ω3

2 = αω2, ω4
1 = Bω1, ω4

2 = −C2

b
ω2,

ω
ρ
1 = ω

ρ
2 = 0, ω4

3 = ω
ρ
3 = ω

ρ
4 = 0,

where, as one recalls, α is a constant.
Adding the three previous equations to these equations, one obtains a Pfaffian

system which is totally integrable, as is easy to check via Frobenius’ theorem (e.g.,
its second version in [Ste 64]).

To obtain a geometrical description of the surface M2 defined by this system, one
starts with the case α = 0. Then C2 = c, and M2 belongs to an S3(c). Its asymptotic
lines are defined by h4

ijω
iωj = 0, i.e., by (Bω1)2 − (Cω2)2 = 0. The frame in the

tangent plane can be rotated so as to obtain new basis vectors

f1 = B−1
c (

√
ce1 − εBe2), f2 = B−1

c (εB + √
ce2),

where Bc =
√
B2 + c. Then dx = f1θ

1 + f2θ
2, where
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θ1 = B−1
c (

√
cω1 − εBω2), θ2 = B−1

c (εBω1 + √
cω2).

Since dBc = εB(
√
c)−1Bcω

2
1, an easy computation shows that

df1 = −cxθ1 + ε
√
c e4θ

2, df2 = −cx θ2 + (ε
√
c θ1 + 2Hc θ

2)e5,

where Hc = 1
2

(
B − c

B

)
is the mean curvature in spherical geometry.

The asymptotic lines, defined by θ2 = 0, are geodesics of S3(c), due to
dx = f1θ

1, df1 = −cxθ1 . Their orthogonal trajectories are defined by θ1 = 0
and for them

dx = f2θ
2, df2 = −cxθ2 + 2Hce3θ

2, de3 = −(ε
√
cf1 + 2Hcf2)θ

2.

It is seen that in spherical geometry, the trajectory has unit tangent vector f2, unit
principal normal and binormal vectors e3 and f1, respectively, curvature kc = 2Hc,
and torsion κc = −ε

√
c, which is a constant.

For the curvature of this trajectory one has that dkc = pθ2, where p =
ε(

√
c)−1ψB−2B5

c . Due to the above equations, dp = 0, so that p = const. Since
θ2 is the differential of the arclength parameter sc of a trajectory, it follows that
dkc
dsc

= p = const. Therefore, kc = psc + q, where q is a constant, and by suitably
choosing the origin of sc, one gets kc = psc. This proves the theorem in the special
case α = 0.

The general case α �= 0 can be reduced to the previous one. Recall that α is a
constant; moreover ωρ

4 = 0. Therefore, z = x + α−1e4 is a constant vector, since
dz = 0.

Let c �= 0. The point in σE
n+1 with radius vector z is a fixed point. Hence

the surface M2 lies in the intersection of the standard model of Nn(c) with the n-
dimensional hypersphere of real radius (

√
α)−1 around this point. Here 〈z, z〉 =

C2(cα2)−1 is nonzero since C2 �= 0, and has the same sign as c. It follows that the
above intersection is an (n − 1)-dimensional sphere in Nn(c) containing M2; this
gives the desired reduction.

Let c = 0, i.e., Nn(c) = En. Then M2 lies in a hypersphere of En around a fixed
point, as above, with the same radius as above, again giving the desired reduction.
This finishes the proof.

Remark 6.7.3. The 2-parallel surfaces in En were first investigated in [LM 84], but
with an important case omitted. The omitted case was studied in [Lu 86], where
the above Theorem 6.7.2 was proved for the special case of En (see also [Lu 87c],
Proposition 2). This result was then generalized in [Lu 2000a], Theorem 18.2, to
2-parallel M2 in Nn(c).

Spacelike or timelike 2-parallel surfaces M2 in pseudo-Euclidean spaces sE
n or

pseudo-Riemannian spacetime forms sN
n(c) have not yet been investigated com-

pletely, as far as the author knows.

Remark 6.7.4. In a Riemannian manifold, the Laplace operator is � = gij∇i∇j . For
a submanifold Mm in En the well-known Beltrami equation states that �x = mH ,
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where x is the radius vector of an arbitrary point of Mm and H is the mean curvature
vector at this point. It follows that �2x = �(�x) = m�H . Consequently, x
is biharmonic (i.e., �2x = 0) if and only if H is harmonic (i.e., �H = 0); see
[Ch 2000].

For the normal connection ∇⊥ of Mm in En, one can introduce the operator
�⊥ = gij∇⊥

i ∇⊥
j . If an Mm in En satisfies �⊥H = 0, then Mm is said to be weak

biharmonic.
Weak biharmonic curves M1 in En were investigated in [BG 95] and surprisingly

we found that they coincide with 2-parallel curves, which are classified in Proposi-
tion 6.7.1 above. As a generalization, it was shown in [KALM 03] that every locally
Euclidean (i.e., with flat ∇) 2-parallel submanifold Mm in En is weak biharmonic.
Conversely, it was also shown in [KALM 03] that if a surface M2 with flat ∇̄ in E4

is weak biharmonic, and if one family of its lines of curvature consists of geodesics,
then this M2 is 2-parallel.

6.8 q-Parallel Surfaces as Semiparallel Surfaces

Theorem 6.7.2, which classifies the 2-parallel surfaces M2 in Nn(c), also states that
all such M2 have flat ∇̄. This can be generalized to q-parallel surfaces with q ≥ 2,
and so it follows that they are all special cases of semiparallel surfaces.

Theorem 6.8.1. Every q-parallel surface M2 in Nn(c) with q ≥ 2 has flat ∇̄, and
thus is semiparallel (see Proposition 4.1.4).

Proof. The flatness of ∇̄ for such submanifolds can be shown by using an idea of
V. Mirzoyan [Mi 91d], for the case c = 0. In the special case of surfaces this was
done in a more simple realization in [Lu 91c]. Here it will be generalized to c �= 0.

The connection ∇ of a surface M2 is flat if and only if �2
1 = −Kω1 ∧ω2 is zero,

where K is the Gaussian curvature.
Suppose it is not so, i.e., suppose �2

1 �= 0 and M2 is q-parallel with q ≥ 2, so
that ∇̄q−1h �= 0. Introduce the notation

F
(s)
ij = hαip2...ps

h
p2...ps
αj .

The square of ∇̄s−2h is the trace F (s) = F
(s)i
i . Applying the Laplace–Beltrami

operator � = ∇p∇p gives

1

2
�F (s) = (∇̄p∇̄phαip2...ps

)hip2...ps
α + F (s+1). (6.8.1)

Similar to (2.2.3) and (2.2.6), the following sequence of implications can be verified:

∇F
(s)
ij = F

(s)
ijkω

k ⇒ ∇F
(s)
ijk ∧ ωk = � ◦ F (s)

ij

⇒ ∇F
(s)
ijk = F

(s)
ijklω

l ⇒ ∇F
(s)
ijkl ∧ ωl = � ◦ F (s)

ijk ,
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where the operator � acts as in (2.2.5).
If M2 is q-parallel, then ∇̄hijp1...pq−1 is zero; this yields F (q−1)

ijkl = 0 and thus

� ◦ F (q−1)
ijk = 0. The last equations form a 6 × 6 linear homogeneous system with

unknowns
F
(q−1)
111 , F

(q−1)
112 , . . . , F

(q−1)
222 ,

which has a nonvanishing determinant, due to �2
1 �= 0 . Consequently, F (q−1)

ijk = 0

and hence ∇F
(q−1)
ij = 0. Substituting all this into (6.8.1) with s = q − 1, the result

is F (q) = 0 and thus hijp1...pq = 0; but this contradicts the assumption ∇̄q−1h �= 0.
The second part of the proof, concerning the flatness of ∇⊥, can be given in

an indirect way as follows. The subbundle O(M2, Nn(c)) of adapted orthonormal
frames has a canonical section for which (6.1.8) hold. Then, similarly to (6.2.1) and
(6.2.2) for M2 in sE

n, one now gets

�2
1 = (−c + k2 + l2 − H 2)ω1 ∧ ω2, �5

4 = −2klω1 ∧ ω2,

with all other �j
i , �β

α being zero.
Suppose M2 is q-parallel, q ≥ 2, and �5

4 �= 0; it is known already that �2
1 =

0. The first assumption gives hαijp1...pq
= 0 and from (2.2.7) it follows that � ◦

hαijp1...pq−1
= 0. The only nontrivial equations here are

h4
ijp1...pq−1

�5
4 = 0, h5

ijp1...pq−1
�5

4 = 0,

thushaijp1...pq−1
= 0, where a, b, · · · ∈ {4, 5}. From ∇̄(∇̄q−1h) = ∇̄qh = 0 it follows

that ∇̄haijp1...pq−1
= 0 and thus hbijp1pq−2

�a
b = 0 due to (2.2.7); hence hbijp1pq−2

= 0.

This process can be repeated, and after q−2 steps it gives h4
ij = h5

ij = 0; which, due

to (2.1.9) and (2.1.10), contradicts the assumption �5
4 �= 0. This finishes the proof.

Now a method can be used from [Lu 91c], where it was called the polynomial
map method, and derived for all q-parallel submanifolds Mm with flat ∇̄ in En.

The flatness of ∇̄ is equivalent to the existence of a section in the adapted or-
thonormal frame bundle O(Mm, En) which is parallel with respect to ∇̄, and thus is
characterized by ω

j
i = ω

β
α = 0 (see, e.g., [Ch 73b], Chapter 4, Section 1). For such

a section, which is determined up to a constant orthogonal transformation in TMm

and T ⊥Mm, there exists an atlas of local coordinate systems {u1, . . . , um} such that
ωi = dui , and therefore from (2.2.3)

hαijk = ∂hαij/∂u
k = ∂hαik/∂u

j .

The second equality shows that hαijdu
j is an exact differential, dχα

i , so that hαij =
∂χα

i /∂u
j . Now hαij = hαji implies that χα

i du
i = dχα , thus

hαij = ∂2χα

∂ui∂uj
, . . . , hijp1...ps = ∂s+2χα

∂ui∂uj∂up1 . . . ∂ups
.



132 6 Semiparallel Surfaces

The q-parallel condition ∇̄qh = 0 requires that the last quantities above must be zero
for s = q, but this means that χα are polynomials of degree ≤ q + 1, with at least
one of them having degree exactly q + 1.

It follows that χ = eαχ
α is a vector valued polynomial of degree q + 1 in

u1, . . . , um; consequently, the hij are the same, but of degree q − 1. When these

polynomial expressions are substituted into the conditions �j
i = �

β
α = 0 expressing

the flatness of ∇̄, they lead via (2.1.9) and (2.1.10) to some relations connecting these
polynomials. Consequently, one obtains a system of equations for the vectorial coef-
ficients, whose analysis permits one to classify and describe the q-parallel normally
flat submanifolds.

This polynomial map method has been used in [Lu 91c] for surfaces M2 in En.
In particular, the following theorem for 3-parallel surfaces was established.

Theorem 6.8.2. A 3-parallel surface M2 in En is either

(i) a product of two curves, or
(ii) a B-scroll in a three-dimensional sphere S3(c) ⊂ En of a curve whose spherical

curvature is a second-degree polynomial in the arclength parameter and whose
spherical torsion τ satisfies τ 2 = c.

Proof. The proof is given in [Lu 91c].

Remark 6.8.3. The new curves which are to be added to get all surfaces of case (i)
were also characterized in [Lu 91c].

Note that B-scroll here means the same as in Theorem 6.7.2. Note also that the
proof of (ii) by the polynomial map method is rather laborious and uses the analysis
of the above-mentioned system of vectorial equations.

Remark 6.8.4. The following result was stated in [Di 90a] and then proved in [Di 91a],
[Di 92]:

A q-parallel surface M2 in S3(c) (q ≥ 2) is a B-scroll of a curve whose spherical
curvature is a polynomial of degree q − 1 of the arclength parameter and whose
spherical torsion τ satisfies τ 2 = c.

Theorems 6.7.2 and 6.8.2 show that, at least for q = 2 or 3, a q-parallel surface
M2 in En is either a product of curves or a B-scroll in an S3(c) ⊂ En. It can be
conjectured that perhaps this also happens in En if q > 3.

The polynomial map method gives a way of solving this problem, but it is clear
that it would be technically rather complicated.

Remark 6.8.5. In [DV 90] it is shown that in the context of complex geometry the
case of a B-scroll is impossible, independently from the dimension and codimension.
Namely,

• if Mm is a complex submanifold in a complex space form Nn(c) then Mm is
k-parallel if and only if k ≤ 1.
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In the context of affine differential geometry there are several papers on k-parallel
surfaces, normalized by the affine normal vector field in affine 3-space. Let M2 be
a nondegenerate surface in such a space, let ∇ be the canonical affine connection,
and let h be the second fundamental form. As is shown in [NP 89], if ∇2h = 0 but
∇h �= 0, then M2 is congruent to an open part of the Cayley surface z = xy + y3 by
an equiaffine transformation. Here ∇2h = 0 is equivalent to ∇C = 0, where C is
called the cubic form.

This result is generalized in [Vr 88] and in [DV 90], where it is shown that if
∇qh = 0 for q ∈ {2, 3, 4, 5} then M2 is locally equivalent to the generalized Cayley
surface z = xy + x3P(x), where P is a polynomial in x of degree at most q − 2.
(See also [NP 89], [NM 89], [Vr 91], [DV 91], and the survey with references in
[LMSS 96].)



7

Semiparallel Three-Dimensional Submanifolds

A complete classification has been given up to now not only for semiparallel surfaces
but also for semiparallel three-dimensional submanifolds M3, at least for positive
definite metrics. For M3 in Euclidean space En the classification is found in [Ri 86],
[LR 90], [Lu 90b]. In this chapter the classification is extended to the case of M3 in
non-Euclidean space forms Nn(c).

7.1 Semiparallel Submanifolds M3 of Principal Codimension

m1 ≤ 2

Semiparallel submanifolds M3 with principal codimension 1 in Nn(c) are a special
case of the submanifolds Mm described in Theorems 5.5.1 and 5.5.3. Setting m = 3
in those theorems, one obtains the following.

Theorem 7.1.1. A semiparallel submanifold M3 with principal codimension 1 in
Nn(c) is

• for c = 0, i.e., in Euclidean space Nn(0) = En, either
– the envelope of a one-parameter family of three-dimensional planes, or
– a hypersurface in E4 ⊂ En which is either the product Cs+1 × E2−s of

an (s + 1)-dimensional round cone and an (2 − s)-dimensional plane (with
s = 1, 2), or the product Ss × E3−s of a sphere Ss and a plane E3−s (with
s = 2, 3),

• for c �= 0, i.e., in non-Euclidean space form Nn(c), either
– a hypersurface of rotation whose profile curve has the natural equation

(5.5.8), or
– a parallel hypersurface which is either spherical, or is the product of a spher-

ical surface and a spherical curve, one of which is geodesic,
• or an open subset of one of the above.

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_8, © Springer Science+Business Media, LLC 2009 
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Semiparallel submanifoldsM3 with principal codimension 2 and flat ∇⊥ inNn(c)

can be considered as special cases for m = 3 of the submanifolds Mm described in
Theorems 5.6.1 and 5.7.1.

If c ≤ 0, then the flatness of ∇⊥ follows from the assumptionm1 = 2, but if c > 0,
then the assumption H �= 0 must be added (see Proposition 5.1.4 and Remark 5.1.4).
Therefore, one needs to investigate only the following case, which will be considered
here separately.

LetM3 be a semiparallel submanifold with principal codimensionm1 = 2, nonflat
∇⊥, and zero mean curvature vector H ≡ 0 in Sn(c), i.e., in Nn(c) with c > 0.

Since H = 1
3 (h11 + h22 + h33), the condition H ≡ 0 means that

h11 + h22 + h33 = 0. (7.1.1)

Moreover, the principal normal subspace span{hij } must be of dimension m1 = 2 at
every point x ∈ M3. Therefore, the orthonormal frame bundle O(M3, Sn(c)) can
be adapted so that the frame vectors e4 and e5 belong to this subspace span{hij }.
Since the matrix of h4

ij is symmetric, the frame vectors e1, e2, e3 tangent to M3

can be chosen at any x so that h4
ij = 0, for i �= j . Denote h4

ii = λi ; not all of
them are zero, because otherwise it would contradict the assumption m1 = 2. Here
λ1 + λ2 + λ3 = 0 due to (7.1.1). Since ∇⊥ is assumed to be nonflat, it follows from
(2.1.9) and (2.1.10) that

0 �= �5
4 = (λ2 − λ1)h

5
12ω

1 ∧ ω2 + (λ3 − λ2)h
5
23ω

2 ∧ ω3 + (λ1 − λ3)h
5
31ω

3 ∧ ω1.

Hence at least one of the coefficients is nonzero. By renumbering if needed, one can
obtain (λ1 − λ2)h

5
12 �= 0, λ1 �= 0.

The semiparallel condition (4.1.2) for α = 4 reduces to

(λj − λi)�
j
i = −h5

ij�
5
4; (7.1.2)

therefore,
h5

11 = h5
22 = h5

33 = 0, (λ1 − λ2)�
2
1 = h5

12�
5
4 �= 0, (7.1.3)

and thus �2
1 �= 0.

Further, it follows from (4.1.2) with α = 5 and either i = 1, j = 3, or i = 2,
j = 3, that

h5
23�

2
1 + h5

12�
2
3 = 0, h5

13�
1
2 + h5

21�
1
3 = 0, (7.1.4)

whence (7.1.2) leads to

(λ3 − λ1)�
3
1 = −h5

13�
5
4, (λ3 − λ2)�

3
2 = −h5

23�
5
4.

After multiplying by h5
12 �= 0, equations (7.1.3), (7.1.4), and λ1 + λ2 + λ3 = 0

imply that
h5

13λ1 = h5
23λ2 = 0. (7.1.5)

From here h5
13 = 0 and thus the second relation (7.1.4) gives �3

1 = −�1
3 = 0.
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But here h5
23 = 0 is not possible. Indeed if it were, then the first relation (7.1.4)

would give �3
2 = 0. Hence, (4.1.2) with α = 5, i = j = 1 and i = j = 2 implies

2h5
12�

2
1 − λ1�

5
4 = 0, −2h5

12�
2
1 − λ2�

5
4 = 0, (7.1.6)

thus (λ1 + λ2)�
5
4 = 0 and so λ2 = −λ1, λ3 = 0. This implies

ω4
1 = λ1ω

1, ω4
2 = −λ1ω

2, ω4
3 = 0, ω5

1 = h5
12ω

2, ω5
2 = h5

12ω
1, ω5

3 = 0,

which implies via (2.1.8) that �3
1 = cω3 ∧ ω1 �= 0, since c > 0. This contradicts

�3
1 = 0.

Hence the only possibility here is that h5
23 �= 0, λ2 = 0, and thus −λ3 = λ1 =

λ �= 0, whence (7.1.4) gives, in addition to �3
1 = 0, that �3

2 �= 0.
The semiparallel condition (4.1.2) with α = 5 and i = j = 1, and with α = 4

and i = 1, j = 2 yields, respectively,

2h5
12�

2
1 − λ�5

4 = 0, λ�2
1 − h5

12�
5
4 = 0.

Hence 2(h5
12)

2 = λ2. Again, (4.1.2) with α = 5 and i = j = 2, or i = 1, j = 3
gives, respectively,

h5
12�

2
1 − h5

23�
3
2 = 0, h5

23�
2
1 − h5

12�
3
2 = 0;

hence (h5
23)

2 = (h5
12)

2. Replacing e5 by −e5 and e3 by −e3 if needed, one obtains
h5

23 = h5
12 = 1√

2
λ; thus

ω4
1 = λω1, ω4

2 = 0, ω4
3 = −λω3,

ω5
1 = 1√

2
λω2, ω5

2 = 1√
2
λ(ω1 + ω3), ω5

3 = 1√
2
λω2.

Now rotate e2 and e3 in their plane by the angle π
4 and take −e4 instead of e4.

Then the differential system defining M3 above is

ω4 = ω5 = ωρ = 0, (7.1.7)

ω4
1 = λω3, ω4

2 = 0, ω4
3 = λω1, (7.1.8)

ω5
1 = λω2, ω5

2 = λω1, ω5
3 = 0, (7.1.9)

ω
ρ
1 = ω

ρ
2 = ω

ρ
3 = 0, (7.1.10)

where ρ = 6, . . . , n. Now 0 = �3
1 = (λ2 − c)ω1 ∧ ω3 which implies λ = ±√

c.
Reversing e1, e2, e3 if needed, one finally gets λ = √

c. Then exterior differentiation
and Cartan’s lemma (i.e., differential prolongation) lead to

ω2
1 = 0, ω3

1 = 0, ω3
2 − ω5

4 = 0, ω
ρ
4 = ω

ρ
5 = 0.
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The whole resulting system is totally integrable and determines the submanifold
M3 up to constants. For this M3,

dx = e1ω
1 + e2ω

2 + e3ω
3, de1 = √

c(e4ω
2 + e5ω

3) − cxω1,

de2 = e3ω
3
2 + √

ce4ω
1 − cxω2, de3 = −e2ω

3
2 + √

ce5ω
1 − cxω3,

de4 = − √
c(e1ω

2 + e2ω
1) + e5ω

3
2, de5 = −√

c(e1ω
3 + e3ω

1) − e4ω
3
2.

It is seen that such an M3 lies in an S5(c) ⊂ Sn(c), which is intersected by the
E6 spanned at the point o by the vectors x, e1, e2, e3, e4, e5. The equation ω1 = 0
defines a foliation on M3 whose leaves are totally geodesic in S5(c) and hence are
its great 2-spheres. By ω2 = ω3 = 0 a family of curves in M3 is defined, which are
great circles of S5(c) and orthogonal to the leaves of the foliation. All this shows that
the submanifold M3 is a Segre submanifold S(1,2)(a) in S5(a2), where now a2 = c

(see Section 3.2).
The result, together with Theorems 5.6.1 and 5.7.1 form = 3, can be summarized

as follows.

Theorem 7.1.2. A semiparallel submanifold M3 with principal codimension 2 is

• in a Euclidean space En, either
– a warped product B1 ×r S

2(1), where B1 is a curve and r is a nonconstant
linear function on it, or

– the envelope with flat ∇̄ of a two-parameter family of three-dimensional
planes, or

– the product of a semiparallel surface with principal codimension 1 (see The-
orem 5.5.1 for the case of m = 2) and a curve;

• in a non-Euclidean Nn(c), either
– a Cartan variety, thus with flat ∇̄, in an N5(c) ⊂ Nn(c), or
– a warped product B1 ×r Sph2(1), where B1 is a curve and r is a nonconstant

linear function on it, or
– a Segre submanifold S(1,2)(a) in an S5(a2)) ⊂ Nn(c), or
– the product of a semiparallel surface with principal codimension 1 (see The-

orem 5.5.3 for the case of m = 2) and a curve;
• or an open part of one of the above.

Remark 7.1.3. For Euclidean space En, this classification result was proved for the
most part in [LR 90]. The warped products B1 ×r S

2(1) are described there as
orthogonal type canal submanifolds, meaning that each of them is the envelope of a
one-parameter family of 3-spheres such that the curvature vector of each orthogonal
trajectory of characteristic 2-spheres is orthogonal to the four-dimensional space of
the 3-sphere of the family.

7.2 Nonminimal Semiparallel M3 of Principal Codimension

m1 = 3

Here ∇⊥ may or may not be flat.
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Let us start with the first possibility,i.e., that ∇⊥ is flat. Then the three principal
curvature vectors k1, k2, k3 are distinct, due to m1 = 3, and from Theorem 5.1.2
it follows that the corresponding outer principal curvature vectors k∗

1 , k∗
2 , k∗

3 are

mutually orthogonal. Now (5.1.4) implies �j
i = 0, thus M3 has flat ∇̄.

In Euclidean space En (i.e., for c = 0) such an Mm was considered in Exam-
ple 4.5.4. For m = 3 this means that the submanifold M3 is a second-order envelope
of the tori S1(c1)×S1(c2)×S1(c3), composed of the curvature circles of the lines of
curvature of this M3. Each of these tori is a three-dimensional parallel submanifold,
and their envelope M3 has an orthogonal holonomic net of lines of curvature, so it is
a Cartan variety (see Remark 5.4.3).

If c �= 0, a similar interpretation can be made in σE
n+1, but here in the case c < 0

the curvature circles of the tori must be considered in a more general sense, namely
horocycles and equidistant curves could also be involved (see, e.g., [Nu 61]).

Now let ∇⊥ be nonflat. HereM3 is assumed to be nonminimal; therefore,H �= 0.
The orthonormal frame bundle adapted to M3 can be adapted further so that

e4, e5, e6 belong to the three-dimensional principal normal subspace and, moreover,
e6 is collinear with H . Then h

ξ
ij = 0 (ξ ∈ {7, . . . , n}) and H 4 = H 5 = H ξ = 0,

but H 6 �= 0. Now (4.3.2) implies that �α
6 = 0 in addition to �α

ξ = 0, which follows

immediately from (2.1.8). In particular, �4
6 = 0, but this implies that the matrices

‖h6
ij‖ and ‖h4

ij‖ commute and hence can be simultaneously diagonalized by a suitable
choice of e1, e2, e3. That implies then

h6
ij = κiδij , h4

ij = λiδij .

Here λ1 + λ2 + λ3 = 0 due to H 4 = 0. Since ∇⊥ is nonflat, one has �5
4 �= 0;

therefore, (2.1.9), (2.1.10) give

0 �= �5
4 = (λ2 − λ1)h

5
12ω

1 ∧ ω2 + (λ3 − λ2)h
5
23ω

2 ∧ ω3 + (λ1 − λ3)h
5
31ω

3 ∧ ω1.

Hence at least one of the coefficients is nonzero. After a renumbering if needed, one
obtains (λ1 − λ2)h

5
12 �= 0, λ1 �= 0.

The situation is now similar to that of Section 7.1. The argument that led to
(7.1.3) and (7.1.4) also holds here and also yields the conclusions h5

13 = 0 and
�3

1 = 0. Moreover, (7.1.5) shows that here

either (a)λ2 = 0, or (b) h5
23 = 0.

For case (a) further arguments from Section 7.1 can be used, leading to the system
(7.1.7)–(7.1.10), which must now be completed by the equations

ω6 = 0, ω6
1 = κ1ω

1, ω6
2 = κ2ω

2, ω6
3 = κ3ω

3,

and instead of ρ one has ξ = 7, . . . , n. The semiparallel condition (4.1.2) for α = 6
gives (κj − κi)�

j
i = 0. Therefore, κ1 = κ2 = κ3 = κ �= 0, because m1 = 3,

�2
1 �= 0, �2

3 �= 0, and thus h6
ij = κδijω

i . Now (2.1.8) and the equations of the above
system imply
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0 = �3
1 = (λ2 − κ2 − c)ω1 ∧ ω3.

From here λ = ±
√
κ2 + c, and κ2 + c > 0 if c < 0. The system can now be

transformed to

ω4 = ω5 = ω6 = ωξ = 0,

ω4
1 =

√
κ2 + cω2, ω4

2 =
√
κ2 + cω1, ω4

3 = 0,

ω5
1 =

√
κ2 + cω3, ω5

2 = 0 , ω5
3 =

√
κ2 + cω1,

ω6
1 = κω1, ω6

2 = κω2, ω6
3 = κω3,

ω
ξ
1 = ω

ξ
2 = ω

ξ
3 = 0.

By exterior differentiation and Cartan’s lemma (i.e., differential prolongation) the
equations of the last row give

ω
ξ
4 = 1√

κ2 + c
pξω2, ω

ξ
5 = 1√

κ2 + c
pξω3, ω

ξ
6 = 1

κ
pξω1, (7.2.1)

and the equations of the penultimate row give

d ln κ = aω1, ω6
4 = κ√

κ2 + c
aω2, ω6

5 = κ√
κ2 + c

aω3. (7.2.2)

The remaining equations lead to

ω2
1 = − κ2

κ2 + c
aω2, ω3

1 = − κ2

κ2 + c
aω3, ω3

2 = ω5
4. (7.2.3)

Now (7.2.1) yields dpξ = −pηω
ξ
η − pξω1, and from the first equation of (7.2.2)

da = Aω1. The first two equations of (7.2.3) imply via exterior differentiation that

A = a2(κ2 − 2c)

κ2 + c
− c(κ2 + c)

κ2
. The remaining equations (7.2.2), (7.2.3) imply

∑

ξ

(pξ )2 = −c
a2κ2 + (κ2 + c)2

κ2 + c
. (7.2.4)

The last result shows that c > 0 is not possible here. Indeed, κ2 + c > 0, as
shown above, and therefore c > 0 implies that the right-hand side is negative.

Also c < 0 is not possible, as can be shown by a technically more complicated
argument. Namely, differentiating (7.2.4), using that d

∑
ξ (p

ξ )2 = 2
∑

ξ (p
ξ )2ω1

and dκ = aκω1, da = Aω1, as well as the expression for A, one obtains a rather
complicated relation between a and κ , which contains a contradiction. A simpler
indirect proof can be given via Theorem 4.5.5, i.e., the fact that a submanifold Mm

in Nn(c) is semiparallel if and only if it is the second-order envelope of parallel
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submanifolds. It turns out that for the case considered here, namely for semiparallel
M3 of case (a) in H n(c) with c < 0, the corresponding parallel submanifolds do not
exist. Indeed, from the above differential system it follows that the parallel condition,
i.e., ∇̄h = 0, leads to a ≡ 0, which gives A ≡ 0 and thus 0 = κ2 + c = λ2, which is
impossible here.

Therefore, c = 0 is the only possible case. Then (7.2.4) leads to pξ = 0 and so to
the semiparallel M3 of case (a) in E6. Then the above expression for A gives A = a2

and thus da = a2ds, since from (7.2.3) it follows that dω1 = 0, so that ω1 = ds, at
least locally.

For the corresponding parallel submanifold a ≡ 0, so κ is a constant; hence

de1 = e4κω
2 + e5κω

3 + e6κω
1,

de2 = e3ω
3
2 + e4κω

1 + e6κω
2, de3 = −e2ω

3
2 + e5κω

1 + e6κω
3.

It is seen that this submanifold belongs to the sphere S5(κ−2) in E6 whose center has
the radius vector x+κ−1e6, and it is a Segre submanifold S(1,2)(κ−1) (see Sections 3.2
and 4.6).

A general semiparallel M3 of case (a) is the second-order envelope of these Segre
submanifolds S(1,2)(κ−1) with variable κ . It follows from Theorem 4.6.1 that this
envelope is, in general, a logarithmic spiral tube (or its open subset in E6), because
in that theorem now p = 1, q = 2.

The analysis above gives the following.

Proposition 7.2.1. A nonminimal semiparallel M3 in Nn(c) with principal codimen-
sion m1 = 3 and nonflat ∇⊥ can be of case (a) only for c = 0. Such an M3 lies in
N6(0) = E6, is a second-order envelope of Segre submanifolds S(1,2), and thus is, in
general, a logarithmic spiral tube, or its open subset.

Now consider the other possible case (b) above: h5
23 = 0. Here the consequences

(7.1.2)–(7.1.5) derived from the semiparallel condition (4.1.2) remain valid, as well
as the equalities h5

13 = 0 and �3
1 = 0. Moreover, h5

23 = 0 and (4.1.2) imply
−λ2 = λ1 = λ �= 0, λ3 = 0, as was shown after (7.1.5), and (7.1.4) now implies
�3

2 = 0.
The system (7.1.7)–(7.1.10) must be completed, as above, by the following equa-

tions:

ω6
1 = κ1ω

1, ω6
2 = κ2ω

2, ω6
3 = κ3ω

3, ω
ξ
1 = ω

ξ
2 = ω

ξ
3 = 0.

Therefore, (2.1.8) implies�3
1 = −(κ1κ3 +c)ω1 ∧ω3 and�3

2 = −(κ2κ3 +c)ω2 ∧
ω3, thus κ1κ3 + c = κ2κ3 + c = 0. Using (4.1.2) with α = 6 and i = 1, j = 2
one gets (κ1 − κ2)�

2
1 = 0; hence κ1 = κ2 = κ , and so κ3 = −cκ−1. Now

�2
1 = [λ2 + (h5

12)
2 − κ2 − c]ω1 ∧ ω2 and �5

4 = −2λh5
12ω

1 ∧ ω2; therefore, (7.1.3)
and (7.1.6) reduce to λ2 + 2(h5

12)
2 − κ2 − c = 0 and 2λ2 + (h5

12)
2 − κ2 − c = 0. It

follows that (h5
12)

2 = λ2. Replacing e5 by −e5 if needed, one gets h5
12 = λ and so

3λ2 = κ2 + c.
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Summing up, the only nonzero coefficients of the second fundamental form are
h4

11 = −h4
22 = h5

12 = λ, h6
11 = h6

22 = κ , h6
33 = −cκ−1, where κ =

√
3λ2 − c

(reversing e6 if needed); all other coefficients hαij are zero. Therefore, the semiparallel

M3 of case (b) in Nn(c) is defined by the Pfaffian system

ω4 = ω5 = ω6 = ωξ = 0, (7.2.5)

ω4
1 = λω1, ω4

2 = −λω2, ω4
3 = 0, (7.2.6)

ω5
1 = λω2, ω5

2 = λω1, ω5
3 = 0, (7.2.7)

ω6
1 = κω1, ω6

2 = κω2, ω6
3 = −cκ−1ω3, (7.2.8)

ω
ξ
1 = ω

ξ
2 = ω

ξ
3 = 0, (7.2.9)

where κ =
√

3λ2 − c and ξ = 7, . . . , n.
Now it is easy to find the corresponding parallel M3. Substituting the values of

the coefficients of the second fundamental form h obtained above into the parallel
condition (3.1.1), one finds that

dλ = ω3
1 = ω3

2 = ω6
4 = ω6

5 = ω5
4 − 2ω2

1 = ω
ξ
4 = ω

ξ
5 = ω

ξ
6 = 0; (7.2.10)

hence λ = const, thus also κ = const. It is easy to check that if these new equations
are added to equations (7.2.5)–(7.2.9), one gets a totally integrable system, thus this
M3 exists, uniquely up to some real constants.

For its geometric characterization, note first that now dω3 = 0, and therefore
ω3 = ds, at least locally. Considering the surfaces in M3 defined by s = const,
i.e., by ω3 = 0, and comparing the equations resulting from (7.2.6)–(7.2.9) with
equations (6.3.1) and (6.3.2), one finds that these surfaces are Veronese surfaces,
which are moreover mutually congruent (in (6.3.1), (6.3.2), replace k with λ and
superscript 3 with 6).

Since for each of them, dx = e1ω
1 + e2ω

2,

de1 = e2ω
2
1 + f1ω

1 + e5λω
2, de2 = −e1ω

2
1 + f2ω

2 + e5λω
1,

where f1 = λe4 + κe6 − cx, f2 = −λe4 + κe6 − cx, and

df1 = − 2λ2(2e1ω
1 + e2ω

2) + 2λω2
1e5, df2 = −2λ2(e1ω

1 + 2e2ω
2) − 2λω2

1,

de5 = − λ(e1ω
2 + e2ω

1) − ω2
1λ

−1(f1 − f2),

each such Veronese surface lies in the five-dimensional space σE
5, spanned at the

point x ∈ M3 by the vectors e1, e2, f1, f2, e5.
The orthogonal trajectories of these surfaces are defined by ω1 = ω2 = 0 and for

each of them

dx = e3ds, de3 = −cκ−1(e6 + κx)ds, d(e6 + κx) = κ−1(c + κ2)e3ds.
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This trajectory has constant curvature
√

3cλκ−1 and lies in the plane spanned at the
point x ∈ M3 by the vectors e3, e6 + κx. The latter are orthogonal to the five-
dimensional space above, thus the above parallel M3 is the product of a Veronese
surface and a plane curve of this constant curvature.

According to Theorem 4.5.5, every semiparallel submanifold is the second-order
envelope of the corresponding parallel submanifolds. Therefore, the following propo-
sition can be stated.

Proposition 7.2.2. If a nonminimal semiparallel M3 in Nn(c) with principal codi-
mension m1 = 3 and nonflat ∇⊥ is of case (b), then it is the second-order envelope of
products of Veronese surfaces and plane curves. If c = 0, then each of these curves is
a straight line, but if c �= 0, then its curvature is equal to

√
3cλ(

√
3λ2 − c)−1, where

the quantity λ characterizes the Veronese surface.

For a more detailed investigation of the submanifolds M3 of Proposition 7.2.2,
which are characterized by the Pfaffian system (7.2.5)–(7.2.9), exterior differentiation
must again be used.

The last equations ω4
3 = ω5

3 = 0, ω6
3 = −cκ−1ω3 in (7.2.6)–(7.2.8) give, respec-

tively, the exterior equations

λ(ω3
1 ∧ ω1 − ω3

2 ∧ ω2) + cκ−1ω6
4 ∧ ω3 = 0,

λ(ω3
1 ∧ ω2 + ω3

2 ∧ ω1) + cκ−1ω6
5 ∧ ω3 = 0,

3λ2(ω3
1 ∧ ω1 + ω3

2 ∧ ω2) + cκ−1dκ ∧ ω3 = 0.

Using Cartan’s lemma, one obtains

ω3
1 = τω1 + ϕ1ω

3, ω3
2 = τω2 − ϕ2ω

3, (7.2.11)

cκ−1λ−1ω6
4 = ϕ1ω

1 + ϕ2ω
2 + ψω3, (7.2.12)

cκ−1λ−1ω6
5 = − ϕ2ω

1 + ϕ1ω
2 + φω3, (7.2.13)

cκ−1dκ = 3λ2(ϕ1ω
1 − ϕ2ω

2) + χω3. (7.2.14)

Then the first two equations in (7.2.6) and (7.2.7) give, respectively,

(dλ − λτω3 − κω6
4) ∧ ω1 + λ(2ω2

1 − ω5
4) ∧ ω2 = 0, (7.2.15)

λ(2ω2
1 − ω5

4) ∧ ω1 − (dλ − λτω3 + κω6
4) ∧ ω2 = 0, (7.2.16)

and

−[λ(2ω2
1 − ω5

4) + κω6
5] ∧ ω1 + (dλ − λτω3) ∧ ω2 = 0, (7.2.17)

(dλ − λτω3) ∧ ω1 + [λ(2ω2
1 − ω5

4) − κω6
5] ∧ ω2 = 0; (7.2.18)

and from the first two equations in (7.2.8) it follows that
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(dκ − 3κ−1λ2τω3 + λω6
4) ∧ ω1 + λω6

5 ∧ ω2 = 0, (7.2.19)

λω6
5 ∧ ω1 + (dκ − 3κ−1λ2τω3 − λω6

4) ∧ ω2 = 0. (7.2.20)

Here dκ = d
√

3λ2 − c = 3κ−1λdλ.
From (7.2.15)–(7.2.18) one obtains via Cartan’s lemma that

d ln λ − τω3 = 1

2
[(P − 5A)ω1 + (Q − 5B)ω2],

2ω2
1 − ω5

4 = − 5Bω1 + 5Aω2,

λ−1κω6
4 = 1

2
[−(P + 5A)ω1 + (Q + 5B)ω2],

λ−1κω6
5 = − 1

2
[(Q + 5B)ω1 + (P + 5A)ω2].

Now substitution into (7.2.19), (7.2.20) gives P = A,Q = B, so that

d ln λ= − 2(Aω1 + Bω2) + τω3, 2ω2
1 − ω5

4 = −5(Bω1 − Aω2), (7.2.21)

ω6
4 = 3κ−1λ(Aω1 − Bω2), ω6

5 = −3κ−1λ(Bω1 + Aω2). (7.2.22)

Comparing these results with (7.2.12) and (7.2.13), one finds that

cA = cB = ϕ1 = ϕ2 = 0. (7.2.23)

Finally, exterior differentiation of equations (7.2.9) gives

(κω
ξ
6 + λω

ξ
4) ∧ ω1 + λω

ξ
5 ∧ ω2 = 0, (7.2.24)

λω
ξ
5 ∧ ω1 + (κω

ξ
6 − λω

ξ
4) ∧ ω2 = 0,

cκ−1ω
ξ
6 ∧ ω3 = 0.

Further analysis now proceeds separately for the cases c �= 0 and c = 0. Suppose
first that c �= 0.

Theorem 7.2.3. Every semiparallel M3 in Nn(c), c �= 0, n ≥ 6, satisfying the
hypotheses of Proposition 7.2.2 (i.e., nonflat ∇⊥, H �= 0, and of case (b)) reduces
to a parallel M3 in N6(c), which is the product of a Veronese surface and a plane
curve of constant curvature.

Proof. Here (7.2.23) implies A = B = ϕ1 = ϕ2 = 0, and so equations (7.2.11),
(7.2.21), and (7.2.22) reduce to

ω3
1 = τω1, ω3

2 = τω2, (7.2.25)

d ln λ= τω3, 2ω2
1 − ω5

4 = 0, ω6
4 = 0, ω6

5 = 0. (7.2.26)
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From (7.2.24) one gets via Cartan’s lemma that

λω
ξ
4 = pξω1 + qξω2, λω

ξ
5 = qξω1 − pξω2, ω

ξ
6 = 0.

Now the second equation (7.2.26) leads by exterior differentiation to
⎡
⎣2τ 2 + λ−2

⎛
⎝∑

ξ

(pξ )2 +
∑

ξ

(qξ )2

⎞
⎠
⎤
⎦ω1 ∧ ω2 = 0.

This is possible only if τ = pξ = qξ = 0, i.e., if M3 is as asserted in the theorem.
If c = 0, then M3 is by Proposition 7.2.2 the second-order envelope of products

of Veronese surfaces and straight lines (they can be called Veronese cylinders). The
dimension of the ambient space En plays a decisive role here.

Theorem 7.2.4. Let M3 be a nonminimal semiparallel submanifold in En with prin-
cipal codimension m1 = 3 and nonflat ∇⊥, and of case (b) (thus a second-order
envelope of Veronese cylinders). If n = 6, then M3 is a single Veronese cylinder, and
hence a parallel M3 in E6.

Proof. Here κ =
√

3λ due to c = 0; hence in (7.2.21) and (7.2.22) the coefficient
3κ−1λ is equal to

√
3, but the equalities (7.2.23) do not imply A = B = 0 in this

case. Now exterior differentiation and Cartan’s lemma give

dA= Bω2
1 + 1

5
(14B2 − 11A2 − τ 2)ω1 − 5ABω2 + Aτω3, (7.2.27)

dB = − Aω2
1 − 5ABω1 + 1

5
(14A2 − 11B2 − τ 2)ω2 + Bτω3. (7.2.28)

From here exterior differentiation leads to AL = BL = 0, where L = 25λ2 +
42(A2 + B2) − 28τ 2. If L �= 0, then A = B = 0, as before. If L = 0, then by
differentiation one gets AP = BP = 0, where P = 115λ2 + 14 · 15(A2 +B2) �= 0,
due to λ �= 0, and thus A = B = 0 again. Now it follows from (7.2.27) and (7.2.28)
that τ = 0. This finishes the proof.

If n > 6 the situation is a bit different.

Theorem 7.2.5. Every second-order envelopeM3 of Veronese cylinders inEn, n > 6,
is a cone with a point-vertex (or its limiting case, a cylinder), whose director surface
is a second-order envelope of Veronese surfaces.

Proof. From (7.2.12) and (7.2.13) it follows that ϕ1 = ϕ2 = 0, because now c = 0;
thus (7.2.11) reduce to

ω3
1 = τω1, ω3

2 = τω2. (7.2.29)

Adding these equations to the system (7.2.5)–(7.2.9), and applying exterior differen-
tiation and Cartan’s lemma, one gets

dτ = τ 2ω3. (7.2.30)
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If τ �= 0, then the vector z = x + τ−1e3 satisfies

dz = dx − τ−2(τ 2ω3)e3 + τ−1[−e1τω
1 − e2τω

2] = 0.

Thus the point with radius vector z belonging to the straight line generators of M3 is
a fixed point for the wholeM3 inEn. It follows thatM3 is a cone with a point-vertex.

If τ = 0, then de3 = 0, and thus M3 is a cylinder whose straight line generators
have the direction e3 = const.

The surfaces in M3 orthogonal to the straight line generators are defined by the
Pfaffian equation ω3 = 0. Substituting this into (7.2.21) and (7.2.22), and comparing
the results with (6.3.3) and (6.3.4), one sees that they coincide when k, α, k1, k2 are
identified with λ, κ,A,B, respectively, and the indices 3, 4, 5 are replaced by 4, 5, 6.
In the same way one sees that (6.3.1) and (6.3.2) coincide with the first two equations
in (7.2.5)–(7.2.9). This finishes the proof.

The question of existence of M3 satisfying Theorem 7.2.5 in the limiting case,
i.e., of a cylinder on a second-order envelope of Veronese surfaces, reduces to the
analogous problem for such an envelope which was solved in Section 6.4 (see Theo-
rem 6.4.1 or [Lu 99a]).

Considering the existence problem of the cones of Theorem 7.2.5, one could also
be guided by the argument in the proof of Theorem 6.4.1, used now with c = 0.

Since c = 0, one now has κ =
√

3λ in the exterior equations (7.2.24), and
therefore they reduce to

(
√

3ωξ
6 + ω

ξ
4) ∧ ω1 + ω

ξ
5 ∧ ω2 = 0, ω

ξ
5 ∧ ω1 + (

√
3ωξ

6 − ω
ξ
4)∧2 = 0

(note that the exterior equation that follows them disappears in this case). Cartan’s
lemma then implies

√
3ωξ

6 + ω
ξ
4 = p

ξ
1ω

1 + p
ξ
2ω

2, ω
ξ
5 = p

ξ
2ω

1 + p
ξ
3ω

2,

√
3ωξ

6 − ω
ξ
4 = p

ξ
3ω

1 + p
ξ
4ω

2.

It is convenient to introduce the vectors pa = eξp
ξ
a , where a, b, · · · ∈ {1, 2, 3, 4},

and denote p2
a = ∑

ξ (p
ξ
a)

2, 〈pa, pb〉 = ∑
ξ p

ξ
ap

ξ
b . Instead of (7.2.27) and (7.2.28)

one now has

dA = Bω2
1 +

[
1

5
(14B2 − 11A2 − τ 2) + P

]
ω1 − (5AB + Q)ω2 + Aτω3,

(7.2.31)

dB = −Aω2
1 − (5AB + Q)ω1 +

[
1

5
(14A2 − 11B2 − τ 2) + R

]
ω2 + Bτω3,

(7.2.32)

where

P = 1

30
[4(〈p2, p4〉 − p2

3) − (〈p1, p3〉 − p2
2)],
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Q= 1

12
(〈p1, p4〉 − 〈p2, p3〉),

R = 1

30
[4(〈p1, p3〉 − p2

2) − (〈p2, p4〉 − p2
3)].

Here (7.2.31) and (7.2.32) can be considered as (6.3.7) and (6.3.8), completed by
the terms containing τ , with different notation; some of the differences were already
noted in the proof of Theorem 7.2.5.

Moreover, the equations obtained by differential prolongation (i.e., exterior differ-
entiation and Cartan’s lemma) differ very slightly from the corresponding equations
in the proof of Theorem 6.4.1. Namely, on the right sides of (6.4.1)–(6.4.4), one
must add the terms pξaτω3. The argument then proceeds as before, with only slight
changes. The result is that the cones M3 of Theorem 7.2.5 do exist in E7, and depend
on one real holomorphic function of two real arguments.

Remark 7.2.6. Theorem 7.2.5 was established in [Lu 91d], but without the existence
argument. Instead of that, some geometric properties were indicated which cannot
hold for the cones of Theorem 7.2.5.

7.3 Semiparallel M3 of Principal Codimension m1 = 4

The preceding Section 7.2 omitted discussion of minimal semiparallel M3 with prin-
cipal codimension m1 = 3 in Nn(c). These can occur only for c > 0, because if
c ≤ 0 then Theorem 4.1.7 implies that a minimal semiparallel submanifold is totally
geodesic and thus has m1 = 0. Since the standard model of Nn(c) with c > 0 is a
sphere in En+1, and the outer principal codimension of the above-considered M3 in
En+1 is m∗

1 = 4, the investigation of such M3 can be done in the framework of the
present section.

So let M3 be a semiparallel submanifold with m1 = 4 in Nn(c). Then among the
six vectors hij = eαh

α
ij there must be two independent linear relations hij ξ ij = 0 and

hijη
ij = 0, which define a one-parameter family ρ(hij ξ

ij ) + σ(hijη
ij ) = 0 of such

relations. In this family, the singular case corresponds to a root of the cubic equation
det|ρξ ij + σηij | = 0 with respect to ρ/σ or σ/ρ. There is at least one real root, and
thus one basic relation can be presented in the form hij ξ

(i
1 ξ

j)

2 = 0, where ξ1 = ξ i1ei

and ξ2 = ξ
j

2 ej are two vectors in TxM
3.

Two cases can occur here.

(A) Let the two vectors be distinct. After normalization of ξ1 and ξ2, the frame
vector e2 can be taken orthogonal to them and e1 and e3 chosen collinear to
ξ1 + ξ2 and ξ1 − ξ2, respectively. Then the special basic relation above is
h11(ξ

1
1 )

2 − h33(ξ
3
1 )

2 = 0. Here ξ1
1 ξ

3
1 �= 0; the roles of e1 and e3 can be

interchanged by taking −ξ2 instead of ξ2. Hence the following subcases occur:
(A1) (η12)2 + (η23)2 �= 0. Here it can be supposed that η23 �= 0 and the basic

relations are h33 = µh11, h23 = ν1h11 + ν2h22 + ν3h12 + ν4h13 with
µ �= 0.
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(A2) η12 = η23 = 0, η13 �= 0. Then h33 = µh11, h13 = ν1h11 + ν2h22 with
µ �= 0.

(A3) η12 = η23 = η13 = 0. Here either
(A′

3) η22 �= 0 and h33 = µh11, h22 = νh11 with µ �= 0, or
(A′′

3) η22 = 0, then η11 �= 0 and h33 = h11 = 0.
(B) Let ξ1 and ξ2 have the same direction, which one can assume to be that of e3.

Then the special basic relation above is h33 = 0 and the roles of e1 and e2 could
be interchanged by taking −e3 instead of e3. Here the following subcases occur:
(B1) (η13)2 + (η23)2 �= 0. One can suppose η23 �= 0, and this leads to the

limiting case of (A1), where µ = 0.
(B2) η13 = η23 = 0, η12 �= 0. Then h33 = 0, h12 = λ1h11 + λ2h22.
(B3) η13 = η23 = η12 = 0. This leads either to the limiting case of (A′

3), where
µ = 0, or to the case (A′′

3).

So one must consider three subcases (A2), (A′′
3), (B2), and two subcases (A1),

(A′
3) with their limiting cases when µ = 0.
In each case, the semiparallel condition (4.1.2), or equivalently (4.4.1), must hold:

∑

k

{h,kj H ∗
i[p,q]k + hikH

∗
j [p,q]k − H ∗

ij,k[phq]k} = 0, (7.3.1)

where, as one recalls, H ∗
ij,kl = 〈h∗

ij , h
∗
kl〉 = Hij,kl + c with Hij,kl = 〈hij , hkl〉 due

to (2.1.6), and all ǫk = 1 here. Each equation of this system is a linear dependence
between vectors hij with different pairs {ij}. In the current case m1 = 4 there must
always be four linearly independent vectors among them; therefore the coefficient of
each of the latter must be zero.

In what follows, equation (7.3.1) will be referred to as [ij, pq] and, if the coef-
ficient of a vector hrs is set equal to zero, then this condition will be referred to as
[ij, pq|rs].

First consider subcase (B2). Here the vectors h11, h22, h13, h23 are linearly
independent, and h33 = 0, h12 = λ1h11 + λ2h22 . Now [12, 13|13] : H13,13 +
H12,12 = 0, where H12,12 = λ2

1H11,11 + 2λ1λ2H11,22 + λ2
2H22,22 turns out to be

zero, as follows easily from [11, 13|23] : H11,12 = 0 and [22, 23|13] : H12,22 = 0.
Therefore, H13,13 = 0, which is a contradiction. Hence (B2) is impossible for a
semiparallel M3 in Nn(c). The same argument shows that (A′′

3) is impossible also.
Next consider subcase (A′

3). Here the vectors h11, h12, h13, h23 are linearly
independent, and h33 = µh11, h22 = νh11. Then

[11, 12|12] : 3H ∗
11,22 − 2H ∗

12,12 − H ∗
11,11 = 0, (7.3.2)

[22, 12|12] : 3H ∗
11,22 − 2H ∗

12,12 − H ∗
22,22 = 0, (7.3.3)

thus H ∗
22,22 = H ∗

11,11 and therefore ν2 = 1. The case ν = −1 is impossible because
(7.3.2) would then give the contradiction 2H ∗

11,11 + H ∗
12,12 = 0. Hence ν = 1 and

H ∗
11,22 = H ∗

12,12. Now

[13, 12|23] : H ∗
11,22 − H ∗

12,12 − H ∗
13,13 = 0
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gives the contradiction H ∗
13,13 = 0 and so (A′

3) is impossible for a semiparallel M3

in Nn(c).
The same can be shown for (A2), where the vectors h11, h22, h12, h23 are linearly

independent, and h33 = µh11, h13 = ν1h11 + ν2h22 with µ �= 0. Here (7.3.2),
(7.3.3) hold as before and thus H ∗

11,11 = H ∗
22,22. On the other hand, [33, 12|12]

gives µ(H ∗
11,22 − H ∗

11,11) = 0; hence H ∗
11,11 = H ∗

22,22 = H ∗
11,22. This is impossible

because h11, h22 are linearly independent.
It turns out that the semiparallel condition (7.3.1) can be satisfied only in subcase

(A1), where the vectors h11, h22, h12, h13 are linearly independent and, as one recalls,

h33 = µh11, h23 = ν1h11 + ν2h22 + ν3h12 + ν4h13. (7.3.4)

Here the following conditions will be used.

[11, 12|11] : H ∗
11,12 − ν1H

∗
11,13 = 0,

[11, 12|22] : −H ∗
11,12 − ν2H

∗
11,13 = 0,

[22, 12|11] : H ∗
12,22 + ν1(2H

∗
12,23 − 3H ∗

22,13) = 0,

[22, 12|22] : −H ∗
12,22 + ν2(2H

∗
12,23 − 3H ∗

22,13) = 0,

[12, 12|11] : 2H ∗
12,12 − H ∗

11,22 + ν1(H
∗
11,23 − H ∗

12,13) = 0,

[12, 12|22] : −2H ∗
12,12 + H ∗

11,22 + ν2(H
∗
11,23 − H ∗

12,13) = 0,

[33, 12|11] : H ∗
33,12 + ν1(2H

∗
22,13 − 2H ∗

12,23 − H ∗
13,33) = 0,

[33, 12|22] : −H ∗
33,12 + ν2(2H

∗
22,13 − 2H ∗

12,23 − H ∗
13,33) = 0.

Suppose ν1 + ν2 �= 0. From the first three pairs of these conditions

H ∗
11,12 = H ∗

11,13 = 0,

H ∗
12,22 = 2H ∗

12,23 − 3H ∗
22,13 = 0,

2H ∗
12,12 − H ∗

11,22 = H ∗
11,23 − H ∗

12,13 = 0.

Therefore, due to (7.3.4), H ∗
33,12 = µH ∗

11,12 = 0, H ∗
33,13 = µH ∗

11,13 = 0. Now
the third pair of these conditions reduces to H ∗

22,13 = H ∗
12,23 and together with the

relation above givesH ∗
22,13 = H ∗

12,23 = 0. Thus by (7.3.4), ν3H
∗
12,12 +ν4H

∗
12,13 = 0.

Further,

[13, 12|11] : ν1(H
∗
11,22 − H ∗

12,12 − H ∗
13,13) + H ∗

12,13 = 0,

[13, 12|22] : ν2(H
∗
11,22 − H ∗

12,12 − H ∗
13,13) − H ∗

12,13 = 0;

hence H ∗
12,13 = H ∗

11,22 − H ∗
12,12 − H ∗

13,13 = 0; consequently, H ∗
11,23 = 0, H ∗

12,12 =
H ∗

13,13 = χ2 �= 0, and thus ν3 = 0, H ∗
11,22 = 2χ2. Now from
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[11, 12|12] : 3H ∗
11,22 − 2H ∗

12,12 − H ∗
11,11 = 0,

[22, 12|12] : 3H ∗
11,22 − 2H ∗

12,12 − H ∗
22,22 = 0

one obtainsH ∗
11,11 = H ∗

22,22 = 4χ2, where χ �= 0, because otherwise h∗
11, h

∗
22 would

be orthogonal vectors with zero length squared, which could occur only in 1E
n+1,

and would imply the collinearity of these vectors, which is impossible.
On the other hand, [13, 12|13] : ν4(H

∗
11,22 −H ∗

12,12) = 0 gives ν4χ
2 = 0, thus

ν4 = 0; and now [22, 12|13] yields H ∗
22,23 = 0. But H ∗

11,23 = 0 and H ∗
22,23 = 0

together give a contradiction:

4χ2ν1 + 2χ2ν2 = 0, 2χ2ν1 + 4χ2ν2 = 0, ν1 + ν2 �= 0.

Consequently, ν1 = −ν2 = ν and

H ∗
11,12 = νH ∗

11,13, H ∗
22,12 = ν(3H ∗

22,13 − 2H ∗
12,23), (7.3.5)

2H ∗
12,12 − H ∗

11,22 = ν(H ∗
12,13 − H ∗

11,23), (7.3.6)

µH ∗
11,12 = ν(2H ∗

12,23 − 2H ∗
22,13 + µH ∗

11,13). (7.3.7)

The following relations will be used next:

[11, 13|11] : (1 − µ)H ∗
11,13 − νH ∗

11,12 = 0,

[11, 13|22] : νH ∗
11,12 = 0,

[22, 13|11] : (1 − µ)H ∗
22,13 + ν(2µH ∗

11,12 − 2H ∗
22,13 − H ∗

22,12) = 0,

[22, 13|22] : ν(2µH ∗
11,12 − 2H ∗

22,13 − H ∗
22,12) = 0,

[12, 13|11] : 2H ∗
12,13 − H ∗

11,23 − µH ∗
12,13 + ν(µH ∗

11,11 − H ∗
12,12 − H ∗

13,13) = 0,

[12, 13|22] : H ∗
11,23 − H ∗

12,13 − ν(µH ∗
11,11 − H ∗

12,12 − H ∗
13,13) = 0,

[13, 12|11] : ν(H ∗
11,22 − H ∗

12,12 − H ∗
13,13) + H ∗

12,13

+ (1 − µ)(H ∗
12,13 − H ∗

11,23) = 0,

[13, 12|22] : ν(H ∗
11,22 − H ∗

12,12 − H13,13)
∗ + H ∗

12,13 = 0,

[23, 12|11] : H ∗
12,23 + µ(H ∗

12,23 − H ∗
13,22) − νH ∗

13.23 = 0,

[23, 12|22] : H ∗
13,22 − 2H ∗

12,23 + νH ∗
13,23 = 0,

[23, 13|11] : H ∗
13,23 + µ(µH ∗

11,12 − 2H ∗
13,23) − νH ∗

12,23 = 0,

[23, 13|22] : H ∗
13,23 − µH ∗

11,12 + νH ∗
12,23 = 0.

Suppose µ �= 1. Then from the first three pairs of relations H ∗
11,13 = H ∗

22,13 =
H ∗

12,13 = 0, and (7.3.5) gives H ∗
11,12 = 0. The next three pairs of relations give
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H ∗
11,23 = H ∗

12,23 = H ∗
13,23 = 0, and from (7.3.5)–(7.3.7) it follows that H ∗

22,12 =
2H ∗

12,12 − H ∗
11,22 = 0. Now H ∗

12,23 = H ∗
13,23 = 0 and (7.3.4) imply ν3H

∗
12,12 = 0,

ν4H
∗
13,13 = 0, thus ν3 = ν4 = 0. Adding

[22, 23|11] : −µH ∗
22,23 + ν(3µH ∗

11,22 − 2H ∗
23,23 − H ∗

22,22)= 0,

[22, 23|22] : H ∗
22,23 − ν(3µH ∗

11,22 − 2H ∗
22,23 − H ∗

22,22)= 0

one obtains (1 − µ)H ∗
22,23 = 0, and therefore H ∗

22,23 = 0. This together with
H ∗

11,23 = 0 gives

ν(H ∗
11,11 − H ∗

11,22) = 0, ν(H ∗
11,22 − H ∗

22,22) = 0.

Here ν �= 0 yields a contradiction: H ∗
11,11 = H ∗

11,22 = H ∗
22,22 and h11, h22 could

not be linearly independent. But ν = 0 leads to a contradiction, too. Indeed, then
h23 = 0 and [23, 12|13] : H ∗

12,12 − H ∗
11,22 = 0 contradicts 2H ∗

12,12 − H ∗
11,22 = 0,

which was obtained above.
So, we must have µ = 1, and thus

h33 = h11, h23 = ν(h11 − h22) + ν3h12 + νh13.

Suppose ν �= 0. Then H ∗
11,12 = H ∗

11,13 = 0 due to (7.3.5) and to the relation
[11, 13|11] obtained above. The relations [33, 13|22] and [33, 13|12] yield H ∗

13,23 =
H ∗

11,23 = 0, but [11, 13|12] and [11, 13|13] give H ∗
12,13 = H ∗

11,11 − H ∗
13,13 = 0.

Substitution into the relation [12, 13|22] obtained above leads to a contradiction
νH ∗

12,12 = 0.
Hence ν = 0 and thus h33 = h11, h23 = ν3h12 + ν4h13. From (7.3.5) and other

relations above it follows that

H ∗
11,12 =H ∗

22,12 = H ∗
11,22 − 2H ∗

12,12 = H ∗
12,13 = H ∗

13,22 − 2H ∗
12,23 = 0,

H ∗
11,23 =H ∗

13,23 = 0.

Thus ν4H
∗
13,13 = 0, so ν4 = 0 and h23 = ν3h12. Now

[12, 23|13] : H ∗
11,22 − H ∗

12,12 − ν2
3H

∗
12,12 = 0

gives (1 − ν2
3)H

∗
12,12 = 0, and hence ν3 = ±1. Here the case ν3 = 1, where

h33 = h11, h23 = h12, can be reduced to the case ν3 = −1 by taking −e1 instead of
e1.

Now in the case ν3 = −1, where h33 = h11, h23 = −h12, one applies the
transformation e′

3 = 1√
2
(e1 + e3), e′

2 = 1√
2
(−e1 + e3), e′

1 = e2 to get

h′
13 = h′

23 = 0.

A straightforward verification shows that all semiparallel conditions for h13 =
h23 = 0 and linearly independent h11, h22, h12, h33 reduce to
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H ∗
11,12 =H ∗

11,33 = H ∗
22,12 = H ∗

22,33 = H ∗
12,33 = 0,

H ∗
11,11 =H ∗

22,22 = 2H ∗
11,22 = 4H ∗

12,12.

Denoting now H12,12 = λ2, H33,33 = µ2 and taking e4, e5, e6, e7 collinear with
h11−h22, h12, h11+h22, h33, respectively, it follows that the only nonzero coefficients
of the second fundamental form are h4

11 = −h4
22 = h5

12 = λ, h6
11 = h6

22 = κ ,
h7

33 = µ. Hence the above-considered M3 is defined by the differential system

ω4 = ω5 = ω6 = ω7 = ωρ = 0, (7.3.8)

ω4
1 = λω1, ω4

2 = −λω2, ω4
3 = 0, (7.3.9)

ω5
1 = λω2, ω5

2 = λω1, ω5
3 = 0, (7.3.10)

ω6
1 = κω1, ω6

2 = κω2, ω6
3 = 0, (7.3.11)

ω7
1 = 0, ω7

2 = 0 ω7
3 = µω3, (7.3.12)

ω
ρ
1 = 0, ω

ρ
2 = 0, ω

ρ
3 = 0, (7.3.13)

where ρ = 8, . . . , n and λ > 0, κ =
√

3λ2 − c, µ > 0.
It is important to find the corresponding parallel M3. The parallel condition

(3.1.1) now reduces to

dλ= dµ = ω3
1 = ω3

2 = 2ω2
1 − ω5

4 = ω6
4 = ω6

5 = 0, (7.3.14)

ω7
4 = ω7

5 = ω7
6 = ω

ρ
4 = ω

ρ
5 = ω

ρ
6 = ω

ρ
7 = 0. (7.3.15)

The equations ω3
1 = ω3

2 = 0 give by exterior differentiation that cω3 ∧ ω1 = cω3 ∧
ω2 = 0. This is possible only for c = 0, i.e., only for parallel M3 in E7, where κ =√

3λ. Consequently, their second-order envelopes—the corresponding semiparallel
M3—can also exist only in Euclidean spaces En.

There is an analogy here with the system (7.2.5)–(7.2.10), and the geometric
consequences are also similar. Moreover, ω3 = ds, at least locally, and the surfaces
defined by s = const are Veronese surfaces whose orthogonal trajectories, defined
by ω1 = ω2 = 0, satisfy the following equations:

dx = e3ds, de3 = µe7ds, de7 = −µe3ds,

where µ = const. Hence these trajectories are congruent plane curves of constant
curvature µ > 0, thus circles; and hence the parallel M3 is the product of a Veronese
surface and a circle in E7.

Now one can answer the question about the minimal semiparallel M3 of principal
codimension m1 = 3 in Nn(c) with c > 0, which was posed at the beginning of this
section.

From (7.3.9)–(7.3.12) one can see that the mean curvature vector H = 1
3 (h11 +

h22 + h33) of the above-considered M3 is equal to H = 1
3 (

√
3λe6 + µe7). Thus
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for the corresponding parallel M3, where λ and µ are constants, one gets dH =
− 1

3 [3λ2(e1ω
1 + e2ω

2) + µ2e3ω
3].

For the special case where µ2 = 3λ2, one obtains dH = −λ2dx, and therefore
d(x + λ−2H) = 0; thus the point in E7 with radius vector z = x + λ−2H is a fixed
point for this parallel M3. Hence this M3 lies in a sphere S6(λ4) ⊂ E7. With respect
to this sphere, its mean curvature vector is zero and its principal codimension is 3.

This special case can be characterized by a simple relationship between the geo-
metric invariants of the product components. Namely, the mean curvature vector of
a Veronese surface (with ω3 = 0) is

√
3λe6, and since d[x + (

√
3λ)−1e6] = 0, this

surface belongs to a four-dimensional sphere of radius (
√

3λ)−1. In this case, the
circle of constant curvature has the same radius µ.

The results of this analysis can be summarized as follows.

Theorem 7.3.1. A semiparallelM3 with principal codimensionm1 = 4 inNn(c) can
exist only if c = 0, i.e., in Euclidean En, and is a second-order envelope of products
of Veronese surfaces and circles.

Among such products there exists a parallel M3 which is minimal in a 6-
dimensional sphere S6 and has principal codimension m1 = 3 in this S6. In this
case, the radius of the four-dimensional sphere containing the Veronese surface is
equal to the radius of the circle.

In order to investigate in more detail the envelopesM3 of Theorem 7.3.1, exterior
differentiation must be applied to equations (7.3.8)–(7.3.13), where now κ = λ

√
3.

The equations ω4
3 = ω5

3 = ω6
3 = ω7

3 − µω3 = 0 then give the exterior equations

λω1
3 ∧ ω1 − λω2

3 ∧ ω2 + µω7
4 ∧ ω3 = 0,

λω1
3 ∧ ω2 + λω2

3 ∧ ω1 + µω7
5 ∧ ω3 = 0,

√
3(λω1

3 ∧ ω1 + λω2
3 ∧ ω2) + µω7

6 ∧ ω3,

ω1
3 ∧ ω1 + ω2

3 ∧ ω2 + d lnµ ∧ ω3 = 0.

Using Cartan’s lemma, one gets

λω1
3 =Aω1 + Fω3, λω2

3 = Aω2 + Gω3,

µω7
4 = Fω1 − Gω2 + Hω3,

µω7
5 =Gω1 + Fω2 + Iω3, µω7

6 =
√

3(Fω1 + Gω2 + Jω3),

d lnµ= λ−1(Fω1 + Gω2) + Kω3.

The other equations (7.3.12) give

λ(ω7
4 +

√
3ω7

6) ∧ ω1 + λω7
5 ∧ ω2 + µω1

3 ∧ ω3 = 0,

λω7
5 ∧ ω1 + λ(−ω7

4 +
√

3ω7
6) ∧ ω2 + µω2

3 ∧ ω3 = 0,
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and thus F = G = H = I = 0, J = κ−2µ2A. Denoting −λ−1A = τ , K = ν one
obtains

ω3
1 = τω1, ω3

2 = τω2 (7.3.16)

ω7
4 = 0, ω7

5 = 0, ω7
6 = −µκ−1τω3, d lnµ = νω3. (7.3.17)

Exterior differentiation of the remaining equations results in the exterior equations
(7.2.15)–(7.2.20), where now κ = λ

√
3. Therefore, (7.2.21) and (7.2.22) also hold

here, now with κ−1λ = (
√

3)−1.
Finally, from (7.3.13)

(ω
ρ
4 +

√
3ωρ

6 ) ∧ ω1 + ω
ρ
5 ∧ ω2 = 0,

ω
ρ
5 ∧ ω1 + (−ω

ρ
4 +

√
3ωρ

6 ) ∧ ω2 = 0, ω
ρ
7 ∧ ω3 = 0,

which gives

ω
ρ
4 +

√
3ωρ

6 = p
ρ
1ω

1 + p
ρ
2ω

2, −ω
ρ
4 +

√
3ωρ

6 = p
ρ
3ω

1 + p
ρ
4ω

2, (7.3.18)

ω
ρ
5 = p

ρ
2ω

1 + p
ρ
3ω

2, (7.3.19)

and ω
ρ
7 = qρω3.

One can see that (7.2.21), (7.2.22) coincide with equations (6.3.3), (6.3.4) for the
second-order envelope of Veronese surfaces, and similarly (7.3.18), (7.3.19) coin-
cide with (6.3.5), (6.3.6), where some notations are a bit different. Therefore, the
further investigation of semiparallel M3 of Theorem 7.3.1 repeats in most details the
analysis given in Section 6.3, complemented now with the analysis of the remaining
equations which describe the role of the other component. The full argument is rather
complicated technically, and will be omitted here.

7.4 Higher Principal Codimensions: Conclusions

Principal codimension m1 = 5 is impossible for a semiparallel M3 in Nn(c), due to
Proposition 4.4.3. Indeed, if m = 3, then 1

2m(m + 1) = 6 and 1
2m(m − 1) + 1 = 4,

and m1 = 5 lies exactly between these bounds.
Principal codimension m1 = 6 is the maximal possible value of m1 for a subman-

ifoldM3. If a semiparallelM3 withm1 = 6 lies in anN9(c), then by Theorem 4.7.2 it
is parallel and is a Veronese submanifold. Therefore, a semiparallel M3 with m1 = 6
in Nn(c), n > 9, is the second-order envelope of three-dimensional Veronese sub-
manifolds. Such envelopes deserve a special investigation, which will be done in
Section 9.7 below. It is proved there, that if a submanifold Mm with m > 2 is the
second-order envelope of Veronese submanifolds, then the latter must be congruent
(Proposition 9.7.2) and this Mm cannot be parallel, i.e., cannot be a single Veronese
submanifold, but intrinsically is a Riemannian manifold of the same constant curva-
ture (Theorem 9.7.1).

As a summary of the results in the present chapter, the following two theorems
can be formulated.
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Theorem 7.4.1. A semiparallel M3 with principal codimension m1 in Euclidean
space En is

• for m1 = 1:
– the envelope of a one-parameter family of three-dimensional planes, or
– a hypersurface in E4 ⊂ En, which is a product of an (s + 1)-dimensional

round cone and a (2 − s)-dimensional plane (s is 1 or 2); the cone could
degenerate into a cylinder;

• for m1 = 2:
– a warped product B1 ×r S

2(1) with nonconstant linear function r , or
– the envelope with flat ∇̄ of a two-parameter family of three-dimensional

planes, or
– the product of a semiparallel surface with principal codimension 1 and a

curve;
• for m1 = 3:

– a cone with a point-vertex (or its limiting case, a cylinder), whose director
surface is the second-order envelope of Veronese surfaces, or

– a logarithmic spiral tube in E6 ⊂ En;
• for m1 = 4:

– the second-order envelope of products of the Veronese surfaces and circles;
• for m1 = 6:

– the second-order envelope of three-dimensional Veronese submanifolds.

There exists no semiparallel M3 with m1 = 5.

Theorem 7.4.2. AsemiparallelM3 with principal codimensionm1 in a non-Euclidean
space form Nn(c) is

• for m1 = 1:
– a hypersurface of rotation, whose profile curve has natural equation (5.5.8),or
– a parallel hypersurface, which is either spherical, or a product of a spherical

surface and a spherical curve;
• for m1 = 2:

– a Cartan variety, thus with flat ∇̄, in an N5(c) ⊂ Nn(c), or
– a warped product B1 ×r Sph2(1) with a nonconstant linear function r , or
– a Segre submanifold S(1,2)(a) in an S5(a2) ⊂ Nn(c), or
– the product of a semiparallel surface with principal codimension 1 and a

curve;
• for m1 = 3:

– the product of a Veronese surface and plane curve of constant curvature in
N6(c) ⊂ Nn(c), such that the curvature of this curve is connected to the quan-
tity λ characterizing the Veronese surface, and is either

√
3cλ(

√
3λ2 − c)−1,

or
√

3λ in the special case c > 0;
• for m1 = 6:

– the second-order envelope of three-dimensional Veronese submanifolds.

There exists no semiparallel M3 with m1 = 4 or m1 = 5.
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Remark 7.4.3. In both theorems above, one could in some cases just have an open
subset instead of the whole M3 itself. Among the second-order envelopes of parallel
submanifolds, single parallel manifolds are also included as special cases.

Remark 7.4.4. For higher dimensionsm > 3, a complete classification of semiparallel
submanifoldsMm is still missing. Some initial results form = 4 and Euclidean space
En were established in [Ri 97], [Ri 99], [Ri 2000].
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Decomposition Theorems

As an algebraic preparation for decomposition theorems of semiparallel submanifolds,
Theorem 4.3.1 of Section 4.3 on the decomposition of semiparallel fundamental
triplets will be considered first.

8.1 Decomposition of Semiparallel Submanifolds

Recall that in Section 5.2 a submanifold Mm in σE
n is said to be decomposable into

a product of submanifolds Mmρ in σρE
nρ (ρ = 1, . . . , r) if

(i) Mm = Mm1 × · · · × Mmr ,
(ii) σE

n = σ1E
n1 × · · · × σrE

nr , where the factors on the right side are pairwise
totally orthogonal.

Asubmanifold which is decomposable into a product is called reducible, otherwise
it is irreducible.

Proposition 8.1.1. Let a submanifold Mm in σE
n be decomposable into a product

of submanifolds as above. Then this Mm is semiparallel (resp. parallel, ∇̄-flat, or
2-parallel) if and only if every Mmρ in σρE

nρ is semiparallel (resp. parallel, ∇̄ρ-flat,

or with parallel ∇̄ρhρ, where at least one of them is 2-parallel).

Proof. Choose an adapted moving frame for Mm such that {x; eiρ , eαρ } is adapted to

Mmρ for every ρ = 1, . . . , r . Then ω
jτ
iρ

= 0, ωβτ
αρ = 0 if ρ �= τ , and among hαij only

h
αρ
iρjρ

can be nonzero. It is seen that among ∇̄hαij only components with the same

lower subindex ρ can be nonzero and they are exactly the ∇̄ρh
αρ
iρjρ

for the factorMmρ .
The assertion concerning parallel submanifolds now follows immediately.

The assertion for 2-parallel submanifolds follows from the fact that among hαijk ,
which are symmetric in all three lower indices, only components with the same lower
subindex ρ can be nonzero. The same also holds for ∇̄hαijk .
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It then follows that among �
j
i and �

β
α , only �

jρ
iρ

and �
βρ
αρ can be nonzero. The

assertions for semiparallel submanifolds and flat ∇̄ (i.e., with �
j
i = �

β
α = 0) follow

now in the same way.
To investigate the decomposition of semiparallel submanifolds Mm in Nn(c) ⊂

σE
n+1 the algebraic setup in Theorem 4.3.1 can be used. Namely, after comparing

(4.1.1) and (4.2.2) it is obvious that a submanifold Mm in Nn(c) is semiparallel iff at
any point x ∈ Mm the fundamental triplet (V , T , h)with V = TxN

n(c), T = TxM
m,

and h = hx is semiparallel, or equivalently, (V ∗, T , h∗) with V ∗ = Tx(σE
n+1)

and h∗ = h∗
x is semiparallel. Therefore, considering a submanifold Mm, let T

denote its tangent vector bundle, h its second fundamental form, AH its mean shape
operator, etc. The eigensubspaces T1, . . . , Tr of AH , introduced in Theorem 4.3.1,
form corresponding distributions Tρ on every open subset of Mm, on which the
number r of different eigenvalues of AH and their multiplicities m1, . . . , mr are
constant. In general, Mm is the union of the closures of all these open subsets. In
the investigations below, Mm will be considered only on the domain of one of these
subsets.

It was shown in the proof of Theorem 4.3.1 that for every pair of different eigen-
subspaces Tρ and Tσ of AH , one has h(X, Y ) = 0 for all X ∈ Tρ , Y ∈ Tσ with
ρ �= σ . In the differential geometry of submanifolds, it is said that in this case the
subspaces Tρ and Tσ are conjugate (with respect to the second fundamental form h;
see, e.g., [AG 93], 3.5).

Theorem 8.1.2. Let Mm be a Riemannian semiparallel submanifold in Nn(c) ⊂
σE

n+1 on which the mean shape operator AH has r distinct eigenvalues of con-
stant multiplicities m1, . . . , mr . Then the r eigendistributions T1, . . . , Tr of AH

define foliations whose leaves are mutually orthogonal conjugate semiparallel sub-
manifolds Mm1

1 , . . . ,M
mr
r with orthogonal first-order outer normal subspaces at any

point x ∈ Mm.

Proof. It is shown first that the eigendistributions are foliations. From the expression
for the components of the mean curvature vector H (see Section 2.4) it follows
that ∇⊥Hα = Hα

k ω
k , where Hα

k = 1
m

∑m
i=1 h

α
iik . Therefore, for the components

hHij = 〈H, hij 〉 = gαβH
αh

β
ij of AH with respect to a frame with orthonormal tangent

part the following hold:

∇hHij = gαβ(H
α
k h

β
ij + Hαh

β
ijk)ω

k. (8.1.1)

Writing this for the canonically adapted frame bundle of AH , one obtains hHiρjρ =
λ(ρ)δiρjρ , hHiρjσ = 0 (ρ �= σ ), and therefore, in particular,

(λ(ρ) − λ(σ ))ω
jσ
iρ

= gαβH
αh

β
iρjσ k

ωk, ρ �= σ. (8.1.2)

The eigenspace distribution of AH for λ(ρ) is defined by the differential system

ωj1 = · · · = ωjρ−1 = ωjρ+1 = · · · = ωjr = 0, (8.1.3)
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where the superscripts run all possible values. By (1.4.3),

dωjσ = ωiρ ∧ ω
jσ
iρ

+
∑

τ �=ρ

ωiτ ∧ ω
jσ
iτ

(σ �= ρ).

The first group of terms on the right side is ωiρ ∧ (λ(ρ) − λ(σ ))
−1hHiρjσ kω

k , and due

to the symmetry of hHijk it reduces to

(λ(ρ) − λ(σ ))
−1
∑

τ �=ρ

hHiρjσ kτω
iρ ∧ ωkτ .

This shows that for each σ distinct from ρ, the exterior differential dωjσ becomes
zero as an algebraic consequence of the system (8.1.3). Hence the distribution defined
by this system is a foliation Tρ ; this is true for ρ = 1, . . . , r .

The other assertions now follow immediately from the Theorem 4.3.1 and from
the result contained in its proof that h(X, Y ) = 0 for all X ∈ Tρ , Y ∈ Tσ with ρ �= σ .

This finishes the proof of Theorem 8.1.2.

A submanifold Mm in Nn(c) is said to be pseudoumbilic if its mean curvature
shape operator AH is proportional to the identity operator (see [Ch 73b], [Ch 2000],
5.4), i.e., if for the orthonormal frame bundle O(Mm, Nn(c)) there holds 〈H, hij 〉 =
λδij , or, equivalently by (2.1.6),

〈H ∗, h∗
ij 〉 = λ∗δij , (8.1.4)

where λ∗ = λ + c.

Proposition 8.1.3. The leaves of the foliations T1, . . . , Tr in Theorem 8.1.2 are pseu-
doumbilic submanifolds in Nn(c).

Proof. The mean curvature vector of a leaf of Tρ is Hρ = 1
mρ

∑
iρ
hiρjρ , and for

Mm, therefore, H = 1
m

∑
ρ

∑
iρ
hiρ iρ = 1

m

∑
ρ mρHρ . Hence, hHij = 〈H, hij 〉 =

1
m

〈∑σ mσHσ , hij 〉.
On the other hand, in Section 4.3 it was shown that (AH )

i
j = H βhiβj = 〈H, hij 〉;

therefore, the relation (AH )
iρ
jρ

= λ(ρ)δ
iρ
jρ

used in the proof of Theorem 4.3.1 is equiv-
alent to 〈H, hiρjρ 〉 = λ(ρ)δiρjρ .

All this holds also in the outer version, with sign ∗, where the last equality is
〈H ∗, h∗

iρjρ
〉 = λ∗

(ρ)δiρjρ with H ∗ = 1
m

∑
ρ mρH

∗
ρ and λ∗

(ρ) = λ(ρ) + c. Substituting
this expression of H ∗ and using that by (4.3.7) 〈H ∗

σ , h
∗
iρjρ

〉 = 0 (ρ �= σ), one obtains

〈H ∗
ρ , h

∗
iρjρ

〉 = m
mρ

λ∗
(ρ)δiρjρ . Therefore, every leaf of Tρ is indeed pseudoumbilic as

asserted, since (8.1.4) holds, with λ∗ = m
mρ

λ∗
(ρ).

Remark 8.1.4. The notion of pseudoumbilic submanifold Mm in Nn(c) has impor-
tance only when m > 1, because if m = 1, then every curve M1 in Nn(c) is
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pseudoumbilic, since then (8.1.4) is satisfied trivially: H ∗ = h∗
11 is then the outer

curvature vector of the curve and λ∗ = 〈H ∗, H ∗〉.
Therefore, Proposition 8.1.3 has meaning only for foliations whose dimension,

i.e., the multiplicity of the corresponding eigenvalue of AH , is greater than 1. Other-
wise, the leaves are simply a set of curves. Of course, the assertions of Theorem 8.1.2
are also valid for these curves.

In order to obtain the product decomposition of a semiparallel submanifold Mm

in Nn(c) ⊂ σE
n+1, some additional assumptions must be added to those of Theo-

rem 8.1.2.

Theorem 8.1.5. Let Mm be as in Theorem 8.1.2 and let T ′
1, . . . , T

′
s be direct sums

of T1, . . . , Tr which at every point x ∈ U satisfy T ′
1 ⊕ · · · ⊕ T ′

s = TxM
m, so that

every T ′
ϕ , 1 ≤ ϕ ≤ s, is parallel for the Riemannian connection ∇ induced on Mm

by immersion. Then around each of its points the submanifold Mm coincides locally
with a product of semiparallel submanifolds Um′

1 , . . . , Um′
s , where every Um′

ϕ is a
leaf of T ′

ϕ .

Proof. Since the foliations T1, . . . , Tr are mutually orthogonal and conjugate, the
T ′

1, . . . , T
′
s are also mutually orthogonal and conjugate, i.e.,

〈T ′
ϕ, T

′
ψ 〉 = 0, h(T ′

ϕ, T
′
ψ ) = 0 (ϕ �= ψ).

Moreover, due to (4.3.6)

〈h∗
i′ϕk′

ϕ
, h∗

j ′
ψ l

′
ψ
〉 = 0 (ϕ �= ψ). (8.1.5)

If every T ′
ϕ is parallel in ∇, then ω

j ′
ψ

i′ϕ
= 0 for every pair ϕ �= ψ , thus T ′

ϕ is a

foliation. Now (2.2.3), (2.2.2) imply that among hijk only hi′ϕj ′
ϕk

′
ϕ
(ϕ = 1, . . . , s) can

be nonzero.
Therefore, differentiation of (8.1.5) yields

〈hi′ϕk′
ϕp

′
ϕ
, h∗

j ′
ψ l

′
ψ
〉 = 0 (ϕ �= ψ). (8.1.6)

For semiparallel Mm one has ∇̄hαijk = hαijklω
l (see Section 3.4), where hαijkl are

symmetric in the lower indices. It follows that among hijkl only hi′ϕj ′
ϕk

′
ϕ l

′
ϕ

can be
nonzero.

From (8.1.6) one can deduce by differentiation that

〈hi′ϕk′
ϕp

′
ϕq

′
ϕ
, h∗

j ′
ψ l

′
ψ
〉 = 0, 〈hi′ϕk′

ϕp
′
ϕ
, hj ′

ψ l
′
ψq

′
ψ
〉 = 0, (8.1.7)

if ϕ �= ψ . Repeating this procedure, one sees that in general

〈hi′ϕk′
ϕ ...u

′
ϕ
, hj ′

ψ l
′
ψ ...v

′
ψ
〉 = 0 (ϕ �= ψ) (8.1.8)

for every admissible choice of indices; this can be proved by induction.
The procedure terminates when all vectors hi′ϕ ...u′

ϕ
withp+1 indices are contained

in the linear span of these vectors with 2, 3,…,p indices. Such a p exists because
σE

n+1 is finite dimensional.
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From (1.6.2), (2.2.1), (2.4.1), (3.1.2) and from their differential prolongations it
follows that

∇ei′ϕ = h∗
i′ϕj ′

ϕ
ωj ′

ϕ ,

∇h∗
i′ϕj ′

ϕ
=
∑

l′ϕ

el′ϕ 〈h
∗
i′ϕj ′

ϕ
, h∗

k′
ϕ l

′
ϕ
〉ωk′

ϕ + hi′ϕj ′
ϕk

′
ϕ
ωk′

ϕ ,

................................

∇hi′ϕ ...u′
ϕ

=
∑

l′ϕ

el′ϕ 〈hi′ϕ ...u′
ϕ
, h∗

p′
ϕ l

′
ϕ
〉ωp′

ϕ + hi′ϕ ...u′
ϕp

′
ϕ
ωp′

ϕ ,

where

∇ei′ϕ = dei′ϕ − ej ′
ϕ
ω
j ′
ϕ

i′ϕ
, ∇h∗

i′ϕj ′
ϕ

= dh∗
i′ϕj ′

ϕ
− h∗

k′
ϕj

′
ϕ
ω
k′
ϕ

i′ϕ
− h∗

i′ϕk′
ϕ
ω
k′
ϕ

j ′
ϕ
,

and so on; here ∇hi′ϕ ...u′
ϕ

must have p indices.

It is seen that a leaf Um′
ϕ of the foliation T ′

ϕ , containing x ∈ Um, lies around x in
the nϕ-plane defined by x and the linear span of the vectors ei′ϕ , h

∗
i′ϕj ′

ϕ
, . . . , hi′ϕ ...u′

ϕ
.

All such pairs of nϕ-planes and nψ -planes (ϕ �= ψ) are totally orthogonal due
to (8.1.5)–(8.1.8). Therefore, around x the submanifold Mm is actually a product of
submanifolds Um′

ϕ (ϕ = 1, . . . , s), which are semiparallel, as follows from Proposi-
tion 8.1.1 and Theorem 8.1.2.

This finishes the proof of Theorem 8.1.5.

Remark 8.1.6. In the special case c = 0, i.e., for submanifolds in En, Theorem 8.1.5
was announced in [Lu 87a], with a reference to [Mo 71]. A direct proof for this case
was given in [Lu 88a]; the proof just given above extends it now to the case c �= 0.

For the 2-parallel submanifolds, which due to Proposition 4.1.5 constitute a special
class of semiparallel ones, Theorem 8.1.5 with c = 0 was proved previously in
[Lu 87c].

An interesting modification of Theorem 8.1.5 was given by V. Mirzoyan in
[Mi 91c], where the assumption that every T ′

ϕ is parallel with respect to ∇ is replaced
by another assumption also involving ∇ and referring directly to the foliations Tρ .

Following [ChK 52] the dimension of the tangent subspace {Z ∈ TxM
m :

R(X, Y )Z = 0 for all X, Y ∈ TxM
m} of a Riemannian manifold Mm is called

the index of nullity of this Mm at x.
If the index of nullity of Mm is zero, there exist X, Y ∈ TxM

m such that
R(X, Y )Z = 0 impliesZ = 0. In other words, the matrix ofRij (X, Y ) = Rij,klX

kY l

has maximal rankm and hence for everyW ∈ TxM
m there existsZ ∈ TxM

m such that

W = R(X, Y )Z.

Theorem 8.1.7. Let Mm be as in Theorem 8.1.2 and let all eigenvalues of AH be
nonzero and all leaves of the foliations Tρ have zero index of nullity at every point.
Then Mm is a product of these leaves.
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Proof. One has to establish that for arbitrary X ∈ TxM
m and Wρ ∈ Tρ the covariant

derivative ∇XWρ belongs to Tρ . This would imply that the foliation Tρ is parallel for
∇ and then Theorem 8.1.5 gives the desired conclusion.

Due to the assumption about the nullity index, there exist Xρ, Yρ , Zρ in Tρ such
that Wρ = R(Xρ, Yρ)Zρ . Thus

∇VσWρ = ∇Vσ [R(Xρ, Yρ)Zρ]

= [(∇VσR)(Xρ, Yρ)]Zρ + R(∇VσXρ, Yρ)Zρ

+ R(Xρ,∇Vσ Yρ)Zρ + R(Xρ, Yρ)∇VσZρ . (8.1.9)

From (2.1.10) and from h∗
iρpσ

= 0 (ρ �= σ) it follows that Riρjρ ,pσ qσ = 0,
if ρ �= σ . For semiparallel Mm, (4.1.1) holds in its outer version and this yields
Riρjσ ,pq = 0 (ρ �= σ). Thus only Riρjρ ,pρqρ can be nonzero and hence the last three
summands on the right side of (8.1.9) belong to Tρ .

It remains to show that the same is true for the first summand. The Bianchi identity
(1.3.6) implies that

(∇VσR)(Xρ, Yρ) = −(∇XρR)(Yρ, Vσ ) − (∇YρR)(Vσ , Xρ). (8.1.10)

Here, as in (8.1.9),

[(∇XρR)(Yρ, Vσ )]Zρ = ∇Xρ [R(Yρ, Vσ )Zρ] − R(∇XρYρ, Vσ )Zρ

− R(Yρ,∇XρVσ )Zρ − R(Yρ, Vσ )∇XρZρ .

For the case ρ �= σ , only −R(Yρ,∇XρVσ )Zρ can be nonzero on the right side, and
it belongs indeed to Tρ (by the same argument as above).

So the result is as follows: If ρ �= σ then ∇VσWρ belongs to Tρ .
Further, 〈Vρ,Wσ 〉 = 0 implies

〈∇XρVρ,Wσ 〉 + 〈Vρ,∇XρWσ 〉 = 0,

where ∇XρWσ belongs to Tσ and thus the second term above is zero. Since Wσ is
arbitrary for every σ �= ρ, it follows that ∇XρVρ belongs to Tρ.

Therefore, ∇XWρ belongs to Tρ for any vector field X on Mm. Hence every
foliation Tρ is parallel with respect to ∇, and now Theorem 8.1.5 can be applied, for
the situation where every T ′

ϕ is a single Tρ . This verifies the assertion.

Remark 8.1.8. Theorem 8.1.7 was proved by V. Mirzoyan in [Mi 91c] in an indirect
way, based on some properties of the so-called V -decomposition of a semisymmetric
Riemannian manifold which was introduced and investigated by Z. I. Szabó [Sza 82].
The proof given above uses the same idea but is more direct.

8.2 Decomposition of Parallel Submanifolds

A normally flat parallel submanifold is decomposed in Section 5.2 as a product of
spherical submanifolds. This was done as preparation for the decomposition of nor-
mally flat semiparallel submanifolds. In this section, general normally nonflat parallel
submanifolds will be decomposed.
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Every parallel submanifold Mm in Nn(c) ⊂ σE
n+1 is semiparallel (see Propo-

sition 4.1.3); therefore, all results of the previous Section 8.1 can be used for them.
By Proposition 8.1.3, the leaves of the eigenfoliations of AH are pseudoumbilic sub-
manifolds. Now suppose the parallel condition also holds.

Proposition 8.2.1. A pseudoumbilic parallel submanifold Mm in Nn(c) ⊂ σE
n+1 is

a minimal submanifold,

• in general, if λ∗ �= 0 in (8.1.4), in a hypersphere of σEn+1, or,
• in particular, if λ∗ = 0 in (8.1.4), in an (m − 1)-dimensional horosphere of

H n(c) ⊂ 1En + 1, which could reduce to an m-dimensional plane or to its open
subset.

Proof. The parallel condition is ∇̄∗h∗
ij + ∑k ek〈h∗

ij , h
∗
kl〉ωl = 0 (see (3.1.2) with

hijk = 0). Summing this over i = j one obtains dH ∗ +∑k ek〈H ∗, h∗
kl〉ωl = 0.

On the other hand the pseudoumbilic condition (8.1.4) gives 〈H ∗, h∗
kl〉 = λ∗δkl , so

dH ∗ + λ∗(ekωk) = 0, and thus dH ∗ = −λ∗dx.
Further, summing in (8.1.4) over i = j leads to 〈H ∗, H ∗〉 = λ∗ and differentia-

tion then gives dλ∗ = −λ∗2〈dx,H ∗〉 = 0.
This shows that if λ∗ �= 0 then d[x + (λ∗)−1H ∗] = 0, so that the point in σE

n+1

with radius vector z = x+ (λ∗)−1H ∗ is a fixed point. Therefore, Mm is contained in
a hypersphere with center at this point, whose radius is the reciprocal of the length of
H ∗. Since H ∗ points along the radius of this hypersphere, the mean curvature vector
of Mm with respect to this hypersphere is zero; hence Mm is minimal in the latter.

If λ∗ = 0 then 0 = 〈H ∗, H ∗〉 = 〈H,H 〉 + c shows that only c ≤ 0 is possible
here. If c = 0, then H = 0 and by Theorem 4.1.7, Mm is totally geodesic in En,
thus an m-dimensional plane or its open subset. If c < 0 then Mm is contained in an
(n − 1)-dimensional horosphere of H n(c), orthogonal to the straight lines of H n(c)

with direction vector H , parallel in the Lobachevsky sense, i.e., intersected from
H n(c) ⊂ 1E

n+1 by the two-dimensional planes of 1E
n+1 containing the origin point

o and the lightlike vector H ∗.

Theorem 8.2.2. Let Mm be a parallel submanifold in Nn(c) and let λ(1), . . . , λ(r)
be distinct eigenvalues of AH with constant multiplicities m1, . . . , mr on some
open U ⊂ Mm. Then U is the product of pseudoumbilic parallel submanifolds
Um1 , . . . , Umr , described in Proposition 8.2.1.

Proof. Since a parallel Mm is also semiparallel, one can use Theorem 8.1.2, un-
der some simplifying circumstances. Namely, for a parallel Mm characterized by
∇̄hαij = 0, (2.2.3) implies hαijk = 0. Therefore, in (8.1.1) and (8.1.2) the right sides

are equal to zero, because also Hα
k = 0, thus ∇hHij = 0 and ω

jσ
iρ

= 0 (ρ �= σ ).
Hence all Tρ are themselves parallel for the Riemannian connection ∇ induced on
Mm by immersion. By Theorem 8.1.2, this parallel Mm coincides, locally around
every point of U , with a product Um1 , . . . , Umr , where every Umρ is a leaf of Tρ ,
and is by Proposition 8.1.1 a parallel submanifold, and by Proposition 8.1.3 it is also
pseudoumbilic.

Now, indeed, Proposition 8.2.1 can be applied, which finishes the proof.
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Remark 8.2.3. Theorem 8.2.2 generalizes Proposition 5.2.1, which describes nor-
mally flat parallel submanifolds Mm in Nn(c) as products of spherical submanifolds.
But in those parts which concern the possible one-dimensional product components,
they coincide. Indeed, such components in Theorem 8.2.2 are obviously normally
flat parallel ones and therefore are spherical curves by Proposition 5.2.1, and thus
they are the plane curves of constant curvature in Nn(c) described in Section 5.2.

Remark 8.2.4. For general parallel submanifolds of Euclidean space En, Theo-
rem 8.2.2 was proved by Ferus [Fe 74a, b]. Later in [Fe 80] he showed that a complete
parallel Mm in En is a symmetric orbit, i.e., the orbit of a Lie group acting by isome-
tries of En, and symmetric with respect to each of its normal subspaces.

Ferus’ main result in [Fe 80] is as follows.

Theorem 8.2.5. A general symmetric orbit Mm in Euclidean space En is a product
submanifold

Mm1 × · · · × Mms × S1(cs+1) × · · · × S1(cs+q) × Em0 ,

where m1 > 1, . . . , ms > 1, and the factors lie fully in their own subspaces, which
are mutually totally orthogonal inEn. Moreover, eachMmσ is a standardly imbedded
symmetric R-space, and in particular, minimal in an Snσ (cσ ) ⊂ Enσ+1.

Generalizations of this theorem to the case of symmetric orbitsMm inNn(c)were
given in [Tak 81] and [BR 83]. Note that Theorem 8.2.2 above can be considered as
a preparation for such a generalization. Indeed, the multiplicities m1, . . . , mr must
be separated into those which are > 1, and those which are 1. Replacing the local
approach by a global one, only the assertion about the standardly imbedded symmetric
R-spaces needs justification, and Theorem 3.6.1 can be used for that.

A factor Mmσ in Theorem 8.2.5, i.e., an irreducible symmetric orbit, which is of
dimension mσ > 1 and not totally geodesic, will be called a main symmetric orbit
(cf. [Lu 96c, d]).

Recall that the semiparallel submanifolds of Theorem 8.1.2 are second-order
envelopes of the corresponding parallel ones (see Theorem 4.5.5), which are the
symmetric orbits of Theorem 8.2.5. The leaves of the eigenfoliations T1, . . . , Tr of
AH , which have dimension > 1 and are not totally geodesic, have the property that
each of them is a second-order envelope of main symmetric orbits. They will be
called the main leaves of the semisymmetric submanifold.

For instance, the spherical factors of an irreducible normally flat semiparallel
submanifold considered as a warped product (see Section 5.4) are examples of such
main leaves.

8.3 Decomposition of Normally Flat 2-Parallel Submanifolds

Two important classes of semiparallel submanifolds, besides the class of parallel ones,
consist of 2-parallel submanifolds and of submanifolds with flat van der Waerden–
Bortolotti connection ∇̄ (see Propositions 4.1.4 and 4.1.5).
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Among 2-parallel submanifolds, the normally flat ones deserve special attention.
In this section it will be shown that each of them is a product submanifold whose
nonparallel components can only have dimension 1 or 2.

Theorem 8.3.1. A normally flat 2-parallel submanifold Mm in Nn(c) ⊂ σE
n+1 is a

product of 2-parallel curves or surfaces and possibly a normally flat parallel sub-
manifold.

The proof will result from the lemma and two propositions that follow.

Lemma 8.3.2. A normally flat 2-parallel submanifold Mm in Nn(c) satisfies, in ad-
dition to (5.1.1)–(5.1.3) and the assertions of Lemma 5.1.2, also

dKi = −
m∑

l=1

〈Ki, kl〉elωl + 3
∑

j �=i

Lijω
j
i , (8.3.1)

dLij = −
m∑

l=1

〈Lij , kl〉elωl + (2Lji − Ki)ω
j
i +

l �=j∑

l �=i

Lilω
l
j , (8.3.2)

and if r ≥ 3, then the coefficients in (5.1.6) satisfy

λ(ρ)jτ λ(ρ)lϕ = 0, λ(ρ)jτ λ(τ )lϕ = λ(ρ)lϕλ(ϕ)jτ , (8.3.3)

for every distinct triple of indices ρ, τ and ϕ.

Proof. The relations (8.3.1) and (8.3.2) are immediate consequences from the 2-
parallel condition ∇̄hαij l = 0. Substituting into it i = iρ , j = jτ , l = lϕ with distinct
ρ, τ , ϕ, one gets via Eij l = 0 that

(Liρ lϕ − Ljτ lϕ )ω
jτ
iρ

+ (Ljτ iρ − Llϕ iρ )ω
lϕ
jτ

+ (Llϕjτ − Liρjτ )ω
iρ
lϕ

= 0.

After substitution from (5.1.6), the result is (8.3.3).

Proposition 8.3.3. The field of subspaces span{eiρ } of Lemma 5.1.2 coincides with
the eigenfoliation Tρ of Theorem 8.1.2 for every value of ρ. If this field corresponds to
a principal curvature vector k(ρ) which is either zero or nonzero nonsimple, then this
eigenfoliation is parallel for ∇ and its leaves are parallel submanifolds. The one-
dimensional foliations corresponding to nonzero simple principal curvature vectors
ki span a foliation T ′ which is also parallel for ∇, and Mm is a product of its leaves
and of the parallel submanifolds above.

Proof. Since H = 1
m
(k1 + · · · + km), one has

〈H, hiρjρ 〉 = 1

m
〈k1 + · · · + km, k(ρ)δiρjρ 〉 = mρ

m
k2
(ρ)δiρjρ , 〈H, hiρjτ 〉 = 0

for ρ �= τ . Thus λρ = mρ

m
k2
(ρ); this proves the first assertion.
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Let k(1) = 0 and so λ1 = 0. Then Ki1 = Li1j = 0 due to (5.1.2). Now

(5.1.6) and (8.3.2) give, respectively, ω
jτ
i1

= −λ(τ )i1ω
jτ and 2Ljτ i1ω

jτ
i1

= 0,
both for τ �= 1. Again by (5.1.6), Ljτ i1 = λ(τ )i1k(τ ) and so, after substitution,

λ(τ )i1k(τ )(−λ(τ )i1ω
jτ ) = 0; thus λ(τ )i1 = 0 and hence ω

jτ
i1

= 0. Therefore, T1 is
parallel for ∇.

Let k(ρ) be nonzero nonsimple. Then Lemma 5.1.2 gives Kiρ = 0 and now
substitution into (8.3.1) implies

0 =
∑

τ �=ρ

Liρjτω
jτ
iρ

=
∑

τ �=ρ

λ(ρ)jτ (k(ρ) − k(τ ))(λ(ρ)jτω
iρ − λ(τ )iρω

jτ )

(summing by jτ ), and thus λ(ρ)jτ = 0, i.e., Liρjτ = 0. Now substitution into (8.3.2)
gives

0 = 2Ljτ iρω
jτ
iρ

= 2λ(τ )iρ (k(ρ) − k(τ ))λ(τ )iρω
jτ ,

thus λ(τ )iρ = 0. Consequently, ωjτ
iρ

= 0 for τ �= ρ and Tρ is parallel in ∇.

The field of tangent subspaces spanned by the one-dimensional eigenspaces cor-
responding to nonzero simple principal curvature vectors ki is totally orthogonal to
the parallel eigenfoliations considered in this proof, and therefore it is also parallel
in ∇. This field is defined by the system ωi1 = ωiρ = 0, and since all dωi1 and dωiρ

reduce to zero due to the equations of this system, as follows from the results above

ω
i1
jτ

= −ω
jτ
i1

= 0, ω
iρ
jτ

= −ω
jτ
iρ

= 0, this field is also a foliation T ′. The submanifold
Mm is thus a product of the leaves of all these totally orthogonal foliations.

Moreover, as is seen from the proof, the components of the third fundamental
form are zero (see, e.g., (5.1.6)) for all leaves of these foliations except T ′; hence
these leaves are parallel submanifolds, as asserted.

Proposition 8.3.4. The one-dimensional foliations which span T ′ can be joined into
pairs so that every pair spans a two-dimensional foliation parallel in ∇, and every
leaf of T ′ is a product of leaves of all these one- or two-dimensional foliations.

Proof. Let a leaf of T ′ be denoted simply by Mm. Now (5.1.2) and (5.1.6) take the
form

dki = (−k2
i ei + Ki)ω

i +
∑

j �=i

Lijω
j , (8.3.4)

Lij = λij (ki − kj ), ω
j
i = λijω

i − λjiω
j . (8.3.5)

By differentiating 〈ki, kj 〉 = 0 (i �= j ), one obtains

〈Ki, kj 〉 = k2
i λji, (i �= j). (8.3.6)

After exterior differentiation of (8.3.4), one can see that all tangential terms cancel,
as well as the normal terms with ωi ∧ ωj , and the result is
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0 =
l �=i∑

j �=i

[λilλlj (ki − kl) + λijλj l(ki − kj )]ω
j ∧ ωl .

So in addition to (8.3.3), in which the first equations take the form λijλil = 0, one
obtains λijλj l = 0, where i, j , l have any three distinct values; moreover, the second
equations of (8.3.3) reduce to identities.

Let us consider for some three distinct values i, j , k the matrix
⎛
⎝

0 λij λik
λji 0 λjk
λki λkj 0

⎞
⎠ .

The last equalities say that in every row and in every side of Sarrus’s “+’’-triangle,
there can be only one nonzero entry. Up to permutations there are only two possibili-
ties: the nonzero entries are either (1) only λjk and λkj or (2) only λjk and λik . In the
second case λij = λji = λki = λkj = 0 and therefore, in particular, Lij = Lji = 0.
Now (8.3.2) and (8.3.5) imply that

l �=j∑

l �=i

λil(ki − kl)(λj lω
j − λljω

l) = 0,

whence λikλjk = 0. Therefore, this second case is impossible.
As a final result, in every principal (3 × 3)-matrix of the (m × m)-matrix

⎛
⎜⎜⎜⎜⎜⎝

0 λ12 λ13 . . . λ1m
λ21 0 λ23 . . . λ2m
λ31 λ32 0 . . . λ3m
...

...
...

. . .
...

λm1 λm2 λm3 . . . 0

⎞
⎟⎟⎟⎟⎟⎠

nonzero entries can occur only in pairs of entries symmetric across the principal
diagonal. Moreover the indices in two such pairs cannot have a common value.
Without loss of generality one may assume that these pairs are (λ12, λ21), (λ34, λ43),
(λ56, λ65), etc. Thus, due to (8.3.5), among ωj

i only ω2
1, ω4

3, ω6
5 can (but need not) be

nonzero. In view of Theorem 8.1.2, this proves the assertion.

Now, to prove Theorem 8.3.1 it suffices to combine the results obtained above.

Remark 8.3.5. Theorem 8.3.1 for the case c = 0 was given in [Lu 89a], where de-
scriptions of the nonparallel components of the submanifold were also added; these
descriptions are given here in Section 6.8.

Note that the normally flat parallel submanifolds mentioned in Theorem 8.3.1
were described in Section 5.2 above.

Remark 8.3.6. General (i.e., normally nonflat) 2-parallel submanifolds Mm in Nn(c)

have been investigated up to now only for dimensions m = 2 and m = 3. These
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surfaces (m = 2) are considered above in Section 6.7 (see Theorem 6.7.2), and such
three-dimensional submanifolds were studied for c = 0 in [Lu 90c] and in general in
[Lu 2000a], where Theorem 22.1 states the following:

Every three-dimensional 2-parallel submanifold M3 in Nn(c) is reducible in the
sense that it is a product of curves and surfaces with ∇̄h = 0 or ∇̄2h = 0, at least
one of which has ∇̄h �= 0.

Note that 2-parallel curves are also described in Section 6.7 (see Proposition 6.7.1).

8.4 Structure of Submanifolds with Flat van der Waerden–

Bortolotti Connection

An important class of semiparallel submanifolds, besides the classes of parallel
and 2-parallel ones, consists of submanifolds with flat van der Waerden–Bortolotti
connection ∇̄ (see Proposition 4.1.4). The most general among them were introduced
by É. Cartan [Ca 19] in a projective treatment as those m-dimensional submanifolds
which carry a holonomic net of conjugate curves having osculating subspace of di-
mension 2m at each point; they were later called Cartan varieties (see Remark 5.4.3).
They emerged again in investigations by R. Mullari [Mu 61, 62a] on submanifolds
with absolute principal directions and were then studied in [Lu 87b].

Recall that two directions of tangent vectorsX, Y ∈ TxM
m of a submanifoldMm

are called conjugate (see [SchStr 35] Vol. II, Section 11; [AG 93], Sections 3.1–3.4),
if h(X, Y ) = hijX

iY j = 0 (see also Sect 8.1). If m linearly independent tangent
vector fields have mutually conjugate directions at every point x ∈ Mm, then their
integral curves are said to form a conjugate net on Mm. Both of these concepts arose
first in projective differential geometry and have given rise to several investigations
(see [AG 93], Chapter 3; [AG 96], Chapters 2 and 3).

Absolute principal directions were introduced for the special case of surfaces
in Euclidean 4-space by Wong [Won 52] and then in general by Mullari [Mu 61],
[Mu 62a].

It is known that if two vector subspaces T and T ∗ are given in an n-dimensional
Euclidean vector space V , then we have the following.

Lemma 8.4.1. The stationary values of the angle ϕ between directions of unit vectors
t ∈ T and u ∈ T ∗ occur so that their sides are mutually orthogonal in T as well in
T ∗; moreover, the 2-subspaces of V containing these angles with stationary values
are mutually totally orthogonal, and orthogonal to T and T ∗.

Proof. Let orthonormal bases in T and T ∗ be chosen as follows: ei in T , and ea in T ∗,
where i, j, . . . are in {1, . . . , m = dim T }, and a, b, . . . are in {1, . . . , m∗ = dim T ∗}.
Let t = ei t

i , u = eau
a . Denoting

� = 〈t, u〉 + λ(〈t, t〉 − 1) + µ(〈u, u〉 − 1)

one obtains these stationary angles and their sides from the system ∂�/∂t i = 0,
∂�/∂ua = 0, which leads to
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〈ei, u〉 + 2λ〈ei, t〉 = 0, 〈t, ea〉 + 2µ〈u, ea〉 = 0; (8.4.1)

this yields cosϕ = 〈t, u〉 = −2λ = −2µ and then

〈ei, ea〉ua − t i cosϕ = 0, 〈ei, ea〉t i − ua cosϕ = 0. (8.4.2)

Eliminating ua , one obtains

m∗∑

a=1

〈ei, ea〉〈ej , ea〉tj = t i cosϕ;

hence the sides of stationary angles go in the eigendirections of a symmetric matrix,
which are, as is known, mutually orthogonal in T ; the eigenvalues are the squares of
cosines of these angles (the same holds of course in T ∗).

For two different eigenvalues cosϕ = 〈t, u〉 and cosϕ∗ = 〈t∗, u∗〉, the sys-
tem (8.4.2) implies t cosϕ = ∑m

i=1 ei〈ei, u〉, u∗ cosϕ∗ = ∑m∗
a=1 ea〈t∗, ea〉; there-

fore, 〈t, u∗〉 cosϕ cosϕ∗ = 〈t∗, u〉 cos2 ϕ (for T ) =〈t∗, u〉 cos2 ϕ∗ (for T ∗); thus
〈t∗, u〉(cos2 ϕ − cos2 ϕ∗) = 0, and so 〈t∗, u〉 = 0. In the same way, 〈u∗, t〉 = 0.
This, together with the conclusion 〈ei, u− 〈t, u〉t〉 = 0 from (8.4.1), verifies the last
assertion of the lemma.

Corollary 8.4.2. The problem of finding the sides of nonzero stationary angles, in the
sense of Lemma 8.4.1, is equivalent to finding the directions of unit vectors t ∈ T with
the following properties: there exists v ∈ V , orthogonal to T , such that t + v ∈ T ∗,
and the length squared of v is stationary.

Indeed, then 〈v, v〉 = tan2 ϕ.
Let Mm be a submanifold in En and λ : R ⊃ [0, 1] → Mm be a smooth path

with arclength parameter s.

Lemma 8.4.3. The limit position of the system of sides in T = Tλ(0)M
m of the sta-

tionary angles between T and T ∗ = Tλ(s)M
m, as s → 0, depends only on the point

x = λ(0) and on the direction of the tangent vector X of λ at x.

Proof. A neighborhood U of x in Mm can be chosen so that it contains the above-
considered path between x = λ(0) and λ(s), and has a section of the tangent frame
bundle defined on it, whose integral curves are the coordinate curves of a map,
geodesic at x (see, e.g., [Ra 53], Section 91). For these coordinates xi , one has
ei = ∂/∂xi , ωi = dxi , ωj

i = Ŵ
j
ikdx

k , (Ŵj
ik)λ(0) = 0. Along the above path,

ωi = Xids, ds = s − 0 = s, and

(ei)λ(s) = (ei)λ(0) + (dei)λ(0) + oi,

where dei = ejω
j
i + hijX

is, lim
s→0

1

s
oi = 0.

Since for t = t iei with arbitrary constant t i , there holds dt = tjωi
j ei+t ihijX

j s+
t ioi with (ωi

j )λ(0) = 0, it follows that for t + v in Corollary 8.4.2 one can take

(t + dt)λ(0) = t + t i(hij)λ(0)X
j s + t ionormi , which yields v = t ihijX

j s + t ionormi .
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Hence, the system of sides of Lemma 8.4.1 is determined from ∂�/∂t i = 0,
where � = 〈v, v〉 + (〈t, t〉 − 1). Then dividing by s2 and taking the limit as s → 0
one gets

t i(〈hij , hkl〉XjXl − λgik) = 0, (8.4.3)

and thus
det |〈hij , hkl〉XjXl − λgik| = 0.

Hence the solutions do indeed depend only on x and X.

The directions defined by (8.4.3), and thus by Lemma 8.4.3, are called the prin-
cipal directions with respect to X ∈ TxM

m.
Eliminating λ from two arbitrary equations of (8.4.3), it follows that for each of

these directions
t i tp〈hij , gpqhkl − gpkhql〉XjXl = 0. (8.4.4)

Remark 8.4.4. The concept of a system of mutually orthogonal principal directions
with respect to a given tangent direction was introduced by Wong in [Won 52] in the
special case m = 2, n = 4; it was then generalized to the situation of Lemma 8.4.3
by Mullari in [Mu 61], [Mu 62a], where equations (8.4.4) were also deduced.

These same authors also introduced in these articles the concept of a system of
absolute principal directions of Mm in En (in [Won 52] for the case m = 2, n = 4
only), which they defined as the system of mutually orthogonal directions formed
by the principal directions with respect to all tangent directions of Mm at a point
x ∈ Mm, if such a system does exist.

It is seen from (8.4.4) that these directions are defined by the tangent vectors
t = ei t

i satisfying

t i tp[〈hij , gpqhkl − gpkhql〉 + 〈hil, gpqhkj − gpkhqj 〉] = 0. (8.4.5)

Due to Lemmas 8.4.1 and 8.4.3, the absolute principal directions are mutually orthog-
onal if they exist; therefore the basis vectors ea (a = 1, . . . , m) of the orthonormal
frame adapted to Mm can be taken in these directions. Then equations (8.4.5) are
satisfied by t i = δia , gpq = δpq and reduce to

〈haj , δaqhkl − δakhql〉 + 〈hal, δaqhkj − δakhqj 〉 = 0,

and thus to trivial identities, except for a = q �= k:

〈haj , hkl〉 + 〈hal, hkj 〉 = 0 (a �= k); (8.4.6)

here a = k �= q gives the same, only k is to be replaced by q.

Lemma 8.4.5. If Mm in En has a field of absolute principal directions which form a
conjugate net, then Mm has flat connection ∇̄. Conversely, if Mm has flat connection
∇̄, then its principal basis at an arbitrary point x ∈ Mm consists of vectors with
absolute principal directions of Mm.
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Proof. For the adapted frame above one has (8.4.6), and since the net is conjugate,
one has haj = kaδaj , etc. Hence 〈ka , kk〉 = 0 (a �= k). Then in (2.1.9) (with c = 0)

hαij = kαi δij and thus Rj
i,pq = R

β
α,pq = 0; hence this Mm has flat ∇̄.

The argument works in reverse, and hence the converse is also true.

The last lemma states, in other words, that the class of those submanifolds Mm in
En which carry a conjugate net of lines with absolute principal directions coincides
with the class of Mm having flat ∇̄, i.e., with a subclass of semiparallel submanifolds
in En.

The rest of the present section presents some results obtained in [Mu 61] and
[Lu 87b] about the structure of submanifolds belonging to this subclass.

Recall that a normally flat submanifoldMm havingm distinct orthogonal nonzero
outer principal curvature vectors at each point is said to be of Cartan type (see Re-
mark 5.4.3). Due to (5.1.4) they have flat ∇̄.

Theorem 8.4.6. Let a Riemannian submanifold Mm in sE
n with flat van der Waer-

den–Bortolotti connection ∇̄ be not of Cartan type, and suppose that on an open
set U ⊂ Mm there are exactly m∗ = m − q nonzero vectors, 0 < m∗ < m,
among its principal curvature vectors. Then there exists a normally flat Riemannian
submanifold Mm∗ ⊂ U of Cartan type, with its normal field νq of q-dimensional
Euclidean subspaces which is parallel with respect to ∇∗⊥, so that U consists of
open subsets of q-planes through points x ∈ Mm∗

, in the direction of νqx .
Conversely, if one has a normally flat Riemannian Mm∗

in sE
n with a field νq

of q-dimensional Euclidean subspaces normal to Mm∗
and parallel with respect to

∇∗⊥, then the submanifoldMm,m = m∗+q, in sE
n, formed by all points of q-planes

through arbitrary x ∈ Mm∗
in direction of νqx , is a Riemannian submanifold Mm in

sE
n with flat ∇⊥. This Mm has flat ∇̄ if and only if the components of the principal

curvature vectors of Mm∗
at every point x ∈ Mm, orthogonal to the q-plane at this

x, are mutually orthogonal.

Proof. Let the principal curvature vectors k1, . . . , km of Mm be renumbered so that
the first m∗ of them are nonzero and the next q are zero: ki∗ �= 0 for 1 ≤ i∗ ≤ m∗

and k(0) = ku = 0 for m∗ + 1 ≤ u ≤ m. Since Mm with flat ∇̄ is assumed to
be semiparallel, the nonzero k1, . . . , km∗ are mutually orthogonal, due to Theorem
5.1.2. One can use (5.1.2), which for i = u yields Lui∗ = 0, and thus from (5.1.6)
λ(0)i∗ = 0, ωu

i∗ = λi∗uω
i∗ .

The last relation together with ωi∗
u = −ωu

i∗ shows that the differential system
ωi∗ = 0 on Mm is completely integrable. The leaves of the corresponding foliation
are q-planes, because for them dx = ωueu, deu = ωv

uev .
The differential system ωu = 0 on Mm is completely integrable as well. Indeed,

dωu = ωi∗ ∧ωu
i∗ +ωv∧ωu

v = ωv∧ωu
v .The leaves of this foliation arem∗-dimensional

submanifolds Mm∗
. Consider one of them. On it one has

dei∗ = ej∗ω
j∗
i∗ + euω

u
i∗ + ki∗ω

i∗;

hence
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hi∗j∗ =

⎛
⎝ki∗ +

m∑

u=m∗+1

euλi∗u

⎞
⎠ δi∗j∗ .

Now it follows easily that this Mm∗
has flat normal connection ∇∗⊥.

Along this Mm∗
one has deu = −∑m∗

i∗=1 λi∗uω
i∗ei∗ + ωv

uev, and therefore the
field νq of q-dimension subspaces normal toMm∗

subspaces spanned by eu is parallel
with respect to ∇∗⊥, because the normal component of deu outside of νq is zero (see
[LCh 81], Proposition 1).

The argument in the reverse direction works, verifying the converse assertion; for
details see [Lu 87b].

Now consider a submanifold Mm in En with flat ∇̄ of Cartan type. Its m prin-
cipal curvature vectors are all nonzero and mutually orthogonal, as follows from
Theorem 5.1.2. Suppose that among the latter there exist m∗ vectors, m∗ < m, so
that the field of m∗-dimensional tangent subspaces spanned by the corresponding
principal directions is parallel with respect to the Riemannian connection ∇ induced
on this submanifold Mm. This parallel property means, as is known, that for an arbi-
trary vector field belonging to the above-considered field of m∗-dimensional tangent
subspaces, its differential has components only in this latter field and normal to Mm.

Analoguously, a field ofp-dimensional normal subspaces onMm is called parallel
with respect to the normal connection ∇⊥ of Mm if for an arbitrary vector field
belonging to it, the differential of the latter has components only in it and in the
tangent subspace of Mm (see [LCh 81]).

Theorem 8.4.7. LetMm inEn be a submanifold with flat van der Waerden–Bortolotti
connection ∇̄ of Cartan type. The following four assertions are equivalent to each
other:

(i) The field ofm∗-dimensional tangent subspaces spanned by unit vectors ei∗ having
the principal directions of Mm, 1 ≤ i∗ ≤ m∗ < m, is parallel with respect to ∇.

(ii) The field of (m − m∗)-dimensional tangent subspaces totally orthogonal to the
previous field (thus spanned by unit vectors ei′ in the remaining principal direc-
tions) is parallel with respect to ∇.

(iii) The field of m∗-dimensional normal subspaces spanned by principal curvature
vectors k1, . . . , km∗ is parallel with respect to the connection ∇⊥

0 induced in the
bundle of first normal subspaces of Mm.

(iv) The field of (m−m∗)-dimensional normal subspaces spanned by the remaining
principal curvature vectors km∗+1, . . . , km is parallel with respect to ∇⊥

0 .

Proof. The orthonormal frame can be adapted to this submanifold Mm so that ei
are in the principal directions and em+i are in the directions of the corresponding
principal curvature vectors; let eρ be the remaining basis vectors of the frame normal
to Mm. Then ki = κiem+i , thus hm+k

ij = κiδij δ
k
j , and h

ρ
ij = 0. Substituting this into

(2.2.3), one obtains kiδijω
ρ
m+i = h

ρ
ijkω

k . Since the coefficients on the right side are

symmetric with respect to lower indices, only h
ρ
iii can be nonzero among them. It

follows that
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ω
ρ
m+i = l

ρ
i ω

i .

Substitution into (4.3.3) and (4.3.4) implies, after some straightforward calcula-
tions, that

ω
j
i = κic

j
i ω

i − κj c
i
jω

j , (8.4.7)

ω
m+j
m+i = κic

i
jω

i − κj c
j
i ω

j , (8.4.8)

dκi = γiω
i +
∑

j �=i

κ2
i c

j
i ω

j , (8.4.9)

where cji = κ−2
i Lm+i

ij and γi = Km+i
i .

From these formulas (8.4.7) and (8.4.8) it follows that each of the four assertions
of the theorem is equivalent to the system of equations

c
j ′
i∗ = 0, ci

∗
j ′ = 0.

Remark 8.4.8. An easy computation shows that (8.4.7) and (8.4.9) yield d(κiωi) = 0;
therefore, at least locally, there exist functions ui on Mm with flat ∇̄ of Cartan type,
so that κiωi = dui . In these parameters ui , the system (8.4.7)–(8.4.9) takes a simpler
form, e.g., (8.4.7) is

ω
j
i = c

j
i du

i − cijdu
j .
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Umbilic-Likeness of Main Symmetric Orbits

As mentioned in the introduction, the concept of umbilic-likeness (introduced in [Lu
96c, d]) is defined as follows: A symmetric orbit is called umbilic-like if the second-
order envelope of a family of submanifolds similar to this orbit is a single symmetric
orbit or its open subset. (Note that in general such an envelope is a semiparallel
submanifold.) The guiding example is the sphere, being the only submanifold all of
whose points are umbilic, i.e., at each of its points the submanifold is second-order
tangent to a sphere.

In this chapter the phenomenon of umbilic-likeness is investigated in detail.

9.1 Two Kinds of Symmetric Orbits

According to Theorem 8.1.2, a semiparallel Riemannian submanifold Mm in Eu-
clidean space En carries a conjugate system (in the sense of [AG 93], Chapter 3) of
eigenfoliations of the mean shape operator AH . By Theorem 4.5.5, such an Mm is
a second-order envelope of the corresponding parallel submanifolds, which are, if
complete, product submanifolds

Mm1 × · · · × Mms × S1(cs+1) × · · · × S1(cs+q) × Em0 ,

whereMm1 , . . . ,Mms are main symmetric orbits (see Theorem 8.2.5 by Ferus). Each
of the latter is minimal in a hypersphere and is a standard imbedding of a symmetric
R-space.

If Mm is normally flat in En, then these main orbits are spheres, as is shown
in [Wa 73] (see above Section 5.2). According to Theorem 5.4.1, the eigenleaves
of a general normally flat semisymmetric submanifold Mm enveloped by these
spheres are then these spheres themselves. At the same time, the circle components
S1(cs+1), . . . , S

1(cs+q) envelop some curves of Mm that are orthogonal trajectories
of these spheres.

This circumstance has a simple explanation, already noted in the introduction to
this chapter, which is more thoroughly explained as follows.

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_10, © Springer Science+Business Media, LLC 2009 
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A point of a submanifold Mm in En is umbilic if and only if Mm has second-
order tangency at this point with some sphere Sm(c) (see Sections 2.4 and 4.5). It
follows that Mm is totally umbilic if and only if Mm is a second-order envelope of
m-dimensional spheres. But it is known that if m > 1, then a totally umbilic Mm in
En is a sphere (see Propositions 3.1.2 and 5.2.2), thus the enveloping is trivial: the
family of enveloped spheres reduces to a single sphere, the envelope itself.

Form = 1 the situation is different; here every curveM1 inEn is the second-order
envelope of its circles of curvature.

Situations similar to these two occur also for other symmetric orbits. For instance,
Theorem 4.6.1 above states that the second-order envelope of Segre submanifolds
S(p,q)(k) with variable k is, in the case p > 1 and q > 1, a single Segre submanifold,
and then k is a constant; and in the casep = 1 and q > 1 this envelope is a logarithmic
tube. From Proposition 6.3.1 and Corollary 6.3.6 it follows that in N5(c), so also in
E5, a second-order envelope of Veronese surfaces is a single Veronese surface, and,
due to Theorem 6.4.1, there exists in E7 an envelope of Veronese surfaces that do not
reduce to a single Veronese surface.

The concept of umbilic-likeness introduced above is useful in order to distinguish
these two situations.

If for a main symmetric orbit, every second-order envelope of submanifolds con-
gruent or similar to this orbit is a single such orbit or its open subset, then the orbit is
umbilic-like.

So a Segre orbit without circular generators is umbilic-like, independently of the
dimension of the ambient space, whereas a Segre orbit with circular generators is not
umbilic-like. A Veronese surface (orbit) is umbilic-like in E5, but in En with n > 5
it is not umbilic-like.

The problem in this chapter is to decide which main symmetric orbits are umbilic-
like and which are not. Note that this is related to the extrinsic analogue of the Nomizu
problem for semisymmetric Riemannian manifolds. Namely, in 1968 K. Nomizu [No
68] conjectured that if such a manifold is complete and irreducible, then it reduces
to a locally symmetric manifold. This conjecture was refuted in general in [Sek 72]
and [Ta 72], and so the question arose as to whether or not there are some particular
cases where it is still true.

Now instead of semisymmetric (resp. locally symmetric) Riemannian manifolds,
one can consider semiparallel (resp. parallel) submanifolds. Therefore, the following
problem, called the modified Nomizu problem, arises (see [Lu 92a], [Lu 95b]): When
does a semiparallel submanifold reduce to a parallel one?

The question of deciding the umbilic-likeness of main symmetric orbits is a par-
ticular case of this general problem.

Let us consider from this point of view some main symmetric orbits and their
second-order envelopes in more detail.

From (4.6.1) it is seen that for a Segre submanifold S(p,q)(k) in Epq+m+1 the
vector-valued second fundamental form has the components

hi1j1 = (em+1k − cx)δi1j1 , hi1j2 = ei1j2k, hi2j2 = (em+1k − cx)δi2j2 ,
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where m = p+q, c = k2, and x, em+1, ei1j2 are mutually orthogonal vectors normal
to S(p,q)(k) (see Section 3.2). Hence the mean curvature vector is H = em+1k − cx

and thus hHi1j1
= 2cδi1j1 , hHi1j2

= 0, hHi2j2
= 2cδi2j2 . This, together with the results in

Section 3.2, shows that S(p,q)(k) is a main symmetric orbit.

As mentioned above, guided by Theorem 4.6.1, it is umbilic-like if p > 1, q > 1,
and not umbilic-like if one of p, q is 1.

Next, let the Plücker submanifoldG2,p(r) in ∧2(Rp) be considered. Here ∧2(Rp)

can be made into a Euclidean vector space R
1
2p(p−1) (see Example 1.5.4 and Sec-

tion 3.2; also [Lu 92a], [Lu 96b], [Ste 64], Chapter I, Section 4). The action of
SO(p,R) by isometries on Euclidean R

p also induces an action on ∧2(Rp), called
the Plücker action, and G2,p(r) is its orbit, which is by Theorem 3.2.3 a parallel
submanifold.

Moreover, this Plücker orbit is a main symmetric orbit. Indeed, from (3.2.8) it
follows that the mean curvature vector of this orbit is H = − 1

r
x and thus

hHuv = 1

r2
x2δuv, hHuv̄ = 0, hHūv̄ = 1

r2
x2δūv̄.

Therefore, the mean shape operator AH has only one nonzero eigenvalue 1
r2 x

2, and
this characterizes main symmetric orbits.

The fact that this orbit is umbilic-like will be proved in the next section.

Also the Veronese submanifold (see Sections 3.3 and 4.7) is a main symmetric
orbit. Let us consider such a submanifold of dimension m in Euclidean space, i.e.,

let s = c = 0. Indeed, by Theorem 3.3.1 it is a parallel orbit in E
1
2m(m+3), for which

due to (3.3.4) one has

〈hij , hkl〉 = (2δij δkl + δikδj l + δilδjk)
1

r2
,

because now h∗
ij = hij (cf. (4.4.13)); here the notation κ = 1

r2 is used. Such a
Veronese orbit will be denoted by V m(r) below.

From the last formula it is seen that the vectorshjk (j �= k) are mutually orthogonal
vectors normal to V m(r), and h11, . . . , hmm are orthogonal to the vectors hjk (j �= k)
and form a regular simplex part in the space normal to V m(r) at an arbitrary point;
the side length of this simplex is 2r−1 (cf. (4.4.8)–(4.4.11)). Here H = 1

m

∑m
i=1 hii ;

therefore,

hH11 = · · · = hHmm = 2
m + 1

m
r−2, hHij = 0 (i �= j),

and thus V m(r) is indeed a main symmetric orbit.

The problem of its umbilic-likeness is more complicated than for the preceding
examples, and will be studied separately in Section 9.7 below.
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9.2 Umbilic-Likeness of Plücker Orbits

As stated above, the Plücker submanifold G2,p(r) is an orbit of the Plücker action
of SO(p,R) in R

1
2p(p−1). More precisely, it is the standardly imbedded symmetric

R-space SO(p,R)/ SO(2,R) × SO(p − 2,R).

Theorem 9.2.1. The Plücker orbit G2,p(r) is umbilic-like; i.e., a second-order en-
velope Mm of Plücker orbits G2,p(r) with variable r and with m = 2(p − 2) in an
n-dimensional Euclidean space, n ≥ 1

2p(p− 1), is a single Plücker orbit or its open
subset.

Proof. If p ≤ 4, the assertion follows from the known results (see, e.g., [Wo 72],
9.2) that for p = 3 the Plücker orbit G2,3(r) is equivalent to the sphere S2(r) ⊂ R

3,
which is umbilic, and for p = 4 the Plücker orbit G2,4(r) is equivalent to the product
S2(

√
r) × S2(

√
r) ⊂ R

3 × R
3, which is umbilic-like, as shown in [Ri 88].

So letp > 4 and letMm be the postulated envelope. The components of its second
fundamental form with respect to the adapted frame are the same as for G2,p(r) and
thus are given in (3.2.8), where one has x = e1 ∧ e2 = E[12]. Using ω in place of the
notation θ of Section 3.2, it follows that this envelope Mm is defined by the system

ω[12] = ω[uv] = ωξ = 0, (9.2.1)

ω[12]
u = − 1

r
ωu, ω

[12]
ū = −1

r
ωū, (9.2.2)

ω[vw]
u = 1

2r
(δvuω

w̄ − δwu ω
v̄), ω

[vw]
ū = 1

2r
(δwu ω

v − δvuω
w), (9.2.3)

ωξ
u = ω

ξ
ū = 0, (9.2.4)

where ξ runs { 1
2p(p − 1) + 1, . . . , n}.

Exterior differentiation of equations (9.2.1) leads to identities, but those of (9.2.2)
lead to

d ln r ∧ ωu + ω
[12]
[uv] ∧ ωv̄ = 0, d ln r ∧ ωū − ω

[12]
[uv] ∧ ωv = 0.

Since p > 4, u takes more than two values here, and the same holds for ū; hence
these exterior equations imply that

r = const, ω
[12]
[uv] = 0. (9.2.5)

Equations (9.2.4) give

ω
ξ
[uv] ∧ ωv̄ = 0, ω

ξ
[uv] ∧ ωv = 0,

thus
ω
ξ
[uv] = 0. (9.2.6)

The more complicated equations (9.2.3) lead to
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φvwut ∧ ωt + ϕvwut ∧ ωt̄ = 0, ϕvwtu ∧ ωt + ψvw
ut ∧ ωt̄ = 0,

where

φvwut = ωv̄
uδ

w
t − ωw̄

u δ
v
t + ωv̄

t δ
w
u − ωw̄

t δ
v
u, (9.2.7)

ϕvwut = ω
[vw]
[ut] − ωv

uδ
w
t + ωw

u δ
v
t − ωw̄

t̄
δvu + ωv̄

t̄
δwu , (9.2.8)

ψvw
ut = ωū

vδ
t
w − ωū

wδ
t
v + ωt̄

vδ
u
w − ωt̄

wδ
u
v (9.2.9)

are all antisymmetric in v,w, and φvwut , ψvw
ut are also symmetric in u, t .

By Cartan’s lemma,

φvwut =Avw
utsω

s + Bvw
utsω

s̄, (9.2.10)

ϕvwut = Bvw
ustω

s + Cvw
utsω

s̄, (9.2.11)

ψvw
ut = Cvw

ustω
s + Dvw

utsω
s̄ . (9.2.12)

Here Avw
uts and Dvw

uts are symmetric in u, t, s, Bvw
uts and Cvw

ust are symmetric in u, t , and
all of them are antisymmetric in v,w.

Ifp ≥ 6 then t, u, v,w can take four different values, for which (9.2.7) and (9.2.9)
imply that φvwut = ψvw

ut = 0, and so in (9.2.10) and (9.2.12) Avw
uts = Bvw

uts = Cvw
uts =

Dvw
uts = 0. The result is that also ϕvwut = 0, and hence

ω
[vw]
[ut] = 0 (t, u, v,w distinct). (9.2.13)

If p = 5, then u, v,w can take three different values, for which (9.2.7) and
(9.2.10) give φvwuw = ωv̄

u = Avw
uwsω

s +Bvw
uwsω

s̄ . On the other hand, if u = w = t �= v

then φvuuu = 2ωv̄
u = Avu

uusω
s + Bvu

uusω
s̄ . Hence

2Avw
uws = Avu

uus . (9.2.14)

In particular, 2Avw
uww = Avu

uuw. Here the roles of u and w can be interchanged;
therefore,Avw

wwu = 2Avu
wuu. Due to symmetry in the lower indices,Avw

wwu = 2Avu
uuw =

4Avw
uww = 4Avw

wwu, thus Avw
uww = 0 if u, v,w are distinct.

It follows that for every four distinct values u, v,w, s, the right side of (9.2.14)
vanishes, and thus also Avw

uws = 0. The result is that

ωv̄
u = Ŵv̄

uuω
u + Ŵv̄

uvω
v + Bvw

uwsω
s̄,

where u, v,w are distinct and Ŵv̄
uu = Avw

uwu, Ŵv̄
uv = Avw

uwv .
The same argument applied to ψvw

ut yields the result

ωv̄
u = Cvw

uswω
s + Ŵū

vv̄ω
v̄ + Ŵū

vūω
ū.

Hence
ωv̄
u = Ŵv̄

uuω
u + Ŵv̄

uvω
v + Ŵū

vv̄ω
v̄ + Ŵū

vūω
ū,
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where u �= v. Thus for distinct u, v,w

Bvw
uwv = Ŵū

vv̄, Bvw
uwu = Ŵū

vū, Cvw
uuw = Ŵv̄

uu, Cvw
uvw = Ŵv̄

uv, (9.2.15)

and if u, v, s are also distinct, then

Bvw
uws = Cvw

usw = 0.

Furthermore, ϕuwuw = 0, which implies Bvw
usw = Cuw

uws = 0.
One can see that for three distinct u = v,w, t

φuwut = −ωw̄
t , ψuw

ut = −ωt̄
w.

Therefore, Ŵ t̄
ww̄ = −Buw

utw = 0, Ŵ t̄
ww = −Cuw

uwt = 0,

Auw
utw = −Ŵw̄

tw, Duw
utw = −Ŵw̄

tw̄. (9.2.16)

Now

φuwuw = −Ŵw̄
swω

s + Buw
uwsω

s̄, ψuw
uw = Cuw

uswω
s − Ŵw̄

sw̄ω
s̄,

but for the other side

φuwuw = ψuw
uw = ωū

u − ωw̄
w .

Thus

ωū
u − ωw̄

w = −Ŵw̄
swω

s − Ŵw̄
sw̄ω

s̄ .

Similarly,

ωw̄
w − ωū

u = −Ŵū
suω

s − Ŵū
sūω

s̄;

hence Ŵw̄
sw = −Ŵū

su, Ŵw̄
sw̄ = −Ŵū

sū for every two different u and w. In general, if for
some quantities γi one has γu = −γw for every pair of distinct u,w, then for three
distinct u, v,w it follows that γu = −γv = −(−γw) = γw = −γu, and thus all
γu = 0. Therefore,

Ŵū
su = Ŵū

sū = 0,

and consequently all quantities in (9.2.15) and (9.2.16) are zero. All this leads to

ωv̄
u = ωū

u − ωv̄
v = ωv̄

ū − ωv
u = 0 (u �= v),

ω
[uw]
[uv] − ωw

v = 0 (u, v,w distinct),

but this together with (9.2.13) verifies the assertion.

Remark 9.2.2. Theorem 9.2.1 was first proved in [Lu 92a] and then announced in
[Lu 96b].
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9.3 Unitary Orbits of the Plücker Action

The Plücker action in ∧2(Rp) = R
1
2p(p−1) is defined by the differential equations

dE[ij ] = E[kj ]θ
k
i + E[ik]θ

k
j ,

where E[ij ] = 1
r
ei ∧ ej are elements of the moving orthonormal basis in ∧2(Rp)

corresponding to a moving orthonormal basis {e1, . . . , ep} in R
p.

An arbitrary element of ∧2(Rp) is then given by cijE[ij ]. If the cij are some
constants satisfying cij = −cji , then this element describes an orbit of the Plücker
action. It is known that {e1, . . . , ep} can be chosen so that for this element, in general,

cij =
ν∑

ρ=1

cρδ
[i
2ρ−1δ

j ]
2ρ, cρ > 0, 2ν ≤ p

(see [Sch 24], Chapter I, Section 16; a more explicit presentation is given in [Shi
61], Sections 10 and 23). With this choice of basis, the element cijE[ij ] assumes the
canonical form

ν∑

ρ=1

cρE[2ρ−1,2ρ]. (9.3.1)

Theorem 9.3.1. If n = 2ν, then the orbit of the Plücker action described by (9.3.1)
with c1 = · · · = cν �= 0 is a symmetric orbit.

Proof. Let the common value of all c̺ be denoted by c. Then by (9.3.1),

x = c

ν∑

̺=1

E[2̺−1,2̺]

and the differential equation defining the Plücker action implies

dx =
∑

(I[̺σ ]1
ω[̺σ ]1 + I[̺σ ]2

ω[̺σ ]2), (9.3.2)

summed over ̺, σ for 1 ≤ ̺ < σ ≤ ν, and

I[̺σ ]1
= 1√

2
(E[2̺−1,2σ−1] − E[2̺,2σ ]) = −I[σ̺]1

, (9.3.3)

I[̺σ ]2
= 1√

2
(E[2̺−1,2σ ] + E[2̺,2σ−1]) = −I[σ̺]2

(9.3.4)

are mutually orthogonal unit vectors of R
ν(2ν−1) (i.e., elements of ∧2(Rp)) tangent

to the orbit, and

ω[̺σ ]1 = c
√

2(θ2σ
2̺−1 + θ2σ−1

2̺ ) = −ω[σ̺]1 , (9.3.5)
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ω[̺σ ]2 = − c
√

2(θ2σ−1
2̺−1 − θ2σ

2̺ ) = −ω[σ̺]2 . (9.3.6)

The same differential equation yields

dI[̺σ ]1
= I[̺σ ]2

ω
[̺σ ]2
[̺σ ]1

+
∑

τ �=̺,σ

(I[τσ ]1ω
[τσ ]1
[̺σ ]1

+ I[̺τ ]1ω
[̺τ ]1
[̺σ ]1

+ I[τσ ]2ω
[τσ ]2
[̺σ ]1

+ I[̺τ ]2ω
[̺τ ]2
[̺σ ]1

)

+ 1

2c
√

2

∑

τ �=̺,σ

(J〈τσ 〉1ω
[τ̺]2 − J〈̺τ 〉1ω

[στ ]2 + J〈τσ 〉2ω
[τ̺]1 + J〈̺τ 〉2ω

[στ ]1)

− 1

2c
(J〈̺〉 + J〈σ 〉)ω[̺σ ]1 ,

dI[̺σ ]2
= − I[̺σ ]1

ω
[̺σ ]2
[̺σ ]1

+
∑

τ �=̺,σ

(I[τσ ]1ω
[τσ ]1
[̺σ ]2

+ I[̺τ ]1ω
[̺τ ]1
[̺σ ]2

+ I[τσ ]2ω
[τσ ]2
[̺σ ]2

+ I[̺τ ]2ω
[̺τ ]2
[̺σ ]2

)

+ 1

2c
√

2

∑

τ �=̺,σ

(J〈τσ 〉1ω
[τ̺]1 + J〈̺τ 〉1ω

[στ ]1 + J〈τσ 〉2ω
[τ̺]2 + J〈̺τ 〉2ω

[στ ]2)

− 1

2c
(J〈̺〉 + J〈σ 〉)ω[̺σ ]2 ,

where ̺ �= σ ,

J〈̺〉 =E[2̺−1,2̺],

J〈̺σ 〉1 = 1√
2
(E[2̺−1,2σ−1] + E[2̺,2σ ]) = −J〈σ̺〉1 , (9.3.7)

J〈̺σ 〉2 = 1√
2
(E[2̺−1,2σ ] − E[2̺,2σ−1]) = J〈σ̺〉2 (9.3.8)

are mutually orthogonal unit vectors of R
ν(ν−1) normal to the orbit, and

ω
[̺τ ]1
[̺σ ]1

= 1

2
(θ2τ−1

2σ−1 + θ2τ
2σ ) = ω

[̺τ ]2
[̺σ ]2

, (9.3.9)

ω
[̺σ ]2
[̺σ ]1

= 1

2
(θ

2̺
2̺−1 + θ2σ

2σ−1), ω
[̺τ ]2
[̺σ ]1

= 1

2
(θ2τ

2σ−1 + θ2σ
2τ−1), τ �= σ ; (9.3.10)

the other components of the connection form ω of ∇ vanish.
The nonzero essential components of the vector-valued second fundamental form

h of the orbit are

h[̺σ ]1[̺σ ]1 = − 1

2c
(J〈̺〉 + J〈σ 〉) = h[̺σ ]2[̺σ ]2 , (9.3.11)
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h[̺σ ]1[̺τ ]1 = − 1

2c
√

2
J〈στ 〉2 = h[̺σ ]2[̺τ ]2 , τ �= σ, (9.3.12)

h[̺σ ]1[̺τ ]2 = 1

2c
√

2
J〈στ 〉1 , τ �= σ ; (9.3.13)

the other components of h vanish.
A direct calculation can now be used to verify that condition (3) of Proposi-

tion 3.1.1 is satisfied for the orbit being considered, and hence the orbit is symmetric.
For example, in the expression of ∇hab for a = [̺σ ]1, b = [̺τ ]1, τ �= σ ,

dhab = dh[̺σ ]1[̺τ ]1 = − 1

4c
(dE[2σ−1,2τ ] − dE[2σ,2τ−1])

= − 1

4c

∑

ϕ

{[E[2ϕ−1,2τ ]θ
2ϕ−1
2σ−1 + E[2ϕ,2τ ]θ

2ϕ
2σ−1

+ E[2σ−1,2ϕ−1]θ
2ϕ−1
2τ + E[2σ−1,2ϕ]θ

2ϕ
2τ ]

− [E[2ϕ−1,2τ−1]θ
2ϕ−1
2σ + E[2ϕ,2τ−1]θ

2ϕ
2σ

+ E[2σ,2ϕ−1]θ
2ϕ−1
2τ−1 + E[2σ,2ϕ]θ

2ϕ
2τ−1]}.

Thus the normal component of this dhab is

− 1

4c
√

2

∑

ϕ

{J〈ϕτ 〉2θ
2ϕ−1
2σ−1 + J〈ϕτ 〉1θ

2ϕ
2σ−1 + J〈σϕ〉1θ

2ϕ−1
2τ + J〈σϕ〉2θ

2ϕ
2τ

− J〈ϕτ 〉1θ
2ϕ−1
2σ + J〈ϕτ 〉2θ

2ϕ
2σ + J〈σϕ〉2θ

2ϕ−1
2τ−1 − J〈σϕ〉1θ

2ϕ
2τ−1},

which coincides with
∑

ϕ

{h[̺ϕ]1[̺τ ]1ω
[̺ϕ]1
[̺σ ]1

+ h[̺ϕ]2[̺τ ]1ω
[̺ϕ]2
[̺σ ]1

+ h[̺σ ]1[̺ϕ]1ω
[̺ϕ]1
[̺τ ]1

+ +h[̺σ ]1[̺ϕ]2ω
[̺ϕ]2
[̺τ ]1

},

as is easy to see. Hence ∇hab is tangent to this orbit and thus condition (3) of
Proposition 3.1.1 is satisfied for this choice of a and b.

For other choices of a and b, the verification is quite similar. This concludes the
proof.

A group theoretic characterization of the orbit of Theorem 9.3.1 can be given as
follows.

Equations (9.3.2), (9.3.5), and (9.3.6) imply that for a point x of this orbit, the
isotropy subgroup K in G = SO(n,R) is given by the completely integrable Pfaffian
system

θ2σ−1
2̺ = −θ2σ

2̺−1, θ2σ
2̺ = θ2σ−1

2̺−1 , 1 ≤ ̺ < σ ≤ ν.
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It follows that the skew–symmetric matrix of the Maurer–Cartan 1-forms θ ji of G =
SO(2ν,R) restricted to K consists of blocks

⎛
⎝

θ2σ−1
2̺−1 θ2σ

2̺−1

−θ2σ
2̺−1 θ

2σ−1
2̺−1

⎞
⎠ = θ2σ−1

2̺−1 · 1l + θ2σ
2̺−1·

◦
ıı, 1 ≤ ̺ < σ ≤ ν,

where

1l =
(

1 0

0 1

)
,

◦
ıı=

(
0 1

−1 0

)

can be identified with the complex units 1 and i, i2 = −1. Thus the Lie algebra of
K is isomorphic to u(ν,C) = {θ : tθ = −θ} and therefore K is isomorphic to the
intersection of the unitary group U(ν,C) = {A : tA · A = Id} with SO(2ν,R), i.e.,
to SU (ν,C). This shows that this orbit can be considered as a standardly imbedded
SO(2ν,R)/ SU (ν,C). Therefore, it will be called a unitary orbit.

Remark 9.3.2. In [Lu 96b], where the unitary orbit is considered in this way, it is
shown that the other orbits of the Plücker action, other than the Plücker orbits and
unitary orbits, are nonparallel submanifolds.

9.4 Umbilic-Likeness of Unitary Orbits

It can be shown that a unitary orbit is umbilic-like, i.e., the second-order envelope of
unitary orbits is a single unitary orbit. The proof is rather complicated. The first step
is to prove the codimension reduction theorem.

Theorem 9.4.1. If a submanifold Mν(ν−1) in En, n > ν(2ν − 1), is a second-order
envelope of unitary orbits, then there exists an E2ν2 ⊂ En, which contains this
Mν(ν−1) and all the unitary orbits enveloping it.

Proof. Suppose the submanifold Mν(ν−1) in a Euclidean space En, n > ν(2ν−1), is
the second-order envelope of unitary orbits of Plücker actions. Then it has an adapted
orthonormal frame bundle, whose frames have tangent vectors I[̺σ ]1 and I[̺σ ]2 , and
normal vectors J〈̺〉, J〈̺σ 〉1 , J〈̺σ 〉2 and Jζ , where

I[̺σ ]1 = −I[σ̺]1 , I[̺σ ]2 = −I[σ̺]2 , J〈̺σ 〉1 = −J〈σ̺〉1 , J〈̺σ 〉2 = J〈σ̺〉2 (9.4.1)

with ̺ �= σ (cf. (9.3.3)–(9.3.8)), 1 ≤ ̺, σ ≤ ν, and ν(2ν − 1) + 1 ≤ ζ ≤ n.
By (9.2.9), (9.3.10), the role of the Pfaffian equations ωα

i = hαijω
j (see (2.1.4))

for Mν(ν−1) is now played by

ω
〈̺〉
[̺σ ]1

= κ
√

2ω[̺σ ]1 , ω
〈̺〉
[̺σ ]2

= κ
√

2ω[̺σ ]2 , (9.4.2)

ω
〈̺τ 〉1
[̺σ ]1

= − ω
〈̺τ 〉2
[̺σ ]2

= κω[στ ]2 , (9.4.3)
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ω
〈̺τ 〉2
[̺σ ]1

= ω
〈̺τ 〉1
[̺σ ]2

= −κω[στ ]1 , (9.4.4)

all other ωα
[̺σ ]1

and ωα
[̺σ ]2

are zero, (9.4.5)

where κ = − 1
2c

√
2

; also recall that [̺σ ]1, [̺σ ]2, 〈̺σ 〉1 are skew-symmetric index

pairs, and 〈̺σ 〉2 is a symmetric index pair with ̺ �= σ , as follows from (9.4.1).
In particular, (9.4.5) implies that for the upper index ζ ,

ω
ζ
[̺σ ]1

= ω
ζ
[̺σ ]2

= 0.

Exterior differentiation according to (1.4.3), used for the last two equations, now
gives

√
2(ωζ

〈̺〉 + ω
ζ
〈σ 〉) ∧ ω[̺σ ]1 +

∑

τ

(ω
ζ
〈̺τ 〉1

∧ ω[στ ]2 − ω
ζ
〈στ 〉1

∧ ω[̺τ ]2

− ω
ζ
〈̺τ 〉2

∧ ω[στ ]1 + ω
ζ
〈στ 〉2

∧ ω[̺τ ]1) = 0, (9.4.6)

√
2(ωζ

〈̺〉 + ω
ζ
〈σ 〉) ∧ ω[̺σ ]2 −

∑

τ

(ω
ζ
〈̺τ 〉1

∧ ω[στ ]1 − ω
ζ
〈στ 〉1

∧ ω[̺τ ]1

+ ω
ζ
〈̺τ 〉2

∧ ω[στ ]2 − ω
ζ
〈στ 〉2

∧ ω[̺τ ]2) = 0. (9.4.7)

From (9.4.6) together with Cartan’s lemma, it follows that θ ζ̺σ =
√

2(ωζ
〈̺〉 +

ω
ζ
〈σ 〉) (̺ �= σ) and the other forms in (9.4.6) having upper index ζ must be linear

combinations of the basis 1-formsω[̺σ ]1 , ω[̺τ ]1 , ω[στ ]1 , ω[̺τ ]2 , ω[στ ]2 of the coframe
bundle on Mν(ν−1). Substituting this into (9.4.7), one sees that the terms obtained
from θ

ζ
̺σ ∧ ω[̺σ ]2 , and thus containing ω[̺σ ]2 as a multiplier, are all different from

the terms of the other part. No cancellations can occur between these two groups of
terms, and hence θ ζ̺σ = 0 or

ω
ζ
〈̺〉 + ω

ζ
〈σ 〉 = 0. (9.4.8)

So (9.4.6) yields

ω
ζ
〈̺τ 〉1

=
∑

ϕ �=̺,σ

(Aζ
̺τϕω

[σϕ]2 + Bζ
̺τϕω

[̺ϕ]2 + Cζ
̺τϕω

[σϕ]1 + Dζ
̺τϕω

[̺ϕ]1),

−ω
ζ
〈στ 〉1

=
∑

ϕ �=̺,σ

(Bζ
̺ϕτω

[σϕ]2 + Eζ
στϕω

[̺ϕ]2 + F ζ
̺τϕω

[σϕ]1 + Gζ
στϕω

[̺ϕ]1),

−ω
ζ
〈̺τ 〉2

=
∑

ϕ �=̺,σ

(Cζ
̺ϕτω

[σϕ]2 + F ζ
σϕτω

[̺ϕ]2 + H ζ
̺τϕω

[σϕ]1 + I ζ̺τϕω
[̺ϕ]1),

ω
ζ
〈στ 〉2

=
∑

ϕ �=̺,σ

(Dζ
̺ϕτω

[σϕ]2 + Gζ
σϕτω

[̺ϕ]2 + I ζ̺ϕτω
[σϕ]1 + J ζ

στϕω
[̺ϕ]1),

where ̺, σ , τ are three distinct values and the coefficients in diagonal blocks are
symmetric in τ and ϕ; recall that the index pairs are skew-symmetric, except that
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〈̺τ 〉2 is symmetric. Thus from the first row, Aζ
̺τϕ = −A

ζ
τ̺ϕ = −A

ζ
τϕ̺ for three

distinct ̺, σ , ϕ, i.e., a cyclic permutation of these indices changes the sign; after the
third, one obtains Aζ

̺τϕ = 0 for ϕ �= τ . The first row also gives Cζ
̺τϕ = −C

ζ
τ̺ϕ , and

from the third row one obtains Cζ
̺ϕτ = C

ζ
τϕ̺, thus Cζ

̺τϕ = 0 for τ �= ϕ. The same

argument shows that Eζ
στϕ = 0, Gζ

στϕ = 0 for τ �= ϕ. Moreover,

H ζ
̺τϕ = H ζ

τ̺ϕ, J ζ
στϕ = J ζ

τσϕ .

Interchanging ̺ and σ in the second and third rows, one obtains

Eζ
σττ + Aζ

σττ = 0, Bζ
̺τϕ + Bζ

σϕτ = 0, Dζ
̺τϕ + F ζ

̺τϕ = 0,

Gζ
σττ + Cζ

σττ = 0, I ζστϕ + I ζ̺ϕτ = 0, H ζ
στϕ + J ζ

στϕ = 0.

All this shows that

ω
ζ
〈̺τ 〉1

=Aζ
̺ττω

[στ ]2 + Cζ
̺ττω

[στ ]1 +
∑

ϕ �=̺,σ

(Bζ
̺τϕω

[̺ϕ]2 + Dζ
̺τϕω

[̺ϕ]1),

ω
ζ
〈στ 〉2

= − Cζ
σττω

[̺τ ]2 +
∑

ϕ �=̺,σ

(Dζ
̺ϕτω

[σϕ]2 + I ζ̺ϕτω
[σϕ]1 − H ζ

στϕω
[̺ϕ]1).

Now (9.4.7) gives

∑

τ �=̺,σ

⎧
⎨
⎩−

⎡
⎣Aζ

̺ττω
[στ ]2 + Cζ

̺ττω
[στ ]1 +

∑

ϕ �=̺,σ

(Bζ
̺τϕω

[̺ϕ]2 +Dζ
̺τϕω

[̺ϕ]1)

⎤
⎦ ∧ ω[στ ]1

+

⎡
⎣Aζ

σττω
[̺τ ]2 + Cζ

σττω
[̺τ ]1 +

∑

ϕ �=̺,σ

(Bζ
στϕω

[σϕ]2 + Dζ
στϕω

[σϕ]1)

⎤
⎦ ∧ ω[̺τ ]1

−

⎡
⎣Gζ

̺ττω
[στ ]2 +

∑

ϕ �=̺,σ

(Dζ
σϕτω

[̺ϕ]2 + I ζσϕτω
[̺ϕ]1 − H ζ

̺τϕω
[σϕ]1)

⎤
⎦ ∧ ω[στ ]2

+

⎡
⎣Gζ

σττω
[̺τ ]2 +

∑

ϕ �=̺,σ

(Dζ
̺ϕτω

[σϕ]2 + I ζ̺ϕτω
[σϕ]1 − H ζ

στϕω
[̺ϕ]1)

⎤
⎦ ∧ ω[̺τ ]2

⎫
⎬
⎭

= 0.

This yields Aζ
̺ττ + H

ζ
̺ττ = 0 and H

ζ
̺τϕ = 0 if τ �= ϕ, but

Bζ
̺τϕ + I ζ̺τϕ = 0, Dζ

̺ϕτ + Dζ
στϕ = 0.

So

ω
ζ
〈̺τ 〉2

= Aζ
̺ττω

[στ ]1 − Cζ
̺ττω

[στ ]2 −
∑

ϕ �=̺,σ

(Dζ
στϕω

[̺ϕ]2 + Bζ
̺τϕω

[̺ϕ]1).
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Interchanging ̺ and τ , one obtains

ω
ζ
〈̺σ 〉1

= Aζ
τ̺̺ω

[σ̺]2 + Cζ
τ̺̺ω

[σ̺]1 +
∑

ψ �=τ,σ

(B
ζ
τ̺ψω

[τψ]2 + D
ζ
τϕψω

[τψ]1),

ω
ζ
〈τ̺〉2

= Aζ
τ̺̺ω

[σ̺]1 − Cζ
τ̺̺ω

[σ̺]2 −
∑

ψ �=τ,σ

(D
ζ
τ̺ψω

[τψ]2 + B
ζ
τϕψω

[τψ]1).

Here
ω
ζ
〈̺τ 〉1

+ ω
ζ
〈τ̺〉1

= ω
ζ
〈̺τ 〉2

− ω
ζ
〈τ̺〉2

= 0,

thus Aζ
̺ττ = C

ζ
̺ττ = 0,

Bζ
̺ττ − Bζ

τ̺̺ = 0, Bζ
̺τϕ = 0 (τ �= ϕ),

Dζ
̺ττ − Dζ

τ̺̺ = 0, Dζ
̺τϕ = 0 (τ �= ϕ),

but at the same time

Bζ
̺ττ + Bζ

τ̺̺ = 0, Dζ
̺ττ + Dζ

τ̺̺ = 0

and hence Bζ
̺τϕ = D

ζ
̺τϕ = 0. It follows that

ω
ζ
〈̺τ 〉1

= ω
ζ
〈̺τ 〉2

= 0.

Together with (9.4.8), equations ωζ
〈σ 〉 + ω

ζ
〈τ 〉 = 0, ωζ

〈̺〉 + ω
ζ
〈τ 〉 = 0 also hold for

every three distinct values ̺, σ , τ . This shows that

ω
ζ
〈̺〉 = 0.

Now E2ν2
in En, spanned at x by all I[̺σ ]1 , I[̺σ ]2 plus all J〈̺〉, J〈̺σ 〉1 , J〈̺σ 〉2 , is

invariant, because dx and the differentials of these vectors belong to this E2ν2
.

This finishes the proof of Theorem 9.4.1.
It remains to give the final step in proving the assertion of this section.
The same process as above must be used, applied now to the remaining equations

of the system (9.4.2)–(9.4.5). In fact, this system is a particular case of ωα
i = hαijω

j

for the bundle of adapted orthonormal frames ofMν(ν−1) inE2ν2
. Now the deduction

ωα
i = hαijω

j ⇒ ∇hαij ∧ ωj = 0 ⇒ ∇hαij = hαijkω
k

has to be performed in this particular case. Lengthy calculations will show that the
result is hαijk = 0; this result proves the desired assertion.

This process will not be presented in full generality below, but rather demonstrated
for a model case, namely forM6 inE18, i.e., for the case ν = 3. Here the presentation
can be simplified by denoting for every even permutation ̺, σ , τ of 1, 2, 3

[̺σ ]1 = τ, [̺σ ]2 = τ ′ (= τ + 3),
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〈̺σ 〉1 = τ1 (= τ + 9), 〈̺σ 〉2 = τ2 (= τ + 12).

The system (9.4.2)–(9.4.5) then takes the form

ω〈̺〉
̺ = 0, ω〈σ 〉

̺ = ω〈τ 〉
̺ = κ

√
2ω̺, (9.4.9)

ω̺1
̺ = 0, ωσ1

̺ = κωτ ′
, ωτ1

̺ = −κωσ ′
, (9.4.10)

ω̺2
̺ = 0, ωσ2

̺ = −κωτ , ωτ2
̺ = −κωσ , (9.4.11)

ω
〈̺〉
̺′ = 0, ω

〈σ 〉
̺′ = ω

〈τ 〉
̺′ = κ

√
2ω̺′

, (9.4.12)

ω
̺1
̺′ = 0, ω

σ1
̺′ = −κωτ , ω

τ1
̺′ = κωσ , (9.4.13)

ω
̺2
̺′ = 0, ω

σ2
̺′ = −κωτ ′

, ω
τ2
̺′ = −κωσ ′

. (9.4.14)

Exterior differentiation of equations (9.4.9) and (9.4.12) gives
√

2(ω〈σ 〉
〈̺〉 + ω

〈τ 〉
〈̺〉) ∧ ω̺ + (

√
2ωσ

̺ − ω
τ2
〈̺〉) ∧ ωσ + (

√
2ωτ

̺ − ω
σ2
〈̺〉) ∧ ωτ

+ (
√

2ωσ ′
̺ − ω

τ1
〈̺〉) ∧ ωσ ′ + (

√
2ωτ ′

̺ + ω
σ1
〈̺〉) ∧ ωτ ′ = 0, (9.4.15)

√
2(d ln κ − ω

〈τ 〉
〈σ 〉) ∧ ω̺ − (

√
2ω̺

σ − ω
τ2
〈σ 〉) ∧ ωσ + ω

σ2
〈σ 〉 ∧ ωτ

− (
√

2ω̺

σ ′ − ω
τ1
〈σ 〉) ∧ ωσ ′ − ω

σ1
〈σ 〉 ∧ ωτ ′ = 0, (9.4.16)

√
2(d ln κ − ω

〈σ 〉
〈τ 〉 ) ∧ ω̺ + ω

τ2
〈τ 〉 ∧ ωσ − (

√
2ω̺

τ − ω
σ2
〈τ 〉) ∧ ωτ

+ ω
τ1
〈τ 〉 ∧ ωσ ′ − (

√
2ω̺

τ ′ + ω
σ1
〈τ 〉) ∧ ωτ ′ = 0, (9.4.17)

(
√

2ωσ
̺′ + ω

τ1
〈̺〉) ∧ ωσ + (

√
2ωτ

̺′ − ω
σ1
〈̺〉) ∧ ωτ + (ω

〈σ 〉
〈̺〉 + ω

〈τ 〉
〈̺〉) ∧ ω̺′

+ (
√

2ωσ ′
̺′ − ω

τ2
〈̺〉) ∧ ωσ ′ + (

√
2ωτ ′

̺′ − ω
σ2
〈̺〉) ∧ ωτ ′ = 0, (9.4.18)

− (
√

2ω̺′
σ + ω

τ1
〈σ 〉) ∧ ωσ + ω

σ1
〈σ 〉 ∧ ωτ +

√
2(d ln κ − ω

〈τ 〉
〈σ 〉) ∧ ω̺′

− (
√

2ω̺′
σ ′ − ω

τ2
〈σ 〉) ∧ ωσ ′ + ωσ ′ + ω

σ2
〈σ 〉 ∧ ωτ ′ = 0, (9.4.19)

− ω
τ1
〈τ 〉 ∧ ωσ − (

√
2ω̺′

τ − ω
σ1
〈τ 〉) ∧ ωτ +

√
2(d ln κ − ω

〈σ 〉
〈τ 〉 ) ∧ ω̺′

+ ω
τ2
〈τ 〉 ∧ ωσ ′ − (

√
2ω̺′

τ ′ − ω
σ2
〈τ 〉) ∧ ωτ ′ = 0. (9.4.20)

The following result about the congruence of enveloping unitary orbits summa-
rizes the intermediate stage of the proof for the model case.

Proposition 9.4.2. If M6 in E18 is a second-order envelope of unitary orbits in E18,
then these orbits are congruent, i.e., r = const.

Proof. From (9.4.16), (9.4.19) it follows by Cartan’s lemma that
√

2(d ln κ − ω
〈τ 〉
〈σ 〉),

ω
σ1
〈σ 〉 and ω

σ2
〈σ 〉 are linear combinations of ω̺, ωσ , ωτ , ωσ ′

, ωτ ′
and also of ωσ , ωτ ,
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ω̺′
, ωσ ′

, ωτ ′
. This can be repeated with (9.4.17), (9.4.20), and after permuting

(̺, σ, τ ) �→ (τ, ̺, σ ), it shows that the same ωσ1
〈σ 〉, ω

σ2
〈σ 〉 must be linear combinations

of ω̺, ωσ , ωτ , ω̺′
, ωσ ′

and also of ω̺, ωσ , ω̺′
, ωσ ′

, ωτ ′
. So

√
2(d ln κ − ω

〈τ 〉
〈σ 〉)= aσσω

σ + aστω
τ + aσσ ′ωσ ′ + aστ ′ωτ ′

,

ω
σ1
〈σ 〉 = bσσω

σ + bσσ ′ωσ ′
, (9.4.21)

ω
σ2
〈σ 〉 = cσσω

σ + cσσ ′ωσ ′
, (9.4.22)

√
2(d ln κ + ω

〈τ 〉
〈σ 〉)= dσσω

σ + dστω
τ + dσσ ′ωσ ′ + dτ

′
στ ′ .

Further, it follows from (9.4.15), permuted by (̺, σ, τ ) �→ (σ, τ, ̺), and from
(9.4.16) that

√
2ω̺

σ − ω
τ2
〈σ 〉 is a linear combination of ω̺, ωσ , ωτ , ω̺′

, ωτ ′
and also

of ω̺, ωσ , ωτ , ωσ ′
, ωτ ′

; thus
√

2ω̺
σ − ω

τ2
〈σ 〉 = eσ̺ω

̺ + eσσω
σ + eστω

τ + eστ ′ωτ ′
. (9.4.23)

By the same argument, (9.4.15), permuted by (̺, σ, τ ) �→ (τ, ̺, σ ), and (9.4.17)
imply

√
2ω̺

τ − ω
σ2
〈τ 〉 = fτ̺ω

̺ + fτσω
σ + fττω

τ + fτσ ′ωσ ′
. (9.4.24)

Similarly, (9.4.18), (9.4.19), and (9.4.20) give

√
2ω̺′

σ ′ − ω
τ2
〈σ 〉 = eσ ′τω

τ + eσ ′̺′ω̺′ + eσ ′σ ′ωσ ′ + eσ ′τ ′ωτ ′
, (9.4.25)

√
2ω̺′

τ ′ − ω
σ2
〈τ 〉 = fτ ′σω

σ + fτ ′̺′ω̺′ + fτ ′σ ′ωσ ′ + fτ ′τ ′ωτ ′
. (9.4.26)

Substituting this into (9.4.16), one obtains

(aσσω
σ + aστω

τ + aσσ ′ωσ ′ + aστ ′ωτ ′
) ∧ ω̺

− (eσ̺ω
̺ + eστω

τ + eστ ′ωτ ′
) ∧ ωσ + (cσσω

σ + cσσ ′ωσ ′
) ∧ ωτ

− (
√

2ω̺

σ ′ − ω
τ1
〈σ 〉) ∧ ωσ ′ − (bσσω

σ + bσσ ′ωσ ′
) ∧ ωτ ′ = 0,

thus aσσ + eσ̺ = aστ = aστ ′ = cσσ + eστ = bσσ − eστ ′ = 0 and

−(
√

2ω̺

σ ′ − ω
τ1
〈σ 〉) = aσσ ′ω̺ + cσσ ′ωτ + gσσ ′ωσ ′ − bσσ ′ωτ ′; (9.4.27)

substitution into (9.4.17) gives

(dσσω
σ + dστω

τ + dσσ ′ωσ ′ + dστ ′ωτ ′
) ∧ ω̺ + (cττω

τ + cττ ′ωτ ′
) ∧ ωσ

− (fτ̺ω
̺ + fτσω

σ + fτσ ′ωσ ′
) ∧ ωτ + (bττω

τ + bττ ′ωτ ′
) ∧ ωσ ′

− (
√

2ω̺

τ ′ + ω
σ1
〈τ 〉) ∧ ωτ ′ = 0,
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thus dσσ = dστ + fτ̺ = dσσ ′ = cττ + fτσ = bττ + fτσ ′ = 0 and

−(
√

2ω̺

τ ′ + ω
σ1
〈τ 〉) = dστ ′ω̺ + cττ ′ωσ + bττ ′ωσ ′ + hττ ′ωτ ′

. (9.4.28)

From (9.4.19) and (9.4.20), one obtains aστ = bσσ ′ + eσ ′τ = aσσ ′ + eσ ′̺′ =
aστ ′ = cσσ ′ + eσ ′τ ′ = 0 and

−(
√

2ω̺′
σ + ω

τ1
〈σ 〉) = iσσω

σ + bσσω
τ + aσσω

̺′ + cσσω
τ ′
, (9.4.29)

dσσ = bττ ′ − fτ ′σ = dσσ ′ = dστ ′ + fτ ′̺′ = cττ ′ + fτ ′σ ′ = 0 and

−(
√

2ω̺′
τ − ω

σ1
〈τ 〉) = −bττω

σ + jττω
τ + dστω

̺′ + cττω
σ ′
. (9.4.30)

Hence
√

2(d ln κ − ω
〈τ 〉
〈σ 〉) = aσσω

σ + aσσ ′ωσ ′
,

√
2(d ln κ + ω

〈τ 〉
〈σ 〉) = dστω

τ + dστ ′ωτ ′
,

and after summation one can see that the expression of d ln κ does not contain ω̺ and
ω̺′

. Similarly, after cyclic permutations of ̺, σ , τ , it also does not contain ωσ , ωσ ′

and ωτ , ωτ ′
. Hence

aσσ = aσσ ′ = dστ = dστ ′ = 0,

and thus
κ = const, ω

〈τ 〉
〈σ 〉 = 0. (9.4.31)

This verifies Proposition 9.4.2.
Note that also eσ̺ = fτ̺ = eσ ′̺′ = fτ ′̺′ = 0.

The final result for the model case is given by the following.

Theorem 9.4.3. If the submanifold M6 in En, n ≥ 18, is a second-order envelope of
unitary orbits, then this M6 reduces to a single unitary orbit or its open subset.

Proof. The exterior equations (9.4.15) and (9.4.18) must be used, substituting first
(9.4.23), (9.4.25), (9.4.27), (9.4.29) after permuting (̺, σ, τ ) �→ (τ, ̺, σ ), and
then substituting (9.4.24), (9.4.26), (9.4.28), (9.4.30), after permuting (̺, σ, τ ) �→
(σ, τ, ̺), and also considering (9.4.31). The result

+ (f̺τω
τ + f̺̺ω

̺ + f̺τ ′ωτ ′
) ∧ ωσ + (e̺̺ω

̺ + e̺σω
σ + e̺σ ′ωσ ′

) ∧ ωτ

− (−b̺̺ω
τ + j̺̺ω

̺ + c̺̺ω
τ ′
) ∧ ωσ ′ − (i̺̺ω

̺ + b̺̺ω
σ + c̺̺ω

σ ′
) ∧ ωτ ′

= 0,

− (c̺̺′ωτ + b̺̺′ωτ ′ + h̺̺′ω̺′
) ∧ ωσ − (c̺̺′ωσ + g̺̺′ω̺′ − b̺̺′ωσ ′

) ∧ ωτ

+ (f̺′τω
τ + f̺′τ ′ωτ ′ +f̺′̺′ω̺′

) ∧ ωσ ′ +(e̺′σω
σ + e̺′̺′ω̺′ + e̺′σ ′ωσ ′

) ∧ ωτ ′

= 0
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yields

f̺τ − e̺σ = f̺̺ = f̺τ ′ + b̺̺ = e̺̺ = e̺σ ′ − b̺̺ = j̺̺ = i̺̺ = 0,

b̺̺′ + e̺′σ = h̺̺′ = g̺̺′ = b̺̺′ − f̺′τ = f̺′τ ′ − e̺′σ ′ = f̺′̺′ = e̺′̺′ = 0.

Hence (9.4.23)–(9.4.26) reduce to

√
2ω̺

σ − ω
τ2
〈σ 〉 = −cσσω

τ + bσσω
τ ′
, (9.4.32)

√
2ω̺

τ − ω
σ2
〈τ 〉 = −cττω

σ − bττω
σ ′
, (9.4.33)

√
2ω̺′

σ ′ − ω
τ2
〈σ 〉 = −bσσ ′ωτ − cσσ ′ωτ ′

, (9.4.34)

√
2ω̺′

τ ′ − ω
σ2
〈τ 〉 = bττ ′ωσ − cττ ′ωσ ′

, (9.4.35)

but (9.4.27)–(9.4.30) reduce to

√
2ω̺

σ ′ − ω
τ1
〈σ 〉 = −cσσ ′ωτ + bσσ ′ωτ ′

, (9.4.36)
√

2ω̺

τ ′ + ω
σ1
〈τ 〉 = −cττ ′ωσ − bττ ′ωσ ′

, (9.4.37)
√

2ω̺′
σ + ω

τ1
〈σ 〉 = −bσσω

τ − cσσω
τ ′
, (9.4.38)

√
2ω̺′

τ − ω
σ1
〈τ 〉 = bττω

σ − cττω
σ ′
. (9.4.39)

Now one has to turn to (9.4.10), (9.4.11), (9.4.13) and (9.4.14). By exterior
differentiation,

√
2(ω̺1

〈σ 〉 + ω
̺1
〈τ 〉) ∧ ω̺ + (ωτ ′

̺ + ωτ2
̺1
) ∧ ωσ + (ωσ ′

̺ − ωσ2
̺1
) ∧ ωτ

+ (ωτ
̺ − ωτ1

̺1
) ∧ ωσ ′ − (ωσ

̺ − ωσ1
̺1
) ∧ ωτ ′ = 0, (9.4.40)

√
2(

√
2ω̺

τ ′ + ω
σ1
〈τ 〉) ∧ ω̺ + (ωτ ′

σ − ωτ2
σ1
) ∧ ωσ + (ωτ ′

τ − ω̺′
̺ − ωσ2

σ1
) ∧ ωτ

− (ωτ
̺ − ωτ ′

̺′) ∧ ω̺′ + (ωτ ′
σ ′ − ωτ1

σ1
) ∧ ωσ ′ = 0, (9.4.41)

−
√

2(
√

2ω̺

σ ′ − ω
τ1
〈σ 〉) ∧ ω̺ + (ωσ ′

σ − ω̺′
̺ + ωτ2

τ1
) ∧ ωσ + (ωσ ′

τ + ωσ2
τ1
) ∧ ωτ

− (ωσ
̺ − ωσ ′

̺′ ) ∧ ω̺′ + (ωτ ′
σ ′ − ωτ1

σ1
) ∧ ωτ ′ = 0, (9.4.42)

√
2(ω̺2

〈σ 〉 + ω
̺2
〈τ 〉) ∧ ω̺ + (ωτ

̺ + ωτ2
̺2
) ∧ ωσ + (ωσ

̺ + ωσ2
̺2
) ∧ ωτ

+ (ωτ ′
̺ − ω̺2

τ1
) ∧ ωσ ′ + (ωσ ′

̺ + ω̺2
σ1
) ∧ ωτ ′ = 0, (9.4.43)

−
√

2(
√

2ω̺
τ − ω

σ2
〈τ 〉 − ω

σ2
〈σ 〉) ∧ ω̺ + (ωτ

σ + ωτ2
σ2
) ∧ ωσ + (ωτ ′

̺ − ω̺′
τ ) ∧ ω̺′

− (ωσ ′
τ + ωσ2

τ1
) ∧ ωσ ′ + (ω̺′

̺ − ωτ ′
τ + ωσ2

σ1
) ∧ ωτ ′ = 0, (9.4.44)
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−
√

2(
√

2ω̺
σ − ω

τ2
〈σ 〉 − ω

τ2
〈τ 〉) ∧ ω̺ − (ωτ

σ + ωτ2
σ2
) ∧ ωτ + (ωσ ′

̺ − ω̺′
σ ) ∧ ω̺′

+ (ω̺′
̺ − ωσ ′

σ − ωτ2
τ1
) ∧ ωσ ′ − (ωτ ′

σ − ωτ2
σ1
) ∧ ωτ ′ = 0, (9.4.45)

− (ωτ ′
̺′ − ωτ1

̺1
) ∧ ωσ + (ωσ ′

̺′ − ωσ1
̺1
) ∧ ωτ

− (ω̺′
τ + ωτ2

̺1
) ∧ ωσ ′ + (ω̺′

σ − ωσ2
̺1
) ∧ ωτ ′

, (9.4.46)

− (ωτ
̺ − ωτ ′

̺′) ∧ ω̺ − (ωτ
σ − ωτ1

σ1
) ∧ ωσ +

√
2(

√
2ω̺′

τ − ω
σ1
〈τ 〉) ∧ ω̺′

+ (ωσ ′
τ − ωτ2

σ1
) ∧ ωσ ′ + (ωτ ′

τ − ω̺′
̺ − ωσ2

σ1
) ∧ ωτ ′ = 0, (9.4.47)

(ωσ
̺ − ωσ ′

̺′ ) ∧ ω̺ − (ωτ
σ − ωτ1

σ1
) ∧ ωτ −

√
2(

√
2ω̺′

σ + ω
τ1
〈σ 〉) ∧ ω̺′

+ (ω̺′
̺ − ωσ ′

σ − ωτ2
τ1
) ∧ ωσ ′ − (ωτ ′

σ + ωσ2
τ1
) ∧ ωτ ′ = 0, (9.4.48)

(ω̺′
τ − ω̺2

τ1
) ∧ ωσ + (ω̺′

σ + ω̺2
σ1
) ∧ ωτ −

√
2(ω̺2

〈σ 〉 + ω
̺2
〈τ 〉) ∧ ω̺′

− (ωτ ′
̺′ + ωτ2

̺2
) ∧ ωσ ′ − (ωσ ′

̺′ + ωσ2
̺2
) ∧ ωτ ′ = 0, (9.4.49)

(ωτ ′
̺ − ω̺′

τ ) ∧ ω̺ + (ωτ ′
σ + ωσ2

τ1
) ∧ ωσ + (ωτ ′

τ − ω̺′
̺ − ωσ2

σ1
) ∧ ωτ

−
√

2(
√

2ω̺′
τ ′ − ω

σ2
〈τ 〉 − ω

σ2
〈σ 〉) ∧ ω̺′ + (ωτ ′

σ ′ + ωτ2
σ2
) ∧ ωσ ′ = 0, (9.4.50)

(ωσ ′
̺ − ω̺′

σ ) ∧ ω̺ + (ωσ ′
σ − ω̺′

̺ + ωτ2
τ1
) ∧ ωσ + (ωσ ′

τ − ωτ2
σ1
) ∧ ωτ

−
√

2(
√

2ω̺′
σ ′ − ω

τ2
〈σ 〉 − ω

τ2
〈τ 〉) ∧ ω̺′ − (ωτ ′

σ ′ + ωτ2
σ2
) ∧ ωτ ′ = 0. (9.4.51)

Now considering (9.4.33), (9.4.35), (9.4.37) and (9.4.39), after permuting
(̺, σ, τ ) �→ (σ, τ, ̺), together with (9.4.32), (9.4.34), (9.4.36) and (9.4.38), one
sees that they yield

ω
τ2
〈̺〉 + ω

τ2
〈σ 〉 = (c̺̺ + cσσ )ω

τ + (b̺̺ − bσσ )ω
τ ′

= (bσσ ′ − b̺̺′)ωτ + (c̺̺′ + cσσ ′)ωτ ′
,

ω
τ1
〈̺〉 + ω

τ1
〈σ 〉 = (cσσ ′ − b̺̺)ω

τ + (c̺̺ − bσσ ′)ωτ ′

= − (c̺̺′ + bσσ )ω
τ − (b̺̺′ + cσσ )ω

τ ′
,

thus
c̺̺ + cσσ = bσσ ′ − b̺̺′ , c̺̺′ + cσσ ′ = b̺̺ − bσσ .

Applying the permutation (̺, σ, τ ) �→ (σ, τ, ̺) to these results, and substituting
into (9.4.43) and (9.4.22), one obtains cσσ ′ + cττ ′ = cσσ + cττ = 0 and thus

ω
̺2
〈σ 〉 + ω

̺2
〈τ 〉 = 0. (9.4.52)

Of course, one also has cττ ′ +c̺̺′ = cττ +c̺̺ = 0, c̺̺′ +cσσ ′ = c̺̺+cσσ = 0,
and hence c̺̺′ = c̺̺ = cσσ ′ = cσσ = cττ ′ = cττ = 0. Consequently, b̺̺ = bσσ =
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bττ = β, b̺̺′ = bσσ ′ = bττ ′ = β ′ and

ω
τ1
〈̺〉 + ω

τ1
〈σ 〉 = −βωτ − β ′ωτ ′

. (9.4.53)

By (9.4.40) β ′ = 0; thus

ω
σ1
〈σ 〉 = βωσ , ω

σ2
〈σ 〉 = 0, (9.4.54)

√
2ω̺

σ − ω
τ2
〈σ 〉 = βωτ ′

,
√

2ω̺′
σ ′ − ω

τ2
〈σ 〉 = 0, (9.4.55)

√
2ω̺

σ ′ − ω
τ1
〈σ 〉 = 0,

√
2ω̺′

σ + ω
τ1
〈σ 〉 = −βωτ (9.4.56)

and consequently

√
2(ω̺

σ − ω
̺′
σ ′) = βωτ ′

,
√

2(ωσ ′
̺ − ω̺′

σ ) = βωτ . (9.4.57)

From (9.4.48) and (9.4.51), it follows thatω̺′
̺ −ωσ ′

σ −ω
τ2
τ1 is a linear combination of

ω̺, ωτ , ω̺′
, ωσ ′

, ωτ ′
and also ofω̺, ωσ , ωτ , ω̺′

, ωτ ′
; and (9.4.41) and (9.4.44), after

permuting (̺, σ, τ ) �→ (σ, τ, ̺), imply that the same form is a linear combination of
ωσ , ωτ , ω̺, ωσ ′

, ωτ ′
, and also of ωσ , ωτ , ωσ ′

, ωτ ′
, ω̺′

. Hence

ω̺′
̺ − ωσ ′

σ − ωτ2
τ1

= A̺ω
̺ + Aτ ′ωτ ′

. (9.4.58)

Now (9.4.47), (9.4.48), and (9.4.40), the last after cyclically permuting once and
twice, give

ωτ
σ − ωτ1

σ1
= B̺ω

̺ + B̺′ω̺′
. (9.4.59)

The same procedure applied to (9.4.44), (9.4.45), and (9.4.43) gives

ωτ
σ − ωτ2

σ2
= C̺ω

̺ + C̺′ω̺′; (9.4.60)

similarly, from (9.4.41), (9.4.42), and (9.4.46),

ωτ ′
σ ′ − ωτ1

σ1
= D̺ω

̺ + D̺′ω̺′
, (9.4.61)

and from (9.4.50), (9.4.51), and (9.4.49)

ωτ ′
σ ′ − ωτ2

σ2
= E̺ω

̺ + E̺′ω̺′
. (9.4.62)

Taking (9.4.42) and (9.4.44), and then (9.4.40) after (̺, σ, τ ) �→ (τ, ̺, σ ), and
(9.4.49) after (̺, σ, τ ) �→ (σ, τ, ̺), one obtains

ωσ ′
τ + ωσ2

τ1
= F̺ω

̺ + F̺′ω̺′; (9.4.63)

similarly, from (9.4.41), (9.4.45), (9.4.40), and (9.4.49)

ωτ ′
σ − ωτ2

σ1
= G̺ω

̺ + G̺′ω̺′
. (9.4.64)
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Finally, (9.4.43), (9.4.47) and (9.4.48), (9.4.50), together with (9.4.46), give

ωτ ′
̺ − ωσ2

τ1
= Hσω

σ + Hσ ′ωσ ′
, (9.4.65)

ωτ ′
σ + ωσ2

τ1
= K̺ω

̺ + K̺′ω̺′ + Lσ ′ωσ ′
. (9.4.66)

All these expressions (9.4.52)–(9.4.66) are to be substituted into (9.4.40)–(9.4.51).
The latter, except (9.4.41), (9.4.44), (9.4.47) and (9.4.50), give some relations between
the coefficients of these expressions.

Namely, from (9.4.42) A̺ = Aτ ′ = D̺ = F̺ = F̺′ = 0, β =
√

2D̺′ . Now
(9.4.40) and (9.4.49) yield Bσ = Eσ = Gσ ′ = 0.

Further, from (9.4.45) C̺ = 0, G̺ = β
√

2, β = −C̺′
√

2; from (9.4.48) and
(9.4.51), respectively K̺′ = 0, B̺′ = −β

√
2, β = K̺

√
2 and E̺′ = H̺′ = 0,

β = H̺

√
2.

Now (9.4.43) and (9.4.46) give β = 0, L̺′ = 0. Thus all coefficients of these
expressions are zero.

The exceptional (9.4.41), (9.4.44), (9.4.47), and (9.4.50) reduce to

(
√

2ω̺

τ ′ + ω
σ1
〈τ 〉) ∧ ω̺ = 0, (

√
2ω̺

τ − ω
σ2
〈τ 〉) ∧ ω̺ = 0,

(
√

2ω̺′
τ − ω

σ1
〈τ 〉) ∧ ω̺′ = 0, (

√
2ω̺′

τ ′ − ω
σ2
〈τ 〉) ∧ ω̺′ = 0,

thus
√

2ω̺

τ ′ + ω
σ1
〈τ 〉 = P̺ω

̺,
√

2ω̺
τ − ω

σ2
〈τ 〉 = Q̺ω

̺,

√
2ω̺′

τ − ω
σ1
〈τ 〉 = P̺′ω̺′

,
√

2ω̺′
τ ′ − ω

σ2
〈τ 〉 = Q̺′ω̺′

.

It follows that
√

2(ω̺′
τ − ωτ ′

̺ )= P̺ω
̺ + P̺′ω̺′

,

√
2(ω̺

τ − ω
̺′
τ ′ )=Q̺ω

̺ − Q̺′ω̺′;
comparing with (9.4.57), where β = 0, one concludes that P̺ = P̺′ = Q̺

= Q̺′ = 0.
This concludes the proof of Theorem 9.4.3.
It is clear that the above proof of the theorem, already complicated for the model

case ν = 3, will be much more complicated for the general case of arbitrary ν.
Nevertheless, it can be claimed that the general result about the triviality of the

second-order envelope of unitary orbits is indeed valid for any dimension, i.e., that a
unitary orbit is umbilic-like independently of the dimension.

Remark 9.4.4. The results of the last two sections were published in [Lu 96b] (with
some misprints, now corrected), where the above claim was also presented. All this,
together with the statement of Remark 9.3.2, can be summarized as follows.

The only symmetric orbits of the Plücker action are the Plücker orbits and the
unitary orbits. All these are umbilic-like.
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9.5 The Segre Action and Its Symmetric Orbits

Now it is of interest to consider the situation for other actions having symmetric
orbits, such as the Segre and Veronese orbits.

First consider the Segre action. The Segre submanifolds S(p,q)(k) in Epq+m+1,
m = p + q, were introduced above in Section 3.2 and then investigated in Sec-
tion 4.6. The orthonormal frame bundle can be adapted so that S(p,q)(k) is an integral
submanifold of the totally integrable system

ωm+1 = ω(i1j2) = 0, (9.5.1)

ωm+1
i = kωi, ω

(j1k2)
i1

= δ
j1
i1
kωk2 , ω

(j1k2)
i2

= δ
k2
i2
kωj1 , (9.5.2)

ω
j2
i1

= 0, ωm+1
(i1j2)

= 0, ω
(k1l2)
(i1j2)

= δ
k1
i1
ω
l2
j2

+ ω
k1
i1
δ
l2
j2
, (9.5.3)

where k = const, 1 ≤ i ≤ m, 1 ≤ i1, k1 ≤ p and p + 1 ≤ j2, l2 ≤ m (see (4.6.1),
(4.6.6), (4.6.3), (4.6.7)–(4.6.9)). Since the coefficients here are constants, this system
determines a Lie subgroup in the Lie group O((p + 1)(q + 1),R) of motions in
Spq+p+q(k2) which is isomorphic to O(p + 1,R) × O(q + 1,R), and for which
ωi1 , ωj2 , ωk1

i1
, ωl2

j2
are the Maurer–Cartan forms. This subgroup acts in Epq+m+1 so

that S(p,q)(k) is its orbit. Here em+1 and ei1j2 are mutually orthogonal unit vectors
normal to this orbit. This action is called the Segre action (see [Lu 91e]).

For the frame bundle in Epq+m+1 adapted to S(p,q)(k), (9.5.1)–(9.5.3) imply that

dx = ei1ω
i1 + ej2ω

j2 , (9.5.4)

dei1 = el1ω
l1
i1

+ kem+1ω
i1 + ke(i1j2)ω

j2 , (9.5.5)

dej2 = el2ω
l2
j2

+ kem+1ω
j2 + ke(i1j2)ω

i1 , (9.5.6)

dem+1 = − k(ei1ω
i1 + ej2ω

j2), (9.5.7)

de(i1j2) = − k(ei1ω
j2 + ej2ω

i1) + e(k1j2)ω
k1
i1

+ e(i1l2)ω
l2
j2
. (9.5.8)

Every other orbit of the Segre action is described by a point x∗ in the normal
space of the Segre orbit S(p,q)(k), which has in Epq+m+1 the radius vector

x∗ = x + µem+1 + νi1j2e(i1j2),

where µ and νi1j2 are some real constants. Under independent orthogonal transfor-
mations of {e1, . . . , ep} and {ep+1, . . . , em}, the system of νi1j2 behaves as an element
of the tensor product of two vector spaces of dimensions p and q. Hence for a given
orbit these transformations can be chosen so as to make all νi1j2 zero, except possibly
ν11̄ = ν, where 1̄ = p + 1, and thus

x∗ = x + µem+1 + νe(11̄).

Now
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dx∗ = e1θ
1 + e1̄θ

1̄ + (1 − µk)(ea1ω
a1 + eb2ω

b2) + ea11̄ω
a1
1 + e1b2ω

b2

1̄
,

where 2 ≤ a1, . . . ≤ p, p + 2 ≤ b2, . . . ≤ m, and

θ1 = (1 − µk)ω1 − νkω1̄, θ 1̄ = −νkω1 + (1 − µk)ω1̄.

Denoting � = (1 − µk)2 − (νk)2, one gets

�ω1 = (1 − µk)θ1 + νkθ 1̄, �ω1̄ = νkθ1 + (1 − µk)θ 1̄.

It is convenient here to write θa1 = (1 − µk)ωa1 , θb2 = (1 − µk)ωb2 , θa11̄ = ω
a1
1 ,

θ1b2 = ω
b2

1̄
.

Suppose that � �= 0. From (9.5.5)–(9.5.8) it follows that for the orbit described
by x∗,

h∗
11 = k�−1[(1−µk)em+1 +νke11̄] = h∗

1̄1̄
, h∗

11̄
= k�−1[νkem+1 + (1−µk)e11̄].

If in addition 1 − µk �= 0, then

h∗
a1a1

= k(1 − µk)−1em+1 = h∗
b2b2

, h∗
a1b2

= k(1 − µk)−1ea1b2 ,

and h∗
1a1

= h∗
1̄a1

= h∗
1b2

= h∗
1̄b2

= 0.

This orbit is parallel due to Proposition 3.1.1 if and only if

dh∗
jk − h∗

ikθ
k
j − h∗

jiθ
i
k (9.5.9)

has zero normal part for all values of j, k. Consider this for j = 1 and k = a1, where
the normal part is

k{[−(1 − µk)−1 + �−1(1 − µk)]em+1 + �−1νke(11̄)}ω
a1
1 .

It is zero only if ν = 0. Then � = (1 − µk)2 and thus the coefficient before em+1 is
also zero. The orbit is a Segre submanifold S(p,q)(k

∗), which has the same center as
the original S(p,q)(k) and is homothetic to the latter.

If 1 − µk = 0, then

dx∗ = e1θ
1 + e1̄θ

1̄ + e(a11̄)ω
a1
1 + e(1b2)ω

b2

1̄
,

where θ1 = −νkω1̄, θ 1̄ = −νkω1. Again from (9.5.5)–(9.5.8) it follows that for the
orbit under consideration,

h∗
11 = − ν−1e(11̄) = h∗

1̄1̄
, h∗

11̄
= −ν−1em+1, h∗

1(a11̄)
= ea1 ,

h∗
1̄(1b2)

= eb2 , h∗
(1b2)(1b2)

= −h∗
(a11̄)(a11̄)

= e(11̄), h∗
(1b2)(a11̄)

= e(a1b2),

and the remaining vector components of h∗ are zero.
The normal part of (9.5.9) for i = 1 and j = 1̄ is k(ν−1 − 1)(ea1ω

a1 + eb2ω
b2),

thus for a parallel orbit one must have ν = 1. The normal part of (9.5.9) for i = 1
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and j = (1b2) is −k(1 + ν−1)e(11̄)ω
b2 , which cannot be zero if ν = 1. Therefore, if

1 − νk = 0, then there are no parallel orbits.
Finally, suppose � = 0. Then 1 − µk = ενk, where ε = ±1, thus θ1 =

νk(εω1 − ω1̄) = −εθ 1̄, and

dx∗ = e∗
1θ

1 + ενk(ea1ω
a1 + eb2ω

b2) + e(a11̄)ω
a1
1 + e(1b2)ω

b2

1̄
,

where e∗
1 = e1 − εe1̄ is tangent to the orbit.

If ν �= 0, then

de∗
1 = ea1ω

a1
1 − εeb2ω

b2

1̄
+ k(e(1b2)ω

b2 − εe(a11̄)ω
a1) + εν−1(em+1 − εe(11̄))θ

1.

It follows that h∗
11 = εν−1(em+1 − εe(11̄)) and the other components of h∗ having

subscript 1 are zero.
By (9.5.5), dea1 = 1

2 (e
∗
1 +e∗

1̄
)ω1

a1
+ec1ω

c1
a1 +k(em+1ω

a1 +e(a11̄)ω
1̄ +e(a1b2)ω

b2),

where e∗
1̄

= e1 + εe1̄ is normal to the orbit. Therefore, h∗
a1c1

= εν−1em+1δa1c1 ,

h∗
a1b2

= εν−1e(a1b2), h
∗
a1(a11̄)

= 1
2e

∗
1̄
, and the other components of h∗ having subscript

a1 are zero.
Now the normal part of (9.5.9) for i = 1 and j = a1 is

−εν−1
(

1

2
em+1 + εe(11̄)

)
ω
a1
1 + ν−1e(a1b2)ω

b2

1̄
+ 1

2
εke∗

1̄
ωa1

and hence nonzero. Thus the orbit is nonparallel.
Finally, if ν = 0, then � = 0 implies µ = k−1, thus x∗ = x + k−1em+1 and

hence dx∗ = 0. Therefore, in this case the orbit degenerates to the center of the
original S(p,q)(k).

All this can be summarized as follows.

Theorem 9.5.1. Among the orbits of a Segre action in E(p+1)(q+1), the only parallel
ones (i.e., symmetric orbits) are the Segre orbits S(p,q)(k) with different constants k,
which constitute a cone of mutually homothetic Segre orbits, having vertex at their
common center.

Remark 9.5.2. This is the result of [Lu 91a], where the essential part of the proof was
also given.

Remark 9.5.3. Theorem 9.5.1 shows that for the symmetric orbits of the Segre action,
the problem of their umbilic-likeness is completely solved by Theorem 4.6.1: only
the S(p,q)(k) with p > 1 and q > 1 are umbilic-like, and for other cases of p, q they
are not.

9.6 The Veronese Action and Its Symmetric Orbits

Now consider an m-dimensional Veronese submanifold in sN
1
2m(m+3)(c) (cf. Sec-

tions 3.3 and 4.7). It is assumed in this section that s = c = 0; then the ambient
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space is the Euclidean space E
1
2m(m+3). For a Veronese submanifold, in addition to

the usual formulas (cf. Section 2.1)

dx = eiω
i, dei = ejω

j
i + hijω

j , ω
j
i + ωi

j = 0, hij = hji, 〈ei, hjk〉 = 0,
(9.6.1)

there hold (3.3.4) and (3.3.2), which can be written here as

〈hij , hkl〉 = r−2(2δij δkl + δikδj l + δilδjk), (9.6.2)

dhij = − r−2(eiω
j + ejω

i + 2δij ekω
k) + hkjω

k
i + hikω

k
j , (9.6.3)

since here h∗
ij = hij , β = 2α, and α = r−2. A Veronese submanifold, defined

here in E
1
2m(m+3) by the differential system (9.6.1)–(9.6.3) together with some initial

conditions, will be denoted below by V m(r).
Equations (9.6.1) and (9.6.2) show that the vectors ei and ejk = rhjk (j �= k)

form an orthonormal part of the moving frame adapted to V m(r), and the vectors
h11, . . . , hmm are orthogonal to them and form a regular simplex part of the frame
having side length 2r−1. Thus the frame made up of all these vectors moves as a rigid

system in E
1
2m(m+3), so that the ei are tangent and all others are normal to V m(r).

It follows immediately from (9.6.1) and (9.6.3) that dz0 = 0 for

z0 = x + mr2

2(m + 1)
H, (9.6.4)

where H = 1
m

∑m
i=1 hii is the mean curvature vector of V m(r), and (9.6.3) implies

dH = − 2(m+1)
mr2 dx. Also (9.6.2) implies that ‖H‖ = r−1

√
2(m+1)

m
; hence V m(r) lies

in a hypersphere ofE
1
2m(m+3) with center z0 and radius r

√
m

2(m+1) . Moreover, V m(r)

is a minimal submanifold of this hypersphere, since by (9.6.4) its mean curvature
vector H is directed to the center of this hypersphere. Below, this center z0 will be
called the center of V m(r).

Since now gij = δij and c = 0, it follows from (2.1.10) and (2.1.11) that �j
i =

−〈hik, hj l〉ωk ∧ωl . Then from (9.6.2) it follows that �j
i = −r−2ωi ∧ωj , and hence

V m(r) is intrinsically of constant sectional curvature r−2. Globally, V m(r) is an

elliptic space isometrically imbedded into E
1
2m(m+3), because at a point x ∈ V m(r),

two geodesics of V m(r) going in two different directions have no other common
point, as is easily seen.

Equations (9.6.1)–(9.6.3) for the moving rigid frame {x; ei, hij } in E
1
2m(m+3) can

be considered as giving infinitesimally an action of the Lie group SO(m + 1,R) in

E
1
2m(m+3), by rotations around the center z0 of the Veronese submanifold V m(r),

which is an orbit of the action. Therefore, this action is called the Veronese action.
By means of totally geodesic l-dimensional submanifolds of V m(r), it is possible

to introduce an imbedding of the Grassmann manifoldGl,m intoE
1
2m(m+3) as another

orbit of the Veronese action.
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A totally geodesic l-dimensional submanifold of V m(r) through a given point
x0 ∈ V m(r) is defined by adding to equations (9.6.1)–(9.6.3) the totally integrable
system ωp = 0, ωp

a = 0, with 1 ≤ a, b, . . . ≤ l and l + 1 ≤ p, q, . . . ≤ m.
This system and these equations together yield the same equations with a, b, . . .

instead of i, j, . . . . Hence the totally geodesic submanifold defined is V l(r). If
one considers V m(r) as an isometrically imbedded elliptic space, as above, then
the submanifold V l(r) is the imbedded image of an l-dimensional plane into this
space. Therefore, the manifold consisting of all such totally geodesic V l(r) realizes
an imbedding of the Grassmann manifold Gl,m.

According to (9.6.4), a V l(r) can be represented by its center, whose radius
vector is

x∗ = x + r2

2(l + 1)

l∑

a=1

haa . (9.6.5)

The centers of all these V l(r) of a given V m(r) form an orbit of the Veronese action,
called a Veronese–Grassmann orbit VGrl,m(r) of the Veronese action.

For this orbit, (9.6.1) and (9.6.3) imply that

dx∗ = (l + 1)−1epω
p + r2(l + 1)−1hapω

p
a .

The (l + 1)(m − l) mutually orthogonal unit vectors ep and eap = rhap are the
tangent vectors of VGrl,m(r); its normal vectors are ea , hab and hpq ; here a, b and
p, q both run over their full range of values, and hab = hba , hpq = hqp. Denoting
(l + 1)−1ωp = θp, r(l + 1)−1ω

p
a = θap, one obtains

dx∗ = epθ
p + eapθ

ap. (9.6.6)

Futhermore, from (9.6.1) and (9.6.3) one gets

dep = eqω
q
p + eapr

−1ωa + eaω
a
p + hpqω

q , (9.6.7)

deap = − r−1epω
a + ebq(ω

b
aδ

q
p + δbaω

q
p) − r−1eaω

p

+ rhabω
b
p + rhqpω

q
a . (9.6.8)

The normal parts of the right-hand sides are, respectively

h∗
pqθ

q + h∗
p(aq)θ

aq , h∗
(ap)qθ

q + h∗
(ap)(bq)θ

bq ,

where

h∗
pq = (l + 1)hpq , h∗

p(aq) = −r−1(l + 1)δpqea,

h∗
(ap)(bq) = (l + 1)(δabhpq − habδpq).

In the tangent parts it is natural to denote

θ
q
p = ω

q
p, θ

aq
p = r−1δ

q
pω

a = −θ
p
aq , θ

bq
ap = ωb

aδ
q
p + δbaω

q
p. (9.6.9)
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Now it can be proved that VGrl,m(r) is a symmetric orbit, like V m(r). Indeed,
(9.6.3) implies that dh∗

pq has normal component

−2r−2(l + 1)δpqeaω
a + h∗

sqω
s
p + h∗

psω
s
q

which coincides with

h∗
sqθ

s
p + h∗

(as)qθ
as
p + h∗

psθ
s
q + h∗

p(as)θ
as
q ,

and this, according to Proposition 3.1.1, is necessary for the submanifold to be parallel.
Easy calculations show that the same holds for dh∗

p(aq) and dh∗
(ap)(bq). By the same

proposition, these results are also sufficient for the submanifold to be parallel.

Theorem 9.6.1. A Veronese–Grassmann orbit VGrl,m(r) is an (l + 1)(m − l)-
dimensional parallel submanifold, thus a symmetric orbit, which is also a main

symmetric orbit and lies in a hypersphere of E
1
2m(m+3) as a minimal submanifold.

Proof. The first assertion has just been verified above. It is seen that the mean
curvature vector of VGrl,m(r) is

H ∗ = 1

m − l

∑

p

h∗
pp + 1

l(m − l)

∑

a,p

h∗
(ap)(ap)

= l + 1

l(m − l)

[
(l + 1)

∑

p

hpp −
∑

a

haa

]
.

Now one can show by using (9.6.2) that 〈H ∗, h∗
ij 〉 is proportional to δij , as required

for a main symmetric orbit.
According to a result of Ferus (see Theorem 8.2.4 above), VGrl,m(r) is a minimal

(l + 1)(m − l)-dimensional submanifold of a hypersphere in E
1
2m(m+3) around the

center of the Veronese action.
Now this can also be directly verified by means of the formulas above. Indeed,

from the expression for H ∗ one can deduce that H ∗ has constant length, and (9.6.4)

and (9.6.5) imply that z0 − x∗ = r2(m−l)
2(l+1)(m+1)H

∗. This finishes the proof.
A given Veronese orbit V m(r) and the corresponding Veronese–Grassmann orbit

VGrl,m(r) are not the only symmetric orbits of the Veronese action in E
1
2m(m+3). For

example, under this action, every point on the straight line through a point x of V m(r)

and its center z0 describes a Veronese orbit, which is homothetic to the initial one.
The same holds, of course, for Veronese–Grassmann orbits. But even these orbits do
not exhaust all the symmetric orbits of this action.

Proposition 9.6.2. The Veronese action inE
1
2m(m+3) has in every hypersphere around

its center z0 two different Veronese orbits; all Veronese orbits of the action lie on two
cones with a common vertex at z0.
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Proof. In the case l = m− 1, due to the polarity in elliptic space, the corresponding
Veronese–Grassmann orbit VGrm−1,m(r) is actually a Ṽ m(̃r), where r̃ = m−1r .
Analytically, the unit tangent vectors in (9.6.6) are now ẽm = em and ẽa = eam, where
1 ≤ a, . . . ≤ m − 1; moreover, ω̃m = θm = m−1ωp and ω̃a = θam = rm−1ωm

a .
Equations (9.6.7) and (9.6.8) can be written in the form (9.6.1), where

h̃am = −r−1mea, h̃ab = m(δabhmm − hab), h̃mm = mhmm.

An easy calculation shows that for these vectors, equations (9.6.2) and (9.6.3)
hold, with .̃ Moreover, this Ṽ m(̃r ) is not homothetic to V m(r) with respect to z0.

But by repeating the construction, one can see that ˜̃V
m
(̃̃r) is homothetic to V m(r).

Remark 9.6.3. In the special case m = 2, this result can be found in [Bre 72], Chap-
ter IV, Exercise 8, as the following statement: An SO(3,R)-action on S4 with a three-
dimensional principal orbit has two singular orbits, which are projective planes.

In its general form, this result was established in [Lu 95a] (see Corollary 3.4
there). The following assertion was also proved in [Lu 95a] (as Theorem 1): All other

orbits of the Veronese action of SO(m+ 1,R) in E
1
2m(m+3), except the Veronese and

Veronese–Grassmann orbits, are nonsymmetric.

9.7 The Problem of Umbilic-Likeness of Veronese Orbits

It was shown above that the Segre orbits S(p,q)(r) without circular generators (i.e.,
with p > 1 and q > 1), the Plücker orbits G2,p(r) and the unitary orbits in Euclidean
space En are all umbilic-like. But the situation with Veronese orbits V m(r) is more
complicated.

Theorem 4.7.2 and Proposition 6.3.1 together show that for m ≥ 2, the second-

order envelope of Veronese orbits V m(̃r) in E
1
2m(m+3), where r̃ varies, is a parallel

submanifold, and hence a single Veronese orbit V m(r) or its open subset. Here
1
2m(m+ 3) is the minimal dimension of a Euclidean space containing V m(r). Hence
in an ambient space of minimal possible dimension, a Veronese orbit V m(r) with
m ≥ 2 is umbilic-like, under certain conditions.

For dimensionm = 2, where 1
2m(m+3) = 5, Theorem 6.4.1 shows that there exist

semiparallel surfaces in E7 which are second-order envelopes of Veronese surfaces
V 2(̃r) and do not reduce to a single Veronese V 2(r). Therefore, unless there are
restrictions on the dimension n of the ambient space, a Veronese orbit is not umbilic-
like, at least for m = 2 and n > 5.

The following theorem shows that this assertion generalizes to dimensionsm > 2.

Theorem 9.7.1 (see [Lu 91b]). In Euclidean space E
1
2m(m+3)+1, m ≥ 2, there exists

a second-order envelopeMm of a one-parameter family of congruent Veronese orbits
V m(r) (i.e., with r = const) not reducing to a single V m(r), and it has intrinsically
the same Riemannian metric asV m(r), i.e., thisMm is a constant curvature manifold.
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Proof. Let us consider such an envelope Mm in En, n > 1
2m(m + 3). As is seen

from the proof of Theorem 4.5.5, for this Mm and for the moving frame adapted to it,
the expressions for dx and dei must be the same as for a V m(r), i.e., must coincide
with (9.6.1), and also (9.6.2) must hold. But now there are n− 1

2m(m+ 3) additional
mutually orthogonal unit frame vectors eξ , orthogonal to all ei and hij . So the frame
vectors normal to Mm are e(ij) = hij and eξ . The first of these are not mutually
orthogonal unit vectors, but satisfy the conditions

e(ij) = e(j i) 〈e(ij), e(kl)〉 = r−2(2δij δkl + δikδj l + δilδjk), (9.7.1)

which follow from (9.6.1), (9.6.2); moreover

〈ei, ej 〉 = δij , 〈e(ij), ek〉 = 〈e(ij), eξ 〉 = 0, 〈eξ , eη〉 = δξη. (9.7.2)

Equations (2.1.3), (2.1.5), and (2.1.7), the last two with c = 0, now give

ω(ij) = 0, ωξ = 0, (9.7.3)

ω
(ij)
i = ωj , ω

(jk)
i = 0 (i, j, k distinct), ω

ξ
i = 0. (9.7.4)

For Mm one has

de(ii) = eiω
i
(ii) +

∑

j �=i

ejω
j

(ii) +
∑

j,k

e(jk)ω
(jk)

(ii) +
∑

ξ

eξω
ξ
(ii),

de(ij) = eiω
i
(ij) + ejω

j

(ij) +
∑

k �=i,j

ekω
k
(ij) +

∑

k,l

e(kl)ω
(kl)
(ij) +

∑

ξ

eξω
ξ
(ij).

This can be compared with (3.1.2) for a V m(r), where hαijk = 0, and due to the
second-order tangency of Mm and V m(r) the vectors e(ij) are the same as the hij of
V m(r) at the common point. Here equations (9.6.2) have also to be considered. This
coincidence leads to

ω
(ij)

(ii) = 2ωj
i , ω

(ik)
(ij) = ωk

j (i �= j), all other ω
(kl)
(ij) = 0. (9.7.5)

Differentiation of (9.7.1) and (9.7.2) leads to

ω
j
i + ωi

j = 0, ω
η
ξ + ωξ

η = 0, (9.7.6)

ωi
(ii) = − 4r−2ωi, 2(m + 1)r−2ω

(ii)
ξ + mω

ξ
(ii) −

∑

j �=i

ω
ξ
(jj) = 0, (9.7.7)

ω
j

(ii) = − 2r−2ωj , ωi
(ij) = −r−2ωj ,

ω
ξ
(ij) = − r−2ω

(ij)
ξ (i �= j), (9.7.8)

ωi
(jk) = 0 (i, j, k distinct). (9.7.9)

In the situation of Theorem 9.7.1, the index ξ takes only one value ξ = 1
2m(m+

3) + 1. The envelope Mm is defined by the differential system (9.7.3)–(9.7.5). For
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investigation of thisMm, exterior differentiation must be used together with equations
(9.7.6)–(9.7.9).

Equations (9.7.3) give identities, due to (9.7.4). The exterior equations obtained
from (9.7.4) are satisfied due to (9.7.5), except ω(kl)

i ∧ ω
ξ
(kl) = 0, which give

ω
ξ
(ii) ∧ ωi +

∑

j �=i

ω
ξ
(ij) ∧ ωj = 0.

From this it follows by Cartan’s lemma that

ω
ξ
(ii) = ρiω

i +
∑

j �=i

ρijω
j , (9.7.10)

ω
ξ
(ij) = ρijω

i + ρjiω
j +

∑

k �=i,j

ρijkω
k (i �= j), (9.7.11)

where ρijk is symmetric in all its mutually distinct indices.

The first equation in (9.7.5) yields ωξ
(ii) ∧ω

(ij)
ξ = 0. If j = i, then one gets from

(9.7.7) that
ω
ξ
(ii) ∧

∑

j �=i

ω
ξ
(jj) = 0; (9.7.12)

if j = k �= i, then by (9.7.8)

ω
ξ
(ii) ∧ ω

ξ
(ik) = 0. (9.7.13)

From the second equation in (9.7.5) it follows that ωξ
(ij) ∧ ω

(ik)
ξ = 0. If k = i,

then by (9.7.7) and (9.7.13)

ω
ξ
(ij) ∧

∑

l �=i,j

ω
ξ
(ll) = 0; (9.7.14)

if k = j , then (9.7.8) leads to an identity; if k �= i, j , then

ω
ξ
(ij) ∧ ω

ξ
(ik) = 0. (9.7.15)

Among the last equations in (9.7.5), ω(jj)

(ii) = 0 (i �= j) give, similarly, ωξ
(ii) ∧

ω
(jj)
ξ = 0. Using (9.7.7) one obtains

ω
ξ
(ii) ∧

⎛
⎝mωξ

(jj) −
∑

k �=i,j

ω
ξ
(kk)

⎞
⎠ = 0,

which together with (9.7.14), written in the form

ω
ξ
(ii) ∧

⎛
⎝ωξ

(jj) +
∑

k �=i,j

ω
ξ
(kk)

⎞
⎠ = 0,
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gives
ω
ξ
(ii) ∧ ω

ξ
(jj) = 0.

This and (9.7.13)–(9.7.15) imply the mutual proportionality of all 1-forms on the
left sides of (9.7.10) and (9.7.11); recall that ξ takes only one value. Hence all rows
of the matrix of coefficients of these last expressions are mutually proportional, and
therefore the matrix has rank 1. It follows that the columns of this matrix are also
mutually proportional.

It can be assumed that at least one of the coefficients ρ1, . . . , ρm is nonzero;
otherwise the proportionality of rows and columns implies ωξ

(ii) = ω
ξ
(jj) = 0, and

thus Mm would lie in E
1
2m(m+3) and be a Veronese orbit or its open subset. By

renumbering the frame vectors e1, . . . , em if needed, one can make ρ1 = ρ �= 0 and
write ρ1u = λuρ, with 2 ≤ u, v, . . . ≤ m. Then

ω
ξ
(11) = ρ

(
ω1 +

∑

v

λvω
v

)
, (9.7.16)

and due to the proportionality,

ω
ξ
(1u) = λuω

ξ
(11), (9.7.17)

ω
ξ
(uv) = λuλvω

ξ
(11). (9.7.18)

It is easy to verify that the conditions obtained from the other equations (9.7.5)
are satisfied because of (9.7.16)–(9.7.18). It remains to take exterior derivatives of
these last equations to get

θ ∧ ω
ξ
(11) + ρ

∑

u

ψu ∧ ωu = 0, ψu ∧ ω
ξ
(11) = 0, (9.7.19)

(λuψv + λvψu) ∧ ω
ξ
(11) = 0, (9.7.20)

where

θ = d ln ρ − 3
∑

u

λuω
u
1 , ψu = dλu −

∑

v

(λvu − λuλvω
v
1) + ωu

1 .

Since ρ �= 0, the m 1-forms ωξ
(11) and ωu are linearly independent and therefore

can be taken as basis forms. Then θ and ψu are m linearly independent secondary
forms. It is seen that equations (9.7.20) are consequences of (9.7.19), so the first
character (the rank of the polar system for (9.7.19)) is s1 = m and hence the Cartan
number is Q = s1 = m. Then Cartan’s lemma gives

θ = pω
ξ
(11) + ρ

∑

u

puω
u, ψu = puω

ξ
(11).

Here p, pu are N = m new coefficients. For the differential system under con-
sideration, Cartan’s test criterion N = Q for involutivity is satisfied. Hence the
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second-order envelope Mm of Theorem 9.7.1, not reducing to a V m(r), does exist
and is defined, up to m real holomorphic functions of one real variable (see [Ca 45],
[Fin 48], [BCGGG 91], [AG 93]).

It remains to compare (9.7.1) with (9.6.2) in order to establish that the curvature
2-forms �j

i of Mm are the same as for V m(r). Hence this Mm is intrinsically also of
constant curvature r−2.

This concludes the proof.
The assumption about congruence of enveloping Veronese orbits in Theorem 9.7.1

is superfluous for dimension m = 2, since Theorem 6.4.1 shows that for this dimen-
sion the conclusion of Theorem 9.7.1 is true without that assumption. On the other
hand, the following result shows that for dimension m > 2, the congruence assump-
tion is satisfied automatically, and thus not needed.

Proposition 9.7.2 (see [Lu 91b]). If a submanifold Mm with m > 2 in En is a sec-
ond-order envelope of Veronese orbits V m(̃r), then these orbits are congruent, i.e.,
r̃ = r = const.

Proof. As noted in the proof of Theorem 9.7.1, the envelope Mm and every V m(̃r)

must have the same vector-valued second fundamental form h at their common point.
Therefore, by (2.1.9) and (2.1.10), they also have the same curvature 2-forms �j

i .

For V m(̃r) these 2-forms are �
j
i = −r̃−2ωi ∧ ωj (see (3.3.3), where now ε = 1,

β = 2α, α = r̃−2; cf. Section 9.6).
For Mm, the curvature forms are the same, and now exterior differentiation (lead-

ing to the Bianchi identity (1.3.5)) shows that for dr̃ = r̃kω
k one has

∑
k r̃kω

k ∧ωi ∧
ωj = 0. If m > 2 and thus i, j, k take more than two values, this implies r̃k = 0, and
hence r̃ = r = const. This concludes the proof.

Remark 9.7.3. Theorem 9.7.1 has been generalized to pseudo-Euclidean spaces only
for m = 2 in [Lu 99a] (Proposition 4), where it was also shown that the lines of
tangency between the envelope and Veronese surfaces are geodesics of constant cur-
vature.

For the situation of Theorem 9.7.1, it was proved in [Lu 91b] that the envelope
Mm and Veronese orbits V m(r) have second-order tangency along the congruent
Veronese orbits V m−1(r). Also some properties of the curve described by the centers
of V m(r) (which are a one-parameter family) were investigated in [Lu 91b].

9.8 Umbilic-Likeness of Veronese–Grassmann Orbits

It is remarkable that the Veronese–Grassmann orbits VGrl,m(r) with 0 < l < m− 1,
which are the other symmetric orbits of Veronese action, are umbilic-like, while the
Veronese orbits are not, when the ambient space does not have minimal possible
dimension, as shown above. (Recall, that VGrm−1,m(r) is actually a Veronese orbit
Ṽ m(̃r), as shown in the proof of Proposition 9.6.2, so that the assumption 0 < l <

m − 1 is essential here.)
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The umbilic-likeness of VGrl,m(r) with 0 < l < m − 1 is proved in two steps.
First, the following codimension reduction theorem will be proved.

Theorem 9.8.1 (see [Lu 95a]). If a submanifold M(l+1)(m−l) in En is a second-order
envelope of Veronese–Grassmann orbits VGrl,m(r), 0 < l < m−1, n ≥ 1

2m(m+3),

then there exists an E
1
2m(m+3) ⊂ En containing this M(l+1)(m−l) and all these orbits.

Proof. Any given VGrl,m(r) lies in an E
1
2m(m+3) ⊂ En and satisfies equations

(9.6.6)–(9.6.8), where ep, eap = rhap are mutually orthogonal unit tangent vec-
tors and ea , hab, hpq are normal vectors. Moreover, ea are also mutually orthogonal
unit vectors, but hab, hpq are not, as shown by (9.6.2). Indeed,

• 〈hii, hii〉 = 4r−2,
• 〈hii, hjj 〉 = 2r−2, 〈hij , hij 〉 = r−2, if i �= j ,
• 〈hii, hjk〉 = 〈hij , hik〉 = 0 for i, j, k distinct,
• 〈hij , hkl〉 = 0 for i, j, k, l distinct.

Here eii = 2rhii are unit vectors having angle π
3 between each pair of vectors

(they form the “unit regular simplex part’’ of the frame). The vectors eij = rhij with
i �= j are also unit vectors, mutually orthogonal, and orthogonal also to the preceding
vectors.

For the moving frame in E
1
2m(m+3) consisting of a point of V m(r) and of the

vectors e1, . . . , em; e11, . . . , emm; e12, e13, . . . , e(m−1)m at this point, the formulas
(9.6.1) are

dx =
∑

i

eiω
i, dei =

∑

j

ejω
j
i + 2eiiθ

i +
∑

j �=i

eij θ
j , (9.8.1)

where ω
j
i + ωi

j = 0, terms without
∑

have no summation, and θ i = r−1ωi . For
i = j , (9.6.3) appears as

deii = −

⎛
⎝2eiθ

i +
∑

j �=i

ej θ
j

⎞
⎠+ 2

∑

j �=i

eijω
j
i , (9.8.2)

and for i �= j as

deij = −(eiθ
j + ej θ

i) + 2(ejj − eii)ω
j
i +

∑

k �=i,j

(ekjω
k
i + eikω

k
j ). (9.8.3)

The formulas (9.6.7) and (9.6.8) now are

dep =
∑

q

eqθ
q
p +

∑

a,q

eaqθ
aq
p −

∑

a

ea(ρθ
ap)

+ epp(2ρθ
p) +

∑

q �=p

epq(ρθ
q), (9.8.4)
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deap =
∑

q

eqθ
q
ap +

∑

b

ebqθ
bq
ap − ea(ρθ

p)

+ (epp − eaa)(2ρθ
ap) −

∑

b �=a

eab(ρθ
bp) +

∑

q �=p

epq(ρθ
aq), (9.8.5)

where ρ = r−1(l + 1), and any summing is indicated by
∑

, as specified. Due to the
orthonormality of the tangent frame vectors, one has

θ
q
p + θ

p
q = θ

aq
p + θ

p
aq = θ

bq
ap + θ

ap
bq = 0.

This follows directly from (9.6.9); moreover, it is seen that

θ
ap
p − θ

aq
q = θ

aq
p = 0, θ

aq
ap − θ

q
p = 0 for p �= q, θ

bq
ap = 0 for a �= b, p �= q.

(9.8.6)

For the envelope M(l+1)(m−l), some complementary mutually orthogonal normal
frame vectors eξ can occur, which are orthogonal to the previous normal vectors; their
index range is 1

2m(m+ 3)+ 1 ≤ ξ, η, . . . ≤ n. From (9.6.6), (9.8.1), and (9.8.2) for
M(l+1)(m−l),

θa = θaa = θab = θpp = θpq = θ ξ = 0, (9.8.7)

θap = − ρθap, θaap = θabp = 0, (9.8.8)

θ
pp
p = 2ρθp, θ

qq
p = 0, θ

pq
p = ρθq , θ

qr
p = 0, θ ξp = 0, (9.8.9)

θaap = − ρθp, θabp = 0, θaaap = −2ρθap,

θabap = − ρθbp, θbbap = θbcap = 0, (9.8.10)

θ
pp
ap = 2ρθap, θ

pq
ap = ρθaq , θ

qq
ap = θ

qr
ap = θ ξap = 0, (9.8.11)

where p, q, r take distinct values, as do a, b, c.
For the other frame vectors, one has

dea = epθ
p
a + ebpθ

bp
a + ebθ

b
a + ebcθ

bc
a + epqθ

pq
a + eξ θ

ξ
a , (9.8.12)

deab = epθ
p
ab + ecpθ

cp
ab + ecθ

c
ab + ecdθ

cd
ab + epqθ

pq
ab + eξ θ

ξ
ab, (9.8.13)

depq = esθ
s
pq + easθ

as
pq + eaθ

a
pq + eabθ

ab
pq + estθ

st
pq + eξ θ

ξ
pq , (9.8.14)

deξ = epθ
p
ξ + eapθ

ap
ξ + eaθ

a
ξ + eabθ

ab
ξ + epqθ

pq
ξ + eηθ

η
ξ , (9.8.15)

where the usual summation convention is now used for all paired upper and lower
indices.

For the displacement 1-forms, the usual structure equations hold (see Section 1.2).
By means of these equations, it follows from θ

ξ
p = 0 that

−θap∧ θ ξa + θq∧ θ ξpq = 0.
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Cartan’s lemma then gives

−θ ξa =A
ξ
abθ

bp + Bξ
aqθ

q , A
ξ
ab = A

ξ
ba,

θ ξpq = Bξ
aqθ

ap + Cξ
pqsθ

s, Cξ
pqs = Cξ

psq .

Since θ ξpFq = θ
ξ
qp, and since p, q, . . . take more than one value, one has Aξ

ab = 0,

B
ξ
aq = 0, thus θ ξa = 0, θ ξpq = C

ξ
pqsθ

s ; the coefficients Cξ
pqs are symmetric in the

three subscripts.
Similarly, the equations θ ξap = 0 yield

θaq∧ Cξ
pqsθ

s − θbp∧ θ
ξ
ab = 0.

Thus Cξ
pqs = 0 if p �= q, so

(θ
ξ
ab − δabC

ξ
pppθ

p) ∧ θbp = 0

and hence
θ
ξ
ab = δabC

ξ
pppθ

p + D
ξ
abcθ

cp.

Taking this for two different values of p, one can see that Cξ
ppp = D

ξ
abc = 0.

Consequently,
θ ξp = θ ξap = θ ξa = θ ξpq = θ

ξ
ab = 0. (9.8.16)

Hence the subspace E
1
2m(m+3), spanned at a point of M(l+1)(m−l) by the vectors

ep, eap, ea, eab, epq , is invariant, and contains all enveloping orbits VGrl,m(r) and
the envelope M(l+1)(m−l). This concludes the proof.

Note that due to (9.8.16), the last terms in (9.8.12)–(9.8.15) vanish.
Now considering these formulas (9.8.12)–(9.8.15) for VGrl,m(r), then compari-

son with (9.6.1) and (9.6.3) shows that for VGrl,m(r),

θ
ap
p = − θapp = θa, θ

aq
p = θapq = θaapp = θabpp = θaapq = θabpq = 0, (9.8.17)

θ
ap
a = θp, θaaa = 2θa, θaba = θb,

θ
bp
a = θbba = θbca = θ

pp
a = θ

pq
a = 0, (9.8.18)

θaaa = − 2θa, θbaa = −θb, θ
p
aa = −θp,

θ
ap
aa = 2θpa , θabaa = 2θba , (9.8.19)

θaaaa = θ
pp
aa = θ

pq
aa = 0, θaab = −θb, (9.8.20)

θaaab = 2θab , θ
ap
ab = θ

p
b , θacab = θcb , θ

p
ab = θ

pp
ab = θ

pq
ab = 0, (9.8.21)

θ
p
pp = − 2θp, θ

q
pp = −θq , θapp = −θa, (9.8.22)

θ
ap
pp = 2θap, θ

pq
pp = 2θqp , θaapp = θabpp = 0, (9.8.23)
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θ
q
pq = − θp, θ

qq
pq = 2θqp , θ

aq
pq = θap, θ

rq
pq = θ rp,

θapq = θaapq = θabpq = 0, (9.8.24)

where p, q, r have three distinct values, as do a, b, c.

Proposition 9.8.2. In the situation of Theorem 9.8.1 one has ρ = l+1
r

= const, i.e.,

all Veronese–Grassmann orbits VGrl,m(r) in E
1
2m(m+3) are congruent.

Proof. The proof will be obtained by differential prolongation of the system (9.8.7)–
(9.8.11) which defines the envelopeM(l+1)(m−l). Recall that this procedure consists in
taking exterior derivatives of the equations of this system, and then applying Cartan’s
lemma to the resulting exterior equations (cf. Chapter 2 above).

The following identities for the frame vectors:

〈ea, eb〉 = δab, 〈ea, epq〉 = 〈ea, ebc〉 = 0,

〈eab, ecd〉 = 2δabδcd + δacδbd + δadδbc, 〈eab, epq〉 = 2δabδpq ,

〈epq , ers〉 = 2δpqδrs + δprδqs + δpsδqr

give, after differentiation, the following relations:

θba + θab = θapq + 2

(
δpq
∑

i

θ iia + θ
pq
a

)

= θabc + 2

(
δbc
∑

i

θ iia + θbca

)
= 0, (9.8.25)

θcdab + θabcd + δab
∑

i

θ iicd + δcd
∑

i

θ iiab

= θ
pq
ab + θabpq + δab

∑

i

θ iipq + δpq
∑

i

θ iiab = 0, (9.8.26)

θ rspq + θ
pq
rs + δpq

∑

i

θ iirs + δrs
∑

i

θ iipq = 0. (9.8.27)

Exterior differentiation of equations (9.8.7) yields identities, due to the other
equations of the system. For instance,

dθa = θp ∧ θap + θap ∧ θaap +
∑

b �=a

θbp ∧ θabp,

where the right side is zero by (9.8.8) and (9.8.10). Thus θa = 0 leads to an identity.
The situation is similar for other equations (9.8.7).

For the first equations in (9.8.8), the structure equations

dθap = θq ∧ θ
ap
q + θbq ∧ (δ

p
q θ

a
b + θ

p
q δ

a
b ),
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must be used. Since here

dθap =
∑

b,q

(δabθ
q
p − θab δ

q
p) ∧ θbq + θ

ap
p ∧ θaap

+
∑

q �=p

θ
aq
p ∧ θaaq + θ

pp
p ∧ θapp +

∑

q �=p

θ
pq
p ∧ θapq ,

taking exterior derivatives and using (9.8.6)–(9.8.11) leads to

2(θapp + θapp) ∧ θp +
∑

q �=p

θapq ∧ θq − d ln ρ ∧ θap = 0.

Then Cartan’s lemma implies

2(θapp + θapp)= P apθp +
∑

q �=p

Q
ap
q θq + Rapθap,

θapq =Q
ap
q θp +

∑

r �=p

S
ap
qr θ

r + T
ap
q θap, (p �= q),

−d ln ρ =Rapθp +
∑

q �=p

T
ap
q θq + Uapθap.

Since the index p takes more than one value, all coefficients in the last equality turn
out to be zero. Hence ρ = const, thus r = const, and in the previous equalities the
last terms disappear. This verifies the proposition.

Theorem 9.8.3. A second-order envelopeM(l+1)(m−l) of Veronese–Grassmann orbits
VGrl,m(̃r) in En, 0 < l < m−1, n ≥ 1

2m(m+3), is a single VGrl,m(r) or its subset.

Proof. By Proposition 9.8.2, all these orbits are congruent here, and hence each r̃

equals r .
Now the preceding analysis can be continued. As was noted, the last terms in the

equations obtained by Cartan’s lemma vanish, i.e., T ap
q = 0. Then θapq = θaqp implies

Q
ap
q = S

aq
pp and S

ap
qr = S

aq
pr for three distinct p, q, r , so that

2(θapp + θapp)= P apθp +
∑

q �=p

Q
ap
q θq , (9.8.28)

θapq =Q
ap
q θp + Q

aq
p θq +

∑

r �=p,q

S
ap
qr θ

p. (9.8.29)

Exterior differentiation of the remaining equations (9.8.8) gives

2θaapp ∧ θp +
∑

q �=p

θaapq ∧ θq + (2θapp − θaaa ) ∧ θap +
∑

b �=a

θaab ∧ θbp = 0,
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2θabpp ∧ θp +
∑

q �=p

θabpq ∧ θq + (θ
bp
p − θaba ) ∧ θap

+ (θ
ap
p − θabb ) ∧ θbp +

∑

c �=a,b

θabc ∧ θcp = 0. (9.8.30)

In (9.8.9), the first equations lead to

2θpppp ∧ θp +
∑

q �=p

(2θpq − θ
pp
pq ) ∧ θq +

∑

a

θ
pp
a ∧ θap = 0,

the second equations to

−2θqqpp ∧ θp + (2θqp − θ
qq
pq ) ∧ θq −

∑

s �=p,q

θ
qq
ps ∧ θ s +

∑

a

θ
qq
a ∧ θap = 0,

(9.8.31)

the third equation to

2(θqp − θ
pq
pp ) ∧ θp +

∑

r �=p,q

(θ
q
r − θ

pq
pr ) ∧ θ r +

∑

a

θ
pq
a ∧ θap −

r �=p,q∑

a

θarq ∧ θar = 0,

and the fourth equations to

−2θqrpp ∧ θp + (θ rp − θ
qr
pq) ∧ θq + (θ

q
p − θ

qr
pr ) ∧ θ r +

∑

a

θ
qr
a ∧ θap) = 0.

(9.8.32)

In (9.8.10), the first equations lead to

2(θaaa + θ
ap
p − θapp) ∧ θap −

∑

q �=p

θapq ∧ θaq +
∑

b �=a

θ
bp
p ∧ θbp = 0,

the second equations to

(θaab + θ
bp
p ) ∧ θap + 2(θabb − θapp) ∧ θbp −

−
∑

q �=p

(θ
aq
bp ∧ θq + θapq ∧ θbq) +

∑

c �=a,b

θabc ∧ θcp = 0, (9.8.33)

the third equation to

(θaaa − 2θapp ) ∧ θp + 2(θaaaa − θaapp) ∧ θap −

−
∑

q �=p

θaapq ∧ θaq +
∑

b �=a

(θaaab − θ
ap
bp ) ∧ θbp = 0,

the fourth equation to
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(θaba − θ
bp
p )∧ θp + 2(θabaa − θabpp − θ

bp
ap ) ∧ θap

−
∑

q �=p

θabpq ∧ θaq +
∑

c �=a,b

(θabac − θ
bp
cp ) ∧ θcp = 0,

the fifth equations to

θbba ∧ θp + 2(θbbaa − θbbpp) ∧ θap + (θbbab − 2θbpap ) ∧ θbp −

−
∑

q �=p

θbbpq ∧ θaq +
∑

c �=a,b

θbbac ∧ θcp = 0, (9.8.34)

and the sixth equations to

θbca ∧ θp + 2(θbcaa − θbcpp) ∧ θap + (θbcab − θ
cp
ap) ∧ θbp +

+ (θbcac − θ
bp
ap ) ∧ θcp −

∑

q �=p

θbcpq ∧ θaq +
∑

d �=a,b,c

θbcad ∧ θdp = 0.

In (9.8.11), the first equations lead to

θ
pp
a ∧ θp + 2θppaa ∧ θap − 2θpppp ∧ θap +

+
∑

q �=p

(2θapaq − θ
pp
pq ) ∧ θaq +

∑

b �=a

θ
pp
ab ∧ θbp = 0, (9.8.35)

the second equations lead to

θ
pq
a ∧ θp + 2(θaqap + θ

pq
aa − θ

pq
pp ) ∧ θap −

∑

r �=p,q

θ
pq
pr ∧ θar +

∑

b �=a

θ
pq
ab ∧ θbp = 0,

the third equations lead to

θ
qq
a ∧ θp + 2(θqqaa − θ

qq
pp ) ∧ θap +

= (2θaqap − θ
qq
pq ) ∧ θaq +

∑

b �=a

θ
qq
ab ∧ θbp −

∑

r �=p,q

θ
qq
pr ∧ θar = 0, (9.8.36)

and the fourth equations to

θ
qr
a ∧ θp + 2(θqraa − θ

qr
pp) ∧ θap + (θarap − θ

qr
pq) ∧ θaq +

+ (θ
aq
ap − θ

qr
pr ) ∧ θar +

∑

b �=a

θ
qr
ab ∧ θbp −

∑

s �=p,q,r

θ
qr
ps ∧ θas = 0. (9.8.37)

Here the relations (9.8.6) are taken into consideration, like ρ = const, but
(9.8.25)–(9.8.27) not yet.

The analysis of these exterior equations by means of Cartan’s lemma leads to
several consequences. Here all θp and θap, the primary 1-forms, are linearly inde-
pendent.
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Let us consider (9.8.34). Here every θbba must be a linear combination of these
primary 1-forms for some values of the subscripts p. As a result θbba = 0. For the
same reason, in the next exterior equation θbca = 0. Now it follows from the third
equation of (9.8.25) that θabc = 0 for every three distinct a, b, c.

Substituting (9.8.29) into the equation preceding (9.8.33), one sees that the only
term with θp ∧ θaq has the coefficient Qaq

p and the only term with θ r ∧ θaq has the
coefficient Sapqr . Hence these coefficients must be zero and thus θapq = 0, 2(θapp +
θapp) = P apθp. Now it follows from the second equation of (9.8.25) that θpqa = 0
for every two distinct p, q.

This procedure can be continued. After a rather complicated analysis, several
relations will be obtained for the secondary 1-forms in these exterior equations, which
turn out to coincide with (9.8.17)–(9.8.24). This will then finally prove that the
assertion of Theorem 9.8.3 is valid.

Remark 9.8.4. The final part of the proof is only given in outline. The details are left
to the reader, since they are technically rather complicated, and would take up too
much space here.

There is in fact an alternative way to prove Theorem 9.8.3. Namely, one could
replace the “unit regular simplex part’’ of the frame by the orthonormal part, and then
work further in the context of the orthonormal frame bundle.

One way to do that is via the formulas

e11 = 2̃e11,

e22 = ẽ11 +
√

3̃e22,

e33 = ẽ11 + 1√
3
ẽ22 + 2

√
2

3
ẽ33,

e44 = ẽ11 + 1√
3
ẽ22 + 1√

6
ẽ33 +

√
5

2
ẽ44,

...................

ekk =
k−1∑

κ=1

Aκ ẽκκ + Bk ẽkk,

.....................

emm =
m−1∑

κ=1

Aκ ẽκκ + Bmẽmm,

where Aκ =
√

2
κ(κ+1) and Bk =

√
2(k+1)

k
. Now from (9.6.7) and (9.6.8) it follows

that the normal parts of dep and deap are, respectively,

ρ

⎡
⎣−eaθ

ap +
∑

q �=p

epqθ
q +

⎛
⎝
p−1∑

κ=1

Aκ ẽκκ + Bp ẽpp

⎞
⎠ θp

⎤
⎦ ,



214 9 Umbilic-Likeness of Main Symmetric Orbits

ρ

⎡
⎣−eaθ

p −
∑

b �=a

eabθ
bp −

(
a−1∑

κ=1

Aκ ẽκκ + Ba ẽaa

)
θap

+
∑

q �=p

epqθ
aq +

⎛
⎝
p−1∑

κ=1

Aκ ẽκκ + Bp ẽpp

⎞
⎠ θap

⎤
⎦ ,

where, ρ = (l + 1)r−1, as defined earlier.
Now for this new completely orthonormal frame bundle, replacing the previous

“θ ’’by the symbol “ϑ ,’’ the equations becomeωα = 0, ωα
i = hαijω

j and we now have

ϑa = ϑab = ϑpq = 0,

ϑa
p = −ρϑap, ϑ

pq
p = ρϑq (q �= p), ϑκκ

p = ρAκϑ
p (1 ≤ κ ≤ p − 1)

ϑ
pp
p = Bpϑ

p, ϑ
(p+1)(p+1)
p = · · · = ϑmm

p = 0,

ϑb
ap = −ρδbaϑ

p, ϑab
ap = −ρϑbp (b �= a), ϑbc

ap = 0 (a, b, c dinstinct),

ϑ
pq
ap = ρϑaq (q �= p), ϑ

qs
ap = 0 (p, q, s distinct),

ϑκκ
ap = 0 (1 ≤ κ ≤ a − 1), ϑaa

ap = ρ(Aa − Ba)ϑ
ap,

ϑκκ
ap = Aκϑ

ap (a + 1 ≤ κ ≤ p − 1), ϑ
pp
ap = Bpϑ

ap,

ϑκκ
ap = 0 (p + 1 ≤ κ ≤ m).

The prolongation of this system by exterior differentiation and Cartan’s lemma
is the alternative way to prove Theorem 9.8.3. Since this is also technically very
onerous, details are also omitted here; but see below.

9.9 Detailed Analysis of a Model Case

It is instructive to give the details of the proof of Theorem 9.8.3 in a particular model
case. The simplest case is VGr1,3(r), which can be called a Veronese–Plücker orbit.

For this VGr1,3(r) the subscript a takes the single value 1 and the subscripts p, q
only the two values 2 or 3; one also assumes below that p �= q, which implies that
(p, q) is either (2, 3) or (3, 2).

For the sake of symmetry, let the “unit regular simplex part’’ {e11, e22, e33} be
replaced by the orthonormal part {̃e11, ẽ22, ẽ33}, so that

epp = ẽ11 + cp2ẽ22 + cp3ẽ33,

where cp2 and cp3 are some suitable constants.
Then the system (9.8.7)–(9.8.11) is replaced by

ϑ1 = ϑ23 = ϑ11 = ϑpp = 0, (9.9.1)
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ϑ1
p = − ̺ϑ1p, ϑ23

p = ̺ϑq , ϑ11
p = ̺ϑp,

ϑ̃22
p = cp2̺ϑ

p, ϑ̃33
p = cp3̺ϑ

p, (9.9.2)

ϑ1
1p = − ̺ϑp, ϑ23

1p = ̺ϑ1q , ϑ11
1p = −̺ϑ1p, ϑ̃22

1p = cp2̺ϑ
1p, (9.9.3)

ϑ̃33
1p = cp3̺ϑ

1p, (9.9.4)

where ̺ = 2r−1 replaces ρ. Exterior differentiation of the equations of the last
column yields

(cp3d ln ̺ + ϑ̃33
11 + cp2ϑ̃

33
22 ) ∧ ϑp + [(cp3 − cq3)ϑ

q
p + ϑ̃33

23 ] ∧ ϑq

− ϑ̃33
1 ∧ ϑ1p + (cp3 − cq3)ϑ

1q
p ∧ ϑ1q = 0,

− ϑ̃33
1 ∧ ϑp + (cq3 − cp3)ϑ

1p
q ∧ ϑq

+ (cp3d ln ̺ − ϑ̃33
11 − cp2ϑ̃

33
22 ) ∧ ϑ1p + [(cp3 − cq3)ϑ

1q
1p + ϑ̃33

23 ] ∧ ϑ1q = 0.

Here the simplest situation refers to c23 = c33. This implies c22 = −c32 = 1, i.e.,
cp2 = (−1)p, and c23 = c33 =

√
2. Now the first relation implies via Cartan’s

lemma that
√

2d ln ̺ + ϑ̃33
11 + (−1)pϑ̃33

22 =Apϑ
p + Bpϑ

q + Cpϑ
1p,

ϑ̃33
23 = Bpϑ

p + Dpϑ
q + Epϑ

1p,

− ϑ̃33
1 = Cpϑ

p + Epϑ
q + Fpϑ

1p.

Putting first p = 2 and then p = 3 in the last two equations, one obtains

B2ϑ
2 + D2ϑ

3 + E2ϑ
12 = B3ϑ

3 + D3ϑ
2 + E3ϑ

13,

C2ϑ
2 + E2ϑ

3 + F2ϑ
12 = C3ϑ

3 + E3ϑ
2 + F3ϑ

13,

thus D2 = B3, D3 = B2, E2 = E3 = 0, C2 = C3 = 0, F2 = F3 = 0 and so
ϑ̃33

1 = 0. The second relation yields

(
√

2d ln ̺ − ϑ̃33
11 + (−1)pϑ̃33

22 ) ∧ ϑ1p + (B2ϑ
2 + B3ϑ

3) ∧ ϑ1q = 0,

thus B2 = B3 = 0, so ϑ̃33
23 = 0, and

(
√

2d ln ̺ − ϑ̃33
11 + (−1)pϑ̃33

22 ) = Gpϑ
1p.

Now
√

2d ln ̺ + ϑ̃33
11 + ϑ̃33

22 =A2ϑ
2,

√
2d ln ̺ + ϑ̃33

11 − ϑ̃33
22 =A3ϑ

3,

√
2d ln ̺ − ϑ̃33

11 + ϑ̃33
22 =G2ϑ

12,
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√
2d ln ̺ − ϑ̃33

11 − ϑ̃33
22 =G3ϑ

13.

Consequently,

2
√

2d ln ̺ = A2ϑ
2 + G3ϑ

13 = A3ϑ
3 + G2ϑ

12;

hence A2 = A3 = G2 = G3 = 0, and so

̺ = const, ϑ̃33
11 = ϑ̃33

22 = 0.

Exterior differentiation of the equations of the penultimate column gives

−ϑ̃22
11 ∧ ϑp + [2(−1)qϑq

p − ϑ̃22
23 ] ∧ ϑq + ϑ̃22

1 ∧ ϑ1p + 2(−1)qϑ1q
p ∧ ϑ1q = 0,

2(−1)qϑ1q
p ∧ ϑp + ϑ̃22

1 ∧ ϑq − [2(−1)pϑ1q
1p + ϑ̃22

23 ] ∧ ϑ1p + ϑ̃22
11 ∧ ϑ1q = 0.

From the first relation

−ϑ̃22
11 = apϑ

p + bpϑ
q + cpϑ

1p + dpϑ
1q ,

2(−1)qϑq
p − ϑ̃22

23 = bpϑ
p + epϑ

q + fpϑ
1p + gpϑ

1q ,

ϑ̃22
1 = cpϑ

p + fpϑ
q + hpϑ

1p + ipϑ
1q ,

2(−1)qϑ1q
p = dpϑ

p + gpϑ
q + ipϑ

1p + jpϑ
1q .

Since the left sides do not change when p and q are interchanged, one has

ap = bq = ep, cp = dq = gp = fq , hp = iq = jp.

Now the second relation gives

(cpϑ
q + hqϑ

1p + hpϑ
1q) ∧ ϑp + (cpϑ

p + hpϑ
1p + hqϑ

1q) ∧ ϑq

− [2(−1)pϑ1q
1p + ϑ̃22

23 ] ∧ ϑ1p − (apϑ
p + aqϑ

q + cpϑ
1p) ∧ ϑ1q = 0,

and yields hp + ap = 0. Hence

−ϑ̃22
11 = apϑ

p + aqϑ
q + cpϑ

1p + cqϑ
1q ,

2(−1)qϑq
p − ϑ̃22

23 = aqϑ
p + apϑ

q + cqϑ
1p + cpϑ

1q ,

ϑ̃22
1 = cpϑ

p + cqϑ
q − apϑ

1p − aqϑ
1q ,

2(−1)qϑ1q
p = cqϑ

p + cpϑ
q − aqϑ

1p − apϑ
1q ,

2(−1)pϑ1q
1p + ϑ̃22

23 = aqϑ
p + apϑ

q + cqϑ
1p + cpϑ

1q ,

and therefore

(−1)p(ϑ1q
1p − ϑ

q
p) = aqϑ

p + apϑ
q + cqϑ

1p + cpϑ
1q .
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Exterior differentiation of the equations of the middle column yields

(−1)pϑ̃22
11 ∧ ϑp − ϑ11

23 ∧ ϑq − (2ϑ1p
p − ϑ11

1 ) ∧ ϑ1p = 0,

(2ϑ1p
p − ϑ11

1 ) ∧ ϑp + 2ϑ1p
q ∧ ϑq + (−1)q ϑ̃22

11 ∧ ϑ1p + ϑ11
23 ∧ ϑ1q = 0.

Substituting the expression of ϑ̃22
11 and noting that ϑ11

23 do not change when p and q

are interchanged, the first relation implies that cp = 0 and

ϑ11
23 = (−1)paqϑ

p + (−1)qapϑ
q ,

2ϑ1p
p − ϑ11

1 = vpϑ
1p.

Now the second relation yields vp = ap = 0, thus

ϑ̃22
11 = ϑ̃22

23 + 2ϑ3
2 = ϑ̃22

1 = ϑ13
2 = ϑ12

3 = ϑ11
23 = 2ϑ12

2 − ϑ11
1 = 2ϑ13

3 − ϑ11
1 = 0

and hence ϑ12
2 = ϑ13

3 .
The equations of the second column give

ϑ23
1 ∧ ϑ1p = 0,

ϑ23
1 ∧ ϑp + (2ϑ1q

1p + (−1)pϑ̃22
23 ) ∧ ϑ1p = 0,

thus ϑ23
1 = Kpϑ

1p, 2ϑ1q
1p + (−1)pϑ̃22

23 = Kpϑ
p + Lpϑ

1p. For p = 2 and p = 3,
this is

ϑ23
1 = K2ϑ

12 = K3ϑ
13, 2ϑ13

12 + ϑ̃22
23 = K2ϑ

2 + L2ϑ
12 = −(K3ϑ

3 + L3ϑ
13);

hence K2 = K3 = 0, L2 = L3 = 0 and ϑ23
1 = 0, ϑ̃22

23 + 2ϑ13
12 = 0.

Now exterior differentiation of the equations of the first column gives the identity
0 = 0.

Therefore, the system defining the given second-order envelope M4 (where now
(l + 1)(m − l) = 2 · 2 = 4), consists of (9.9.1), (9.9.2), where ̺ = const, and
(p, q) = (2, 3) or (3, 2),

ϑ12
2 = ϑ13

3 , ϑ13
2 = ϑ12

3 = 0, ϑ13
12 = ϑ3

2 , (9.9.5)

ϑ23
1 = 0, ϑ11

1 = 2ϑ12
2 (= 2ϑ13

3 ), ϑ̃22
1 = ϑ̃33

1 = 0, (9.9.6)

ϑ11
23 = 0, ϑ̃22

23 = −2ϑ3
2 (= −2ϑ13

12 ), ϑ̃33
23 = 0, (9.9.7)

ϑ̃22
11 = ϑ̃33

11 = ϑ̃33
22 = 0; (9.9.8)

recall that the matrix‖ϑJ
I ‖, I, J ∈{2, 3, 12, 13, 1, 23, 11, 22, 33}, is skew-symmetric.

This system is completely integrable, because exterior differentiation of each of its
equations gives the identity 0 = 0. This conclusion of the analysis is summarized by
the following proposition verifying Theorem 9.8.3 for this particular model case.
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Proposition 9.9.1. An envelope M4 of Veronese–Plücker orbits VGr1,3(r) reduces to
a single such orbit VGr1,3(r).

Remark 9.9.2. It is interesting that Proposition 9.9.1 can be considered as a conse-
quence of Theorem 4.6.1. This is true because VGr1,3(r) can also be considered as a
Segre orbit S(2,2)(

r

2
√

2
).

To establish this, let us show first that VG1,3(r) carries two two-dimensional
foliations. One of them is spanned at an arbitrary point x by the orthogonal unit
vectors f1 = 1√

2
(e2 − e13) and f2 = 1√

2
(e3 + e12), the other by f̃1 = 1√

2
(e2 + e13)

and f̃2 = 1√
2
(e3 − e12). Indeed, now

dx = e2ϑ
2 + e3ϑ

3 + e12ϑ
12 + e13ϑ

13 = f1φ
1 + f2φ

2 + f̃1φ̃
1 + f̃2φ̃

2,

where

φ1 = 1√
2
(ϑ2 − ϑ13), φ2 = 1√

2
(ϑ3 + ϑ12),

φ̃1 = 1√
2
(ϑ2 + ϑ13), φ̃2 = 1√

2
(θ3 − θ12).

From (9.9.6),

dφ1 = φ2 ∧ (−φ2
1), dφ2 = φ1 ∧ φ2

1 , dφ̃1 = φ̃2 ∧ (−φ̃2
1), dφ̃2 = φ̃1 ∧ φ̃2

1 ,

where φ2
1 = θ3

2 +θ12
2 and φ̃2

1 = θ3
2 −θ12

2 . Hence the differential systems φ1 = φ2 = 0
and φ̃1 = φ̃2 = 0 are both totally integrable and define the foliations above.

A straightforward computation shows that

df1 = f2φ
2
1 + ρ[(f5 + f6)φ̃

2 + (f7 − f8)φ̃
1 +

√
2f9φ

1], (9.9.9)

df2 = − f1φ
2
1 + ρ[(−f5 + f6)φ̃

1 + (f7 + f8)φ̃
2 +

√
2f9φ

2], (9.9.10)

df̃1 = f̃2φ̃
2
1 + ρ[(−f5 + f6)φ

2 + (f7 − f8)φ
1 +

√
2f9φ̃

1], (9.9.11)

df̃2 = − f̃1φ̃
2
1 + ρ[(f5 + f6)φ

1 + (f7 + f8)φ
2 +

√
2f9φ̃

2], (9.9.12)

where f5 = e1, f6 = e23, f7 = e11, f8 = e22, f9 = e33. Due to (9.9.2)–(9.9.8),

df9 = −
√

2ρ(e2ϑ
2 + e3ϑ

3 + e12ϑ
12 + e13ϑ

13) = −
√

2ρdx.

Hence d[x + (
√

2ρ)−1f9] = 0, where ρ = 2r−1 as above. Thus c = x + r

2
√

2
f9

is the radius vector of a fixed point in E9. So x is a point of a hypersphere S8(r∗),
r∗ = r

2
√

2
, and VG1,3(r) is a submanifold of this hypersphere.

From (9.9.9)–(9.9.12) it follows that the leaves of the two foliations above are
great 2-spheres in S8(r∗), totally orthogonal at the arbitrary point x ∈ VG1,3(r).

All this shows that VGr1,3(r) is actually the Segre submanifold S(2,2)(r
∗).

Therefore, Proposition 9.9.1, which is Theorem 9.8.3 for the model case, can
indeed be considered as a consequence of Theorem 4.6.1.
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Geometric Descriptions in General

Normally flat semiparallel submanifolds were geometrically described in Section 5.4
as warped products which are second-order envelopes of products of several spheres,
circles, and a plane. In this chapter this kind of descriptions is investigated in some
more general situations.

10.1 Products of Umbilic-Like Orbits

According to Theorem 4.5.5, every semiparallel submanifold Mm in En is a second-
order envelope of parallel submanifolds. By Proposition 5.2.1, every parallel nor-
mally flat submanifold inEn is a product of several spheres and, possibly, some circles
and a plane. Therefore, every normally flat semiparallel Mm in En is a second-order
envelope of such products. In Theorem 5.4.1 these envelopes were described as cer-
tain warped products, which in general are not parallel submanifolds. The simplest
situation occurs when the enveloping parallel submanifolds are products of multidi-
mensional spheres only, i.e., there are no circles, nor a plane. The spheres are umbilic
submanifolds, and now the problem arises: are their products umbilic-like? In other
words: is a second-order envelope of products of spheres a single such product?

A similar problem also arises in a more general setting. According to a result of
Ferus (see Theorem 8.2.5 above), a complete parallel submanifold in En is a product
of several main symmetric orbits which are standardly imbedded symmetricR-spaces,
and possibly a plane and some circles. Therefore, every semiparallel submanifold in
En is a second-order envelope of such parallel products. The simplest situation occurs
when the latter are the products only of main symmetric orbits, and even simpler is
the case where all these are umbilic-like orbits. So the following generalization of our
problem arises: Are products of umbilic-like main symmetric orbits also umbilic-like?

The following result gives a positive answer to the first problem.

Proposition 10.1.1. Every product of multidimensional spheres is umbilic-like inEn.

Proof. A second-order envelope of products of spheres Sm1(c1) × · · · × Smr (cr)

with mρ > 1 and variable cρ , ρ ∈ {1, · · · , r}, in En is a semiparallel normally flat

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_11, © Springer Science+Business Media, LLC 2009 
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submanifold, and therefore the results of Chapter 5 can be used, where all k(ρ) are
now nonsimple, and 〈k(ρ), k(σ )〉 = 0 for ρ �= σ (see (5.1.5), where now c = 0 in
En and therefore k∗

i = ki). In particular, formulas (5.1.1)–(5.1.3) hold, together with
Lemma 5.1.2.

By differentiation, one obtains 〈dk(ρ), k(σ )〉+〈k(ρ), dk(σ )〉 = 0. Now substituting
from (5.1.2) and applying Lemma 5.1.2 gives
〈∑

τ �=ρ

λ(ρ)jτ (k(ρ) − k(τ ))ω
jτ , k(σ )

〉
+
〈
k(ρ),

∑

τ �=σ

λ(σ )jτ (k(σ ) − k(τ ))ω
jτ

〉
= 0.

This leads to ∑

jσ

λ(ρ)jσ k
2
(σ )ω

jσ +
∑

jρ

λ(σ )jρk
2
(ρ)ω

jρ = 0.

Here the superscripts jρ and jσ run over disjoint index ranges.
Therefore, ωjσ and ωjρ are linearly independent, and since k2

(σ ) and k2
(ρ) are

nonzero, λ(ρ)jσ = λ(σ )jρ = 0. Thus, due to (5.1.6), Liρjσ = 0 for every pair ρ �= σ ;
also Liρjρ = Kiρ = 0 for every ρ. This implies that all hijk = 0; hence the above
envelope is a parallel submanifold and so is a single product of spheres, as claimed.

Now consider the problem in a more general setting, where it turns out that the
second problem also has a positive answer.

Theorem 10.1.2. Every product of umbilic-like main symmetric orbits in En is
umbilic-like, i.e., if a submanifold Mm in En is a second-order envelope of prod-
ucts Mm1 × · · · × Mmr , with every Mmρ an umbilic-like main symmetric orbit for
1 ≤ ρ ≤ r , m = m1 + · · · + mr , then this Mm is a single such product.

Proof. The vector-valued second fundamental form of this envelope Mm is at every
point the same as for such a product. Consider the orthonormal frame bundle adapted
to Mm so that the tangent vectors eiρ are also tangent to Mmρ at their common point
x, the normal vector em+ρ is collinear with the mean curvature vector H ρ of Mmρ ,
and eαρ are the remaining frame vectors in the principal normal space of Mmρ at x.
If there are more frame vectors at x normal to Mm, they will be denoted by eξ . Then
Mm is defined in En by the Pfaffian system

ωm+ρ = ωαρ = ωξ = 0,

ω
m+ρ
iσ

= δρσ κσω
iσ , ω

αρ
iσ

= δρσh
αρ
iρjρ

ωjρ , ω
ξ
iρ

= 0, (10.1.1)

so that hiρjρ = κρδiρjρ em+ρ + h
αρ
iρjρ

eαρ and hiρjσ = 0, if ρ �= σ . This implies

H ρ = κρem+ρ + m−1
ρ eαρ

∑
iρ
h
αρ
iρ iρ

, and since em+ρ is taken collinear with H ρ , one
concludes that ∑

iρ

h
αρ
iρ iρ

= 0. (10.1.2)

Exterior differentiation of equations (10.1.1) gives the covariant exterior equa-
tions. The first ones with ρ �= σ lead to
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ω
iσ
jρ

∧ ωjρ + κ−1
ρ

ρ �=σ∑

jσ

(δiσ jσ κσω
m+ρ
m+σ + h

ασ
iσ jσ

ωm+ρ
ασ

) ∧ ωjσ = 0.

By Cartan’s lemma

ω
iσ
jρ

= λ
iσ
jρkρ

ωkρ + µ
iσ
jρjσ

ωjσ ,

κ−1
ρ (δiσ jσ κσω

m+ρ
m+σ + h

ασ
iσ jσ

ωm+ρ
ασ

) = µ
iσ
jρjσ

ωjρ + ν
iσ
jσ kσ

ωkσ ,

where λiσjρkρ = λ
iσ
kρjρ

, νiσjσ kσ = ν
iσ
kσ jσ

. Then ω
iσ
jρ

+ ω
jρ
iσ

= 0 implies µiσ
jρjσ

= −λ
jρ
iσ jσ

,
and thus

ω
iσ
jρ

= λ
iσ
jρkρ

ωkρ − λ
jρ
iσ kσ

ωkσ , ρ �= σ. (10.1.3)

The same first equations (10.1.1) with ρ = σ lead to
⎛
⎝δiρjρd ln κρ + κ−1

ρ h
αρ
iρjρ

ωm+ρ
αρ

−
∑

kτ ,τ �=ρ

λ
kτ
iρjρ

ωkτ

⎞
⎠ ∧ ωjρ = 0,

and so

δiρjρd ln κρ + κ−1
ρ h

αρ
iρjρ

ωm+ρ
αρ

−
∑

kσ ,σ �=ρ

λ
kσ
iρjρ

ωkσ = πiρjρkρω
kρ , (10.1.4)

where the last coefficients are symmetric in all the indices.
Similarly, the second equations of (10.1.1) with ρ �= σ imply

δiσ jσ κσω
αρ
m+σ + h

βσ
iσ jσ

ω
αρ
βσ

+ λ
jρ
iσ jσ

h
αρ
jρkρ

ωkρ = χ
αρ
iσ jσ kσ

ωkσ , (10.1.5)

∑

jρ

(λ
iσ
jρkρ

h
αρ
jρ lρ

− λ
iσ
jρ lρ

h
αρ
jρkρ

) = 0, (10.1.6)

and the same equations with ρ = σ imply

∇̄ρh
αρ
iρjρ

+ δiρjρκρω
αρ
m+ρ −

τ �=ρ∑

lρ ,kτ

h
αρ
iρ lρ

λ
kτ
lρjρ

ωkτ = χ
αρ
iρjρkρ

ωkρ , (10.1.7)

where
∇̄ρh

αρ
iρjρ

= dh
αρ
iρjρ

− h
αρ
kρjρ

ω
kρ
iρ

− h
αρ
iρkρ

ω
kρ
jρ

+ h
βρ
iρjρ

ω
αρ
βρ

;
moreover, the coefficients on the right sides are symmetric in all three subscripts.

From the last equations (10.1.1) it follows that

δiρjρκρω
ξ
m+ρ + h

αρ
iρjρ

ωξ
αρ

= h
ξ
iρjρkρ

ωkρ . (10.1.8)

Now consider on Mm the distribution of all tangent subspaces Mmρ for a fixed
value of ρ. It is defined by the Pfaffian system ωi1 = · · · = ωiρ−1 = ωiρ+1 = · · · =
ωir = 0, and it is a foliation, since by (10.1.3) for σ �= ρ the differentials
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dωiσ = ωjσ ∧

⎛
⎝ωiσ

jσ
+

ρ �=σ∑

jρ

λ
jρ
iσ jσ

ωjρ

⎞
⎠

vanish due to the equations of the same system. The leaves of this foliation are
second-order envelopes of Mmρ , for every fixed value of ρ. Since all Mmρ were
assumed to be umbilic-like, these leaves are the exemplars of the single Mmρ , hence
parallel ones. This implies that

hiρjρkρ = 0. (10.1.9)

In particular, hm+ρ
iρjρkρ

= 0; but for a leaf with a fixed value of ρ, this together with

(2.2.2), (2.2.3), and h
m+ρ
iρjρ

= κρδiρjρ implies

dκρδiρjρ + h
αρ
iρjρ

ωm+ρ
αρ

= 0, (10.1.10)

which by (10.1.2) leads to dκρ = 0, and also to h
αρ
iρjρ

ω
m+ρ
αρ = 0. In the last equation,

the matrix of coefficients with row pair-index (iρjρ) and column indexαρ has maximal
rank; hence it follows that

dκρ = ωm+ρ
αρ

= 0. (10.1.11)

Substitution into (10.1.4) gives −∑σ �=ρ
kσ

λ
kσ
iρjρ

ωkσ = πiρjρkρω
kρ . Since all ωkσ

and ωkρ with σ �= ρ are linearly independent, it follows that

λ
kσ
iρjρ

= πiρjρkρ = 0 (10.1.12)

for every pair of distinct values of ρ, σ . Now (10.1.3) implies ωiσ
jρ

= 0, and the
equations preceding (10.1.2) give

κ−1
ρ (δiσ jσ κσω

m+ρ
m+σ + h

ασ
iσ jσ

ωm+ρ
ασ

) = ν
iσ
jσ kσ

ωkσ .

Summing over iσ = jσ , one gets ωm+ρ
m+σ = κρ(mσ κσ )

−1νkσω
kσ ; and since ωm+ρ

m+σ +
ωm+σ
m+ρ = 0, one has νkρ = νkσ = 0, whence

ω
m+ρ
m+σ = 0, ωm+ρ

ασ
= ν

ρ
kσ
ωkσ , (10.1.13)

where ρ �= σ .
Now for all fixed values of ρ ∈ {1, . . . , r}, the foliations on Mm tangent to Mmρ

are parallel in the Riemannian connection ∇ induced on Mm by immersion. The
argument used in the proof of Theorem 8.1.5 then shows that Mm is the product of
the leaves of these foliations. For these leaves, equation (10.1.9) holds; hence they
are parallel submanifolds, which must therefore coincide with Mmρ . This concludes
the proof.

In addition, note that (10.1.6) is now satisfied due to (10.1.11), and since h
αρ
iρjρkρ

=
h
ξ
iρjρkρ

= 0, the relations (10.1.7) and (10.1.8) become trivial identities 0 = 0.

Moreover, since hiρjρ = δiρjρκρem+ρ + h
αρ
iρjρ

rαρ span the principal normal subspace
of Mmρ , the matrix of coefficients on the right-hand side of (10.1.8) has maximal
rank, as noted above, and therefore ωξ

m+ρ = ω
ξ
αρ = 0.
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10.2 General Semiparallel Submanifolds and Their Adapted

Frame Bundles

A general semiparallel submanifold Mm in En is, by Theorems 4.5.5 and 8.2.5, the
second-order envelope of products

Mm1 × · · · × Mms × S1(cs+1) × · · · × S1(cs+q) × Em0

of main symmetric orbits Mmρ , ρ = 1, . . . , s, each imbedded as a minimal submani-
fold in a sphere Snρ (cρ), and of circles S1(cs+a), 1 ≤ a ≤ q, and an m0-dimensional
plane Em0 ; here m = m0 + m∗ + q, m∗ =∑ρ mρ , and cρ , cs+a can vary on Mm.

The orthonormal frame bundle can be adapted to such an Mm so that, as in
Section 10.1, the tangent vectors eiρ are also tangent to Mmρ at their common point
x, the normal vector em+ρ is collinear with the mean curvature vector H ρ of Mmρ ,
and eαρ are the remaining frame vectors in the principal normal space of Mmρ at
x. Moreover, let em∗+a and em+s+a be the tangent and the normal, respectively, of
the circle S1(cs+a) in its plane at x, and let ei0 belong to Em0 , m∗ + q + 1 ≤ i0 ≤
m∗ + q + m0. If there are additional frame vectors normal to Mm at x, they will be
denoted by eξ .

Then Mm is defined in En by the Pfaffian system consisting of equations (10.1.1)
plus the equations

ωm+s+a = ω
m+ρ
i0

= ω
αρ
i0

= ωm+s+a
i0

= ω
ξ
i0

= 0, (10.2.1)

ωm+s+a
iρ

= ω
m+ρ
m∗+a = ω

αρ
m∗+a = ω

ξ
m∗+a = 0, (10.2.2)

ωm+s+b
m∗+a = δbaκs+aω

m∗+a . (10.2.3)

These additional equations do not alter the conclusion obtained by exterior differ-
entiation of the first equations (10.1.1) with ρ �= σ ; namely, as above, (10.1.2) and
(10.1.3) still hold.

Equations (10.2.1) give

∑

jρ

ω
i0
jρ

∧ ωjρ = 0,
∑

iρ ,jρ

h
αρ
iρjρ

ω
iρ
i0

∧ ωjρ = 0, ω
i0
m∗+a ∧ ωm∗+a = 0,

and therefore

ω
i0
jρ

=
∑

kρ

λ
i0
jρkρ

ωkρ ,
∑

iρ

h
αρ
iρjρ

ω
iρ
i0

=
∑

kρ

λ
αρ ,i0
jρkρ

ωkρ , ω
i0
m∗+a = λi0a ω

m∗+a,

(10.2.4)
where those coefficients on the right sides that have two subscripts are symmetric in
those subscripts, so that, in particular,

∑

iρ

(h
αρ
iρjρ

λ
i0
iρkρ

− h
αρ
iρkρ

λ
i0
iρjρ

) = 0. (10.2.5)
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From (10.2.2) it follows that

κρω
iρ ∧ ωm+s+a

m+ρ +
∑

jρ ,αρ

h
αρ
iρjρ

ωjρ ∧ ωm+s+a
αρ

+ κs+aω
m∗+a
iρ

∧ ωm∗+a = 0,

− κρ
∑

iρ

ωm∗+a
iρ

∧ ωiρ + κs+aω
m∗+a ∧ ω

m+ρ
m+s+a = 0, (10.2.6)

κs+aω
m∗+a ∧ ω

αρ
m+s+a +

∑

iρ ,jρ

ω
iρ
m∗+a ∧ h

αρ
iρjρ

ωjρ = 0, (10.2.7)

ωm∗+a ∧ ω
ξ
m+s+a = 0. (10.2.8)

By Cartan’s lemma, one gets from (10.2.6) that

ωm∗+a
iρ

=
∑

jρ

λaiρjρω
jρ + µa

iρ
ωm∗+a, (10.2.9)

κ−1
ρ κs+aω

m+ρ
m+s+a =

∑

iρ

µa
iρ
ωiρ + νρaω

m∗+a, (10.2.10)

and from (10.2.7) and (10.2.8) similarly

∑

iρ

h
αρ
iρjρ

ω
iρ
m∗+a =

∑

kρ

λ
αρ ,a

jρkρ
ωkρ + µ

αρ
a ωm∗+a,

κs+aω
αρ
m+s+a = µ

αρ
a ωjρ + ϕ

αρ
a ωm∗+a, ω

ξ
m+s+a = νξaω

m∗+a;

here the coefficients with two subscripts on the right sides are symmetric in those
subscripts.

In the penultimate equation, the index jρ takes more than one value. This implies
that µ

αρ
a = 0, and so

∑

iρ

h
αρ
iρjρ

ω
iρ
m∗+a =

∑

kρ

λ
αρ ,a

jρkρ
ωkρ , ω

αρ
m+s+a = ν

αρ
a ωm∗+a, ω

ξ
m+s+a = νξaω

m∗+a .

(10.2.11)

Substituting (10.2.9) into the first equation (10.2.11), one obtains
∑

iρ
h
αρ
iρjρ

µa
iρ

=
0. Here the matrix of coefficients with the row pair index (iρjρ) and the column index
αρ has maximal rank; therefore, µa

iρ
= 0, and thus

ωm∗+a
iρ

=
∑

kρ

λaiρkρω
kρ ,

∑

iρ

(h
αρ
iρjρ

λaiρkρ − h
αρ
iρkρ

λaiρjρ ) = 0. (10.2.12)

It remains to apply the same procedure to (10.2.3). If a �= b, this gives

ωm∗+b
m∗+a ∧ κs+bω

m∗+b + κs+aω
m∗+a ∧ ωm+s+b

m+s+a = 0
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and further, due to ωm∗+b
m∗+a + ωm∗+a

m∗+b = 0 and ωm+s+b
m+s+a + ωm+s+a

m+s+b = 0 one gets

ωm∗+b
m∗+a = ϕbaκs+bω

m∗+b − ϕabκs+aω
m∗+a,

ωm+s+b
m+s+a = ϕabκs+bω

m∗+b − ϕbaκs+aω
m∗+a .

For a = b, exterior differentiation of (10.2.3) leads to

d ln κs+a −
∑

iρ

µa
iρ
ωiρ − κs+a

∑

b �=a

ϕabω
m∗+b +

∑

i0

λi0a ω
i0 = ψaω

m∗+a .

Now the first equations of (10.1.1) with ρ = σ imply that on the left side of
(10.1.4) some new terms must be added, due to (10.1.2), (10.2.4), and (10.2.12), so
as to obtain

δiρjρd ln κρ + κ−1
ρ h

αρ
iρjρ

ωm+ρ
αρ

−
∑

kσ ,σ �=ρ

λ
kσ
iρjρ

ωkσ −
∑

a

λaiρjρω
m∗+a −

∑

j0

λ
j0
iρjρ

ωj0

= πiρjρkρω
kρ . (10.2.13)

The same argument applied to (10.1.7) yields

∇̄ρh
αρ
iρjρ

+ δiρjρκρω
αρ
m+ρ

−
∑

lρ

h
αρ
iρ lρ

⎛
⎝
τ �=ρ∑

kτ

λ
kτ
lρjρ

ωkτ +
∑

a

λaiρjρω
m∗+a +

∑

i0

λ
i0
lρjρ

ωi0

⎞
⎠

= χ
αρ
iρjρkρ

ωkρ . (10.2.14)

The second equations of (10.1.1) withρ �= σ now give the same equations (10.1.5)
and (10.1.6); and finally, the last equations of (10.1.1) give the same equation (10.1.8).

The above argument allows some geometric conclusions to be drawn about the
foliations on the given Mm.

Equations (10.1.2), (10.2.4), and (10.2.12) imply the expressions

dωiσ =
∑

jσ

ωjσ ∧

⎛
⎝ωiσ

jσ
+

ρ �=σ∑

jρ

λ
jρ
iσ jσ

ωjρ +
∑

a

λaiσ jσω
m∗+a +

∑

i0

λ
i0
iσ jσ

ωi0

⎞
⎠ ,

(10.2.15)

dωm∗+a =
∑

b

ωm∗+b ∧

⎛
⎝ωm∗+a

m∗+b + δab

∑

i0

λi0a ω
i0

⎞
⎠ , (10.2.16)

dωi0 = ωj0 ∧ ω
i0
j0
, (10.2.17)

and so the following geometric consequences can be formulated.
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Theorem 10.2.1. A semiparallel submanifoldMm inEn, as a second-order envelope
of products

Mm1 × · · · × Mms × S1(cs+1) × · · · × S1(cs+q) × Em0 ,

carries two totally orthogonal foliations, whose leaves are second-order envelopes of

(1) the products Mm1 × · · · × Mms of main symmetric orbits, and
(2) the products S1(cs+1) × · · · × S1(cs+q) × Em0 .

(i) The last ones are generated by m0-dimensional planes, have flat van der
Waerden–Bortolotti connection ∇̄, and carry q families of mutually orthogonal
lines of curvature, orthogonal also to the generating planes.

(ii) The tangent subspaces of these leaves are invariant along every plane generator.
(iii) If all main symmetric orbits Mm1 , . . . ,Mms are umbilic-like, then the leaves of

the first set are also umbilic-like and hence parallel submanifolds.
(iv) Then for every fixed value ρ ∈ {1, . . . , s}, the tangent subspaces of Mmρ are

parallel along the leaves (2).

Proof. Consider the Pfaffian system ωiρ = 0, where 1 ≤ ρ ≤ s and every iρ takes
all its values. This system is totally integrable due to to (10.2.15), and so defines a
foliation on Mm. Its leaves are (m0 + q)-dimensional submanifolds that are second-
order envelopes of the products (2).

For one of these leaves, consider the Pfaffian system ωm∗+a = 0, where 1 ≤ a ≤
q. Then (10.2.16) implies that this system defines a foliation. For each of its leaves
one has

dx = ei0ω
i0 , dei0 = ej0ω

j0
i0
,

due to (10.2.1) and (10.2.4). Therefore, these leaves are m0-dimensional planes, as
asserted in (i). Also the other statements of (i) hold, since they are valid for the
products (2), and so can be transferred also to their second-order envelopes.

The distribution defined by

ωm∗+a = ωi0 = 0, 1 ≤ a ≤ q, m∗ + q + 1 ≤ i0 ≤ m,

is also a foliation, due to (10.2.16) and (10.2.17). Its leaves are second-order envelopes
of the products (1). These leaves are orthogonal to the previous normally flat locally
Euclidean submanifolds.

If all main symmetric orbits Mm1 , . . . ,Mms are umbilic-like, then by Theo-
rem 10.1.2, their product is also umbilic-like. Hence, due to umbilic-likeness, the
above leaves reduce to these products, and therefore are parallel submanifolds, as
asserted in (iii).

This implies that modulo ωm∗+a and ωi0 , equation (10.2.13) reduces to (10.1.10).
It follows that λkσiρjρ = 0, if ρ �= σ , and πiρjρkρ = 0 (cf. (10.1.12)). This together with

(10.1.2) implies ωiσ
jρ

= 0 for ρ �= σ , and shows, together with (10.2.12), (10.2.4),
and (10.1.1), that
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deiρ = ejρω
jρ
iρ

+
∑

kρ

⎛
⎝∑

a

em∗+aλ
a
iρkρ

+
∑

i0

ei0λ
i0
iρkρ

⎞
⎠ωkρ

+ em+ρκρω
iρ + eαρh

αρ
iρkρ

ωkρ .

Since along the leaves (2) one has ωkρ = 0 for ρ = 1, . . . , s and all values of kρ , one

now gets deiρ = ejρω
jρ
iρ

, as asserted in (iv).
That concludes the proof.

Remark 10.2.2. Most parts of Theorem 10.2.1 were first announced in [Lu 96d], many
of them without detailed proofs. Some consequences on the special geometric struc-
ture of semiparallel submanifolds and their intrinsic semisymmetric Riemannian man-
ifold structure were also stated in [Lu 96d].

10.3 Warped Products and Immersed Fibre Bundles

The foliations introduced on Mm in the previous section provide a special geomet-
ric structure for the Riemannian manifold as well as its immersion, which will be
considered now.

A Riemannian manifold M is said to be reducible to a product if M =
M1 × · · · × Mk , and the component submanifolds M1, . . . ,Mk are mutually or-
thogonal in the Riemannian metric of M .

A generalization of this is the concept of a semireducible Riemannian manifold
(see [Kr 57]) or warped product (see [BiO’N 69], [DN 93], [Nö 96], [Ch 2000], 3.5).

LetM0, . . . ,Mk be Riemannian manifolds,M = M0×· · ·×Mk their product, and
πi : M → Mi the canonical projections, i = 0, 1, . . . , k. If ϕ1, . . . , ϕk : M0 → R+
are positive real-valued functions, then

〈X, Y 〉 := 〈π0∗X,π0∗Y 〉 +
k∑

i=1

(ϕi ◦ π0)
2〈πi∗X,πi∗Y 〉

defines a Riemannian metric onM called a warped product metric; M with this metric
is called a warped product, denoted M0 ×ϕ1 M1 ×ϕ2 · · · ×ϕk Mk .

Theorem 10.3.1. If a semiparallel submanifoldMm inEn is a second-order envelope
of parallel Mm1 × · · · × Mms × S1(cs+1) × · · · × S1(cs+q) × Em0 whose main
symmetric orbits Mmρ are umbilic-like, then Mm is intrinsically a warped product
Mn0 ×ϕ1 M

m1 ×ϕ2 · · · ×ϕs M
ms , where Mn0 , n0 = m0 + q, is locally Euclidean, and

Mmρ , ρ = 1, . . . , s, are symmetric R-spaces.

Proof. Mn0 is defined as a leaf with flat ∇̄ of the foliation (2) of Theorem 10.2.1.
Orthogonal to these leaves are the leaves of the foliation (1), for which, due to umbilic-
likeness, equations (10.2.13) and (10.2.14) reduce to
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δiρjρd ln κρ + κ−1
ρ h

αρ
iρjρ

ωm+ρ
αρ

−
∑

a

λaiρjρω
m∗+a −

∑

j0

λ
j0
iρjρ

ωj0 = 0,

(10.3.1)

∇̄ρh
αρ
iρjρ

+ δiρjρκρω
αρ
m+ρ −

∑

lρ

h
αρ
iρ lρ

⎛
⎝∑

a

λaiρjρω
m∗+a +

∑

i0

λ
i0
lρjρ

ωi0

⎞
⎠ = 0.

(10.3.2)

In (10.3.1), setting iρ = jρ , summing, and using the relation (10.1.2), one obtains

d ln κρ =∑a λ
m∗+a
ρ ωm∗+a +∑j0

λ
j0
ρ ω

j0 , where λm
∗+a

ρ = m−1
ρ

∑
iρ
λaiρ iρ and λj0

ρ =
m−1
ρ

∑
iρ
λ
j0
iρ iρ

. This can be written more compactly as

dκρ = κρ
∑

u

λuρω
u, (10.3.3)

where the index u runs over the ranges first of m∗ + a and then of i0.
Similar summing in (10.3.2) leads to

ω
αρ
m+ρ =

∑

u

µu
αρ
ωu, (10.3.4)

where µu
αρ

= (mρκρ)
−1∑

lρ ,iρ
h
αρ
lρ iρ

λulρ iρ .
The leaves orthogonal to all Mn0 are the products of main symmetric orbits.

According to a result of Ferus, formulated as Theorem 3.6.1, every main symmetric
orbit is a standardly imbedded symmetric R-space. Each orbit is pseudoumbilic (see
Theorems 8.2.2 and 8.2.4) and hence minimal in a sphere, by Proposition 8.2.1. For
one of these pseudoumbilic orbits,

deiρ = ejρω
jρ
iρ

+ euλ
u
iρjρ

ωjρ + em+ρκρω
iρ + eαρh

αρ
iρjρ

ωjρ ,

due to (10.2.4) and (10.2.12). Here the vector-valued second fundamental tensor is
euλ

u
iρjρ

+ em+ρκρδiρjρ + eαρh
αρ
iρjρ

. Summing with iρ = jρ and dividing by mρ ,
one obtains the mean curvature vector Hρ = em+ρκρ + euλ

u
ρ , for which 〈Hρ, Hρ〉 =

κ2
ρ+∑u(λ

u
ρ)

2. As can be seen from the proof of Proposition 8.2.1, this pseudoumbilic

orbit lies in a sphere with radius rρ = [κ2
ρ +∑u(λ

u
ρ)

2]−
1
2 . The metric form of this

orbit can be obtained by multiplying by ϕρ = r2
ρ the metric form of a standard orbit,

which corresponds to the value rρ = 1.
From (10.3.3) one gets via exterior differentiation and Cartan’s lemma

dλuρ =
∑

v

(λvρω
v
u + λuρvω

v).

Therefore, d
∑

u(λ
u
ρ)

2 = 2
∑

u λ
u
ρλ

u
ρvω

v . This and (10.3.3) show that ϕρ are func-
tions on Mn0 , thus concluding the proof.
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Remark 10.3.2. Theorem 10.3.1 can be considered as a generalization of Theo-
rem 5.4.1, which deals with the case where (due to Proposition 5.2.1) the umbilic-like
main symmetric orbits are spherical submanifolds, hence simply spheres in Euclidean
space En. But there is a difference between these theorems. Namely, Theorem 5.4.1
describes a normally flat semiparallel submanifold as an immersed warped product
submanifold, while Theorem 10.3.1 concerns only the inner geometry of the given
semiparallel submanifold, where instead of spheres one has general umbilic-like sym-
metric orbits.

Remark 10.3.3. The semiparallel submanifolds Mm of Theorem 10.3.1 can also be
considered as immersed fibre bundles with homogeneous fibres, associated to some
principal bundles. These kinds of fibre bundles have been studied in [KN 63], [Hu
66] (see also [Lu 66], [Lu 71]).

Recall that every main symmetric orbit is a standardly imbedded symmetric R-
space K/K0 and can be realized as a minimal submanifold of a sphere. Therefore,
the Lie group K is a subgroup of the orthogonal group O(n,R). If a submanifold
is a second-order envelope of main umbilic-like symmetric orbits, then it reduces
to such an orbit, according to the definition of umbilic-likeness (see Section 9.1).
By Theorem 10.1.2, a product of main umbilic-like symmetric orbits is umbilic-like.
Thus the leaves in Mm, being second-order envelopes of the products of these main
umbilic-like symmetric orbits (i.e., the leaves of the foliation (2) of Theorem 10.2.1),
reduce to such products, and therefore are products of standardly imbedded symmetric
R-spaces. Hence each of these leaves is a symmetric space G/G0, where G =
K1 × · · · × Ks and G0 = K01 × · · · × K0s . Now considering the principal bundle
with structure Lie group G and its associated bundle with fibres G/G0, one can see
that Mm of Theorem 10.3.1 is an immersion of this associated fibre bundle.

The leaves of the foliation (1) in Theorem 10.2.1 are orthogonal to these fibres
above. This foliation can be considered as the horizontal distribution of an inner
connection (in the sense of [KN 63], [Lu 66], [Lu 71]) for Mm as an immersed
associated fibre bundle. Since the horizontal distribution is now a foliation, this inner
connection is locally flat, i.e., has zero curvature 2-form with values in the Lie algebra
of G.

This point of view for the semiparallel submanifolds of Theorem 10.3.1 was
briefly described in [Lu 96d], where only three particular cases of umbilic-like main
symmetric orbits were considered, namely spheres, Segre orbits, and Plücker orbits.

10.4 Semiparallel Submanifolds of Cylindrical or Toroidal

Segre Type

The above general investigations will now be illustrated by considering a particular
case. Namely, let us consider the semiparallel submanifold Mm of Theorem 10.2.1
for a single main symmetric orbit Mm1 which is a Segre orbit S(p,p̄)(k), plus a single
other component which is either a straight line E1, or a circle S1(c). Such an Mm is
said to be of cylindrical or toroidal Segre type, respectively.
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The Segre orbit S(p,p̄)(k) was introduced above in Section 3.2 as a (p + p̄)-
dimensional submanifold of the sphereSpp̄+m(k2),m = p+p̄, having two families of
generating great spheres, of dimensions p and p̄, respectively, and totally orthogonal
at every point x ∈ S(p,p̄)(k) (see also Section 4.6). Note that in this section p̄ is used
in place of the notation q used in Sections 3.2 and 4.6; alsoπ, σ, . . . replace i1, j1, . . .

and π̄ , σ̄ , . . . replace i2, j2, . . . . Recall that by Theorem 4.6.1, thisS(p,p̄)(k) is always
umbilic-like only if p > 1, p̄ > 1 (see Section 9.1); otherwise it is in general not
umbilic-like.

10.4.1 The case of umbilic-like Segre orbits

Suppose the Segre orbit S(p,p̄)(k) is umbilic-like. Then p > 1 and p̄ > 1. In this
case, the semiparallel submanifolds of cylindrical or toroidal Segre type are described
geometrically by the following two theorems.

Theorem 10.4.1. Ifp > 1, p̄ > 1, then a second-order envelopeMp+p̄+1 of products
S(p,p̄)(k) × E1 with variable k is either

(i) a single S(p,p̄)(k) × E1 in E(p+1)(p̄+1)+1 or its open subset, or
(ii) an open subset of a cone inE(p+1)(p̄+1)+1 with a point vertex and one-dimensional

straight generators, intersected orthogonally by Segre orbits S(p,p̄)(̃k).

In case (i) thisMp+p̄+1 is a parallel submanifold, and, if complete, then a symmet-
ric product–orbit. In case (ii) Mp+p̄+1 is a semiparallel but not parallel submanifold,
which is not complete (the vertex of the cone is a singular point). Note that (i) can
be considered as the limiting case of (ii), where the vertex of the cone has moved to
infinity.

Theorem 10.4.2. If p > 1, p̄ > 1, then the second-order envelope Mp+p̄+1 of
products S(p,p̄)(k) × S1(c) with variable k and c is either

(i) a product S(p,p̄)(k) × M1 or its subset in En, where k = const, and M1 is a
curve in an En−(p+1)(p̄+1) totally orthogonal to the subspace E(p+1)(p̄+1) of En

containing S(p,p̄)(k), n > (p + 1)(p̄ + 1), or
(ii) a subset of a bundle of Segre orbits over a base curve, immersed into En, n >

(p + 1)(p̄ + 1), so that
(1) these orbits have their centers on the base curve and lie in parallel (p +

1)(p̄ + 1)-subspaces orthogonal to the subspace En−(p+1)(p̄+1) containing
the whole base curve,

(2) the radius of the orbit is a linear function on the base curve,
(3) if one considers tangent lines to the orthogonal trajectories of the orbit fibres,

then the set of such tangent lines taken at all points of an orbit fibre lies on a
cone, and the vertices of all such cones lie on an evolvent of the base curve.

Here in case (ii) thisMp+p̄+1 is a semiparallel but not parallel submanifold, which
is not complete (the singular point of the evolvent is a singular point of this “warped
cone’’).
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As preparation for the proofs, one derives a Pfaffian system describing such a
second-order envelope in a suitably adapted bundle of orthonormal frames. So let
Mm+1 be a second-order envelope of products S(p,p̄)(k) × M1 in En, where m =
p + p̄, n > (p + 1)(p̄ + 1)+ 1, and M1 is either a straight line E1 or a circle S1(c).
According to the adaptation in the proof of Theorem 3.2.1 and equations (4.6.1), the
required system is the following:

ωm+1 = ωππ̄ = ω2∗ = ωξ = 0, (10.4.1)

ωm+1
π = kωπ , ωm+1

π̄ = kωπ̄ , ωm+1
1∗ = 0, (10.4.2)

ωσ τ̄
π = δσπkω

τ̄ , ωσ τ̄
π̄ = δτ̄π̄kω

σ , ωσ τ̄
1∗ = 0, (10.4.3)

ω2∗
π = 0, ω2∗

π̄ = 0, ω2∗
1∗ = cω1∗

, (10.4.4)

ωξ
π = 0, ω

ξ
π̄ = 0, ω

ξ
1∗ = 0. (10.4.5)

Indices 1∗ = (p+1)(p̄+1)+1 and 2∗ = (p+1)(p̄+1)+2 refer to the unit tangent
and normal vectors e1∗ and e2∗ of S1(c), and ξ ∈ {2∗ + 1, . . . , n} refers to the other
normal vectors of Mm+1.

The case M1 = S1(c) corresponds to c �= 0, and M1 = E1 to c = 0, in which
case ξ can be replaced by ξ ′ ∈ {2∗, 2∗ + 1, . . . , n}.

This Pfaffian system will be investigated via exterior differentiation and Cartan’s
lemma.

Exterior differentiation of equations (10.4.1) yields identities, but differentiation
of (10.4.5) leads, for fixed values π and π̄ , to

ωπ ∧ ω
ξ
m+1 +

∑

σ̄

ωσ̄ ∧ ω
ξ
πσ̄ = 0,

ωπ̄ ∧ ω
ξ
m+1 +

∑

σ

ωσ ∧ ω
ξ
σ π̄ = 0,

cω1∗ ∧ ω
ξ
2∗ = 0.

Since now p > 1, p̄ > 1, the indices π and π̄ can both take more than one value.
Therefore, one gets by Cartan’s lemma

ω
ξ
m+1 = ω

ξ
πσ̄ = 0, cω

ξ
2∗ = Bξω1∗

. (10.4.6)

The last equations ωσ τ̄
1∗ = 0 in (10.4.3) imply that for every fixed pair of values

of σ , τ̄
ωσ

1∗ ∧ ωτ̄ + ωτ̄
1∗ ∧ ωσ + ck−1ω1∗ ∧ ωσ τ̄

2∗ = 0. (10.4.7)

From p > 1, p̄ > 1 it then follows that

ωσ
1∗ = λωσ − ck−1µσω1∗

, (10.4.8)

ωτ̄
1∗ = λωτ̄ − ck−1ν τ̄ω1∗

. (10.4.9)
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The equations ω2∗
σ = 0 together with ω2∗

τ̄ = 0 now give

ωσ τ̄
2∗ = 0, kωm+1

2∗ = −cλω1∗
. (10.4.10)

Substituting all this into (10.4.7), one obtains (1) in case c = 0, an identity, (2) in
case c �= 0, due to p > 1, p̄ > 1 the relations µσ = ν τ̄ = 0; thus from (10.4.8) and
(10.4.9) for both these cases,

ωσ
1∗ = λωσ , ωτ̄

1∗ = λωτ̄ . (10.4.11)

The equation ω2∗
1∗ = cω1∗

yields

dc = κω1∗
. (10.4.12)

Equations (10.4.2) give

d ln k = −λω1∗
, ωm+1

πσ̄ = 0. (10.4.13)

The equations ωσ τ̄
π = δσπkω

τ̄ and ωσ τ̄
π̄ = δτ̄π̄kω

σ imply

ωτ̄
π = 0, ωσ π̄

ϕπ̄ = ωσ
ϕ , ωπτ̄

πψ̄
= ωτ̄

ψ̄
, ωσ τ̄

πψ̄
= 0 (σ �= π, τ̄ �= ψ̄).

(10.4.14)
This concludes the first differential prolongation.
The second differential prolongation deals with the additional equations. Taking

exterior derivatives and using the equations of the extended system, almost all of
them give identities. Exceptions to this are the equations

cω
ξ
2∗ = Bξω1∗

, dc = κω1∗
, (10.4.15)

d ln k = −λω1∗
, ωπ

1∗ = λωπ , ωπ̄
1∗ = λωπ̄ , kωm+1

2∗ = −cλω1∗
.

(10.4.16)

The first equation (10.4.16) yields dλ ∧ ω1∗ = 0, thus dλ = γω1∗
. Now from the

next two groups of equations (10.4.16), (γ + λ2)ω1∗ ∧ωσ = 0; hence γ = −λ2 and

dλ = −λ2ω1∗
. (10.4.17)

This is one of the results of the second prolongation. After that, all equations
(10.4.16) give, by exterior differentiation, identities, plus the new additional equation
(10.4.17).

If c ≡ 0 on Mm+1, then 2∗ = (p + 1)(p + 2) + 2 can be considered as the first
value of ξ ′ ∈ {(p+ 1)(p̄+ 1)+ 2, . . . , n}, equations (10.4.15) vanish, and the whole
extended system is totally integrable. It follows that in this case the required Mm+1

exists and depends on some constants.
Suppose c �= 0 on Mm+1. If Bξ eξ = 0, then equations (10.4.15) reduce to

ω
ξ
2∗ = 0, dc = κω1∗

. (10.4.18)
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The first one gives identities, and the second gives dκ ∧ ω1∗ = 0, which is the only
essential covariant equation of the whole extended system. By the Cartan theory,
this shows that in this case Mm+1 exists and depends on a real function of one real
argument.

Suppose c �= 0 and Bξ eξ �= 0 on Mm+1. Then (10.4.15) gives dBξ ∧ ω1∗ = 0,
dκ ∧ ω1∗ = 0; hence Mm+1 exists and depends on q + 1 real functions of one real
argument, where q is the number of linearly independent differentials among dBξ .

It remains to interpret these results geometrically. They show that

dx = eπω
π + eπ̄ω

π̄ + e1∗ω1∗
, (10.4.19)

deπ = eσω
σ
π − λe1∗ωπ + kem+1ω

π + keπτ̄ω
τ̄ , (10.4.20)

deπ̄ = eσ̄ω
σ̄
π̄ − λe1∗ωπ̄ + kem+1ω

π̄ + keσ π̄ω
σ , (10.4.21)

de1∗ = λ(eπω
π + eπ̄ω

π̄ ) + ce2∗ω1∗
, (10.4.22)

dem+1 = − k(eπω
π + eπ̄ω

π̄ ) + ck−1λe2∗ω1∗
, (10.4.23)

deπσ = − k(eπω
σ̄ + eσ̄ω

π ) + eπϕ̄ω
ϕ̄
σ̄ + eτ σ̄ω

τ
π . (10.4.24)

Since dωπ = ωσ ∧ωπ
σ +λω1∗ ∧ωπ , dωπ̄ = ωσ̄ ∧ωπ̄

σ̄ +λω1∗ ∧ωπ̄ , and dω1∗ = 0, the
Pfaffian systems ωπ̄ = 0, ω1∗ = 0 and ωπ = 0, ω1∗ = 0 are both totally integrable
on Mm+1. For integral submanifolds of the first system, one has

dx = eπω
π , deπ = eσω

σ
π + (−λe1∗ + kem+1)ω

π ;

hence each of them is totally umbilic and thus is an Sp (̃k) or its subset, where k̃ =
(λ2 + k2)

1
2 . Similarly, every integral submanifold of the second system is an Sp̄ (̃k)

or its subset. Both of the spheres Sp (̃k) and Sp̄ (̃k) through a given point x ∈ Mm+1

are totally orthogonal in Mm+1 and have the same center y with radius vector y =
x + (̃k)−1ẽm+1, where

ẽm+1 = k̃(−λe1∗ + kem+1) (10.4.25)

is the unit vector along the radius of this Sp̄ (̃k). It follows that every integral sub-
manifold of the Pfaffian equation ω1∗ = 0 on Mm+1 is a Segre orbit S(p,p̄)(̃k) or its
subset.

Proof of Theorem 10.4.1. Suppose c = 0 on Mm+1, i.e., consider a second-order
envelope Mm+1 of products S(p,p̄)(k) × E1. Then ω2∗

1∗ = 0, and 2∗ = (p + 1)(p̄ +
1)+ 2 can be included in the set {(p + 1)(p̄ + 1)+ 2, . . . , n} of values of ξ ′, so that

ωξ ′
π = ω

ξ ′
π̄ = ω

ξ ′
1∗ = 0.

This shows that deπ , deπ̄ and de1∗ have zero components in the subspace spanned
by the eξ ′ , and likewise for dem+1 and deπσ̄ , due to (10.4.23) and (10.4.24). Thus
Mm+1 lies in an E(p+1)(p̄+1)+1 ⊂ En.

For the integral curves of the system ωπ = ωπ̄ = 0 on Mm+1, one has
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dx = e1∗ω1∗
, de1∗ = 0,

therefore these curves are straight lines.
If λ �= 0 on Mm+1, then all of them go through a fixed point z with radius

vector z = x − λ−1e1∗ , because dz = 0. Hence Mm+1 is a subset of a cone with the
vertex z and one-dimensional generators. This cone consists of Segre orbits S(p,p̄)(̃k),
intersecting the generators orthogonally.

If λ = 0 onMm+1, then all the straight lines above are mutually parallel, all Segre
orbits are congruent due to k = const, and Mm+1 is a product S(p,p̄)(k) × E1 or its
subset.

This ends the proof of Theorem 10.4.1.

Proof of Theorem 10.4.2. Suppose c �= 0 on Mm+1, i.e., consider a second-order
envelope Mm+1 of products S(p,p̄)(k)×S1(c). To the derivation formulas (10.4.19)–
(10.4.24), one must now add

de2∗ = [−c(e1∗ + k−1λem+1) + c−1Bξ eξ ]ω1∗
.

If x moves freely on Mm+1, then for y = x + (̃k)−1ẽm+1 one has

dy = k(̃k)−1ẽ1∗ω1∗
,

where ẽ1∗ = (̃k)−1(ke1∗ + λem+1) is a unit vector orthogonal to ẽm+1. This shows
that the centers y of the Segre orbits S(p,p̄)(k) whose one-parameter family generates
Mm+1, m = p + p̄, describe a curve with unit tangent vector ẽ1∗ at y, and with
arclength parameter s̃, where ds̃ = k(̃k)−1ω1∗

. This curve is called the base curve
for Mm+1, and Mm+1 can be considered as (a subset of) a bundle of Segre orbits on
this curve.

Since d(̃k)−1 = λ(̃k)−1ω1∗
, the function (̃k)−1 on the base curve has the deriva-

tive d(̃k)−1

ds̃
= λ

k
, which is a constant because d λ

k
= 0. Thus (̃k)−1 is a linear function

on the base curve.
Moreover, the orbit fibre Sp,p̄)(̃k) lies in an E(p+1)(p̄+1) whose vector space is

spanned by eπ , eπ̄ , ẽm+1, eπσ̄ . Due to equations (10.4.20), (10.4.21), (10.4.24), and

dẽm+1 = −(̃k)−1(eπω
π + eπ̄ω

π̄ ),

which follows easily from (10.4.25), this vector space is invariant for Mm+1. Thus
all orbit fibres S(p,p̄)(̃k) lie in parallel (p + 1)(p̄ + 1)-dimensional subspaces of En,
totally orthogonal to the subspace of the base curve.

The orthogonal trajectories of the orbit fibres S(p,p̄)(̃k) are defined byωπ = ωπ̄ =
0 on Mm+1. At x ∈ Mm+1, such a trajectory has unit tangent vector e1∗ .

If λ �= 0 on Mm+1, there is a point z along this tangent with radius vector
z = x − λ−1e1∗ , whose differential is

dz = −cλ−1e2∗ω1∗
.

On the other hand, y − z = ̺λ−1̃rẽ1∗ , so that z belongs to a tangent line of the base
curve. If x moves freely on Mm+1, this point describes a curve whose tangent at z is
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orthogonal to the tangent of the base curve at the corresponding point y. Hence this
curve of z is an evolvent of the base curve. At the singular point of this evolvent, one
has k̃ = 0, so this point is also a singular point of Mm+1. The latter can be considered
as a warped “cone’’of orbit fibres S(p,p̄)(̃k), whose “axis’’ is the base curve and whose
“vertex’’ is the singular point.

If λ → 0, then k̃ → k = const, ẽm+1 → em+1, ẽ1∗ → e1, and in the limiting
case λ = 0, this Mm+1 is the ordinary product of S(p,p̄)(k) and the base curve.

This concludes the proof of Theorem 10.4.2.

Remark 10.4.3. For normally flat semiparallel submanifolds Mm in Nn(c), Theo-
rem 5.4.1 holds, which for the case where Nn(c) is a Euclidean space En states that
such an Mm is in general a warped product submanifold Bm′ ×r1 S

ν1
1 (1)×r2 · · · ×rp

S
νp
p (1), where the base submanifold Bm′

has flat ∇̄, the warping functions r1, . . . , rp
are nonconstant linear functions (with respect to some local affine coordinates in
Bm′

), and the fibres are products of spheres, hence umbilic-like.
Theorems 10.4.1 and 10.4.2 show that in two particular cases, similar assertions

are true, where instead of spheres one takes other umbilic-like symmetric orbits,
namely, a Segre orbit. It is an open problem whether this analogy can be generalized
to other umbilic-like main orbits. In [Lu 96d] it was asserted, without a detailed proof,
that this can be done at least for products of umbilic-like Segre orbits and Plücker
orbits.

10.4.2 The case of nonumbilic-like Segre orbits

Now consider the case of nonumbilic-like S(1,p̄)(k); here p = 1, p̄ > 1, so that
the index π takes only one value 1, and π̄ takes more than one value. Differential
prolongation of equations (10.4.5) then leads to

ω1 ∧ ω
ξ
m+1 +

∑

σ̄

ωσ̄ ∧ ω
ξ
1σ̄ = 0,

ωπ̄ ∧ ω
ξ
m+1 + ω1 ∧ ω

ξ
1π̄ = 0,

cω1∗ ∧ ω
ξ
2∗ = 0.

Therefore, instead of (10.4.6) one obtains

ω
ξ
m+1 = Aξω1, ω

ξ
1σ̄ = Aξωσ̄ , cω

ξ
2∗ = Bξω1∗; (10.4.26)

and (10.4.8) and (10.4.9) are replaced by

ω1
1∗ = λω1 − ck−1µω1∗

, ωτ̄
1∗ = κ τ̄ω1 + λωτ̄ − ck−1ν τ̄ω1∗

, (10.4.27)

and (10.4.10) by

ω1τ̄
2∗ = cφωτ̄ , ωm+1

2∗ = c(φω1 − λk−1ω1∗
). (10.4.28)
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Substituting into (10.4.7) then gives cφ = µ, ν τ̄ = 0, and hence

ωτ̄
1∗ = κ τ̄ω1 + λωτ̄ , ω1τ̄

2∗ = µωτ̄ , ωm+1
2∗ = µω1 − cλk−1ω1∗;

but from ω2∗
1∗ = cω1∗

it follows after prolongation that κ τ̄ = 0, so that, in particular,

ωτ̄
1∗ = λωτ̄ . (10.4.29)

Moreover, equations (10.4.14) are replaced by

ωπ̄
1 = −νωπ̄ , ω1τ̄

1π̄ = ωτ̄
π̄ . (10.4.30)

From these last equations, an interesting geometric conclusion can be drawn.
Namely, on the envelope Mm+1, the distribution defined by the system ωπ̄ = 0 is a
foliation, because then all dωπ̄ = ω1 ∧ (−νωπ̄ )+ω1∗ ∧λωπ̄ become zero due to the
equations of the same system. Moreover, the leaves of this foliation are intrinsically
locally Euclidean, because it follows from (10.4.29), (10.4.30), and the last equations
in (10.4.2) and (10.4.3) that dω1∗

1 = 0 holds.
The differential prolongation of the whole system above must be carried out, of

course, and the results can be interpreted further geometrically. This was done in
[Lu 96c], where the following two theorems were proved (with notations differing
somewhat from those used above).

Theorem 10.4.4 (see [Lu 96c], Theorem 3). A second-order envelope of products
S(1,p̄)(k) × E1 in a Euclidean space, is an open subset either

• of a cylinder over a (1 + p̄)-dimensional logarithmic spiral tube (see Theo-
rem 4.6.1), or

• of a cone Cp̄+2 with a point vertex z in E2(p̄+2), consisting of a one-parameter
family of (p̄ + 1)-dimensional round cones with a vertex z, whose axes belong
to a plane angular domain D and vertex angles χ vary according to sin2 χ =
sin2 χ0 − cos2 χ0 · tan2 ψ , where ψ is the angle between the axis and bisectrix of
D, 0 ≤ ψ ≤ χ0 = const.

The (p̄+ 1)-dimensional submanifolds which are cut from this cone Cp̄+2 by the
hyperspheres S2p̄+3 around z were also described geometrically in [Lu 96c].

Theorem 10.4.5 (see [Lu 96c], Theorem 4). A second-order envelope of products
S(1,p̄)(k) × S1(c) in a Euclidean space is an open subset either

• of a product of a (1 + p̄)-dimensional logarithmic spiral tube and a curve, or
• of a sphere bundle, whose base is a developable surface M2 and whose p̄-

dimensional sphere fibres have their centers onM2, and their (p̄+1)-dimensional
subspaces totally orthogonal to the osculating subspace of M2.

Some particular subcases were also described in [Lu 96c] (see Propositions 5 and
6 there), e.g., the subcases where the base is a plane domain with a base curve on it,
or a cylinder which can be bent onto a plane angular domain.



11

Isometric Semiparallel Immersions of Riemannian

Manifolds of Conullity Two

A new point of view for semiparallel submanifolds is to consider them as special
isometric immersions of semisymmetric Riemannian manifolds. Each of these is
locally isometric to a direct product of infinitesimally irreducible simple semisym-
metric leaves and, possibly, a Euclidean space; moreover, each such leaf is, due to
Szabó [Sza 82] (see Theorem 1.6.1 above) either (a) locally symmetric, (b) an elliptic,
hyperbolic, Euclidean cone, (c) a Kählerian cone, or (d) of conullity two (i.e., foliated
by Euclidean leaves of codimension 2).

For type (a), the problem of parallel immersions was solved by Ferus [Fe 74c,
80] (see Theorem 3.6.1): such immersions exist only for symmetric R-spaces and are
their standard immersions. Hence by Theorem 4.5.5, a locally symmetric Riemannian
manifold can be isometrically immersed as a semiparallel submanifold only if its
metric is a second-order envelope of the family of metrics of symmetric R-spaces, in
the sense of [KoN 98].

For types (b) and (c), their isometric immersions can be taken as submanifold
immersions of the corresponding cones. So type (d) appears to be the most interesting
case, and this will be the topic of this chapter.

11.1 Semiparallel Submanifolds with Plane Generators of

Codimension 2

To start, consider the case where the immersion is into Euclidean space and Euclidean
leaves are immersed as Euclidean planes. In this case the semiparallel submanifold
Mm in En is generated by planes which are of codimension 2 in Mm, and thus Mm

is intrinsically of conullity two.
Let the frame of O(Mm, En) be adapted further so that eu (3 ≤ u, v, . . . ≤ m)

belong to the (m− 2)-plane through x ∈ Mm. Then these planes are the leaves of the
foliation defined by the differential system ωa = 0 (1 ≤ a ≤ 2). Therefore,

deu = eaω
a
u + evω

v
u + huaω

a + huvω
v, (11.1.1)

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_12, © Springer Science+Business Media, LLC 2009 
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taken mod{ω1, ω2}, must be expressed only in terms of e3, . . . , em, whence, using
the notation in (1.6.4), one gets

ω1
u = Auω

1 + Buω
2, ω2

u = Cuω
1 + Fuω

2, huv = 0. (11.1.2)

Now suppose additionally that Mm is semiparallel, i.e., it satisfies condition
(4.1.2), which is equivalent to

∑

p

(Hi[k,l]phpj + Hj [k,l]phip − Hij,p[khl]p) = 0, (11.1.3)

where Hik,lj = 〈hik, hlj 〉 (cf. with (7.3.1), where now c = 0 and so h∗
ij = hij ; see

Remark 4.2.3).
For such an Mm with generator (m− 2)-planes in En, condition (11.1.3) reduces

for (k, l) = (a, u) to
∑

p

[(Hia,up − Hiu,ap)hpj + (Hja,up − Hju,ap)hip − Hij.pahup + Hij.puhap] = 0,

and for (i, j) = (v,w) this gives, due to (11.1.2),

∑

b

(Hva,ubhwb + Hwa,ubhvb) = 0.

Setting u = v = w in the last equation leads to the pair of equations

〈hu1, hu1〉hu1 + 〈hu1, hu2〉hu2 = 0, (11.1.4)

〈hu2, hu1〉hu1 + 〈hu2, hu2〉hu2 = 0. (11.1.5)

Now the following lemma can be applied.

Lemma 11.1.1. If two vectors p, q in a real Euclidean vector space satisfy the two
equations 〈p, p〉p + 〈p, q〉q = 0 and 〈p, q〉p + 〈q, q〉q = 0, then p = q = 0.

Proof. The two vectors p and q lie in a two-dimensional vector subspace. An or-
thonormal basis can be chosen such thatp = (p1, 0), q = (q1, q2). The two equations
then become

p2
1(p1, 0) + p1q1(q1, q2) = 0, p1q1(p1, 0) + (q2

1 + q2
2 )(q1, q2) = 0.

For second coordinates, this means that p1q1q2 = (q2
1 + q2

2 )q2 = 0 and leads to
q2 = 0; and then for the first coordinates, (p2

1 +q2
1 )p1 = (p2

1 +q2
1 )q1 = 0; therefore,

p1 = q1 = 0.

Theorem 11.1.2. If a submanifold Mm with generator (m− 2)-planes in En is semi-
parallel, then its tangentm-planes along each of its (m−2)-plane generators coincide,
so that the tangent plane of Mm depends on at most two parameters.
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Proof. Indeed, then the pair of equations (11.1.4) and (11.1.5) must be satisfied, and
Lemma 11.1.1 then leads to hua = 0. Now

de1 = −
∑

u

(Auω
1 + Buω

2)eu + ω2
1e2 + (h11ω

1 + h12ω
2),

de2 = −
∑

u

(Cuω
1 + Fuω

2)eu − ω2
1e1 + (h12ω

1 + h22ω
2),

deu = evω
v
u + (Auω

1 + Buω
2)e1 + (Cuω

1 + Fuω
2)e2;

the latter due to (11.1.1) and (11.1.2). This shows that the two subspaces of TxMm

spanned by ea (1 ≤ a, b ≤ 2) and by eu (3 ≤ u, v ≤ m) are invariant along each
generator (m − 2)-plane, since the latter are defined by ωb = 0. This concludes the
proof.

The main result of this section is the following statement.

Theorem 11.1.3. Each semiparallel submanifold Mm with generator (m−2)-planes
in En is intrinsically a Riemannian manifold of conullity two of the planar type.

Proof. In this setting, equations (3.1.2) and (3.1.3) give

dhij = −
∑

k

ek〈hij , hkl〉ωl + hkjω
k
i + hikω

k
j + hijkω

k,

where hijk = eαh
α
ijk are symmetric in their indices. Since huv = hua = 0 for the

submanifold Mm considered here, this gives, for (i, j) = (u, v) and for (i, j) =
(u, a), respectively, huvw = huva = 0 and −hacω

c
u = huabω

b. Hence by (11.1.2)
(where now Au = A1

u1, Bu = A1
u2, Cu = A2

u1, Fu = A2
u2), huab = −hacA

c
ub; and

from here via symmetry, hacAc
ub = hbcA

c
ua , with a, b, c ∈ {1, 2}. Therefore,

h11Bu + h12(Fu − Au) − h22Cu = 0. (11.1.6)

Suppose that span{h11, h12, h22} has the maximal possible dimension 3 at every
point x ∈ Mm. Then (11.1.6) yields Bu = Cu = 0, Fu = Au, and this shows via
(1.6.5) that Mm is indeed of the planar type (see Remark 1.6.11).

Therefore, further analysis is needed only for the cases where this span has di-
mension ≤ 2.

If the span has dimension 0, the submanifold Mm is totally geodesic, and thus
an open subset of an m-dimensional plane, and belongs to a special case not of
conullity two.

Suppose the span dimension is 1. Then each of the vectors hab has only one
coordinate, and the symmetric matrix of these coordinates can be diagonalized by
a suitable orthogonal transformation of {e1, e2}. (Note that the relations (11.1.2)
are invariant with respect to this transformation; this also follows from the fact that
these relations have invariant geometric meaning.) Consequently, Mm is in this case
defined by the equations
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ωα = 0, ωm+1
1 = κ1ω

1, ωm+1
2 = κ2ω

2, ωξ
a = ωα

u = 0,

where ξ ∈ {m + 2, . . . , n}. By exterior differentiation, one gets

(dκ1 + κ1A
1
u1ω

u) ∧ ω1 + [(κ1 − κ2)ω
2
1 + κ1A

1
u2ω

u] ∧ ω2 = 0,

[(κ1 − κ2)ω
2
1 + κ2A

2
u1ω

u] ∧ ω1 + (dκ2 + κ2A
2
u2ω

u) ∧ ω2 = 0.

The semiparallel condition (11.1.3) now reduces to (κ1 − κ2)κ1κ2 = 0. Here
κ1κ2 = 0 implies �12 = 0; moreover, huv = hua = 0 imply �uv = �ua = 0, so
that �ij = 0; hence Mm is intrinsically locally Euclidean and not of conullity two.
Therefore, κ1 = κ2 = κ �= 0, and the exterior equations reduce to

(d ln κ + A1
u1ω

u) ∧ ω1 + A1
u2ω

u ∧ ω2 = 0,

A2
u1ω

u ∧ ω1 + (d ln κ + A2
u2ω

u) ∧ ω2 = 0.

From here it follows that

d ln κ + A1
u1ω

u = Pω1, A1
u2 = A2

u1 = 0, d ln κ + A2
u2ω

u = Qω2,

and hence A1
u1 −A2

u2 = P = Q = 0; and comparison with (1.6.5) shows that Mm is
intrinsically of conullity two of the planar type.

Suppose the dimension of span{h11, h12, h22} is 2. The orthonormal frame can be
further adapted toMm, taking em+1 and em+2 as belonging to this span. Then hξij = 0

for m + 3 ≤ ξ ≤ n, and hence among �α
β only �m+1

m+2 = ∑i h
m+1
i[k hm+2

l]i ωk ∧ ωl can
be nonzero.

Summing over i = j in the semiparallel condition (4.1.2), and then using the
symmetry of hij and antisymmetry of �ij in i, j , it follows that H β�α

β = 0, where

H β = 1
m

∑
i h

β
ii are components of the mean curvature vector H of Mm. For the

current case, this reduces, due to antisymmetry of �α
β in α, β, to

�m+1
m+2H

m+2 = 0, �m+1
m+2H

m+1 = 0.

The semiparallel submanifold in En is minimal (i.e., has H = 0) only if it is an
open part of a plane (see Theorem 4.1.7) and thus is not of conullity two. Therefore,
only the case where �m+1

m+2 = 0 is possible here. This leads to the consequence

that the matrices ‖hm+1
ab ‖ and |hm+2

ab ‖ commute and therefore can be simultaneously
diagonalized by a suitable orthogonal transformation of {e1, e2}. Subsequently, hab =
kaδab, and the semiparallel condition (11.1.3) reduces to (k1 − k2)〈k1, k2〉 = 0. Here
k1 − k2 = 0 is impossible for the current case, since span{k1, k2} has dimension 2;
therefore, 〈k1, k2〉 = 0, so �2

1 = 0. Moreover, �v
u = �a

u = 0, since huv = hua = 0.
Hence the submanifold Mm is locally Euclidean and cannot be of conullity two. This
finishes the proof.

Remark 11.1.4. Theorem 11.1.3 was stated in [Lu 2001], where the following conjec-
ture was also first formulated: If a semiparallel submanifoldMm inEn is intrinsically
a Riemannian manifold of conullity two, then it can only be of planar type. Later
this conjecture was repeated and confirmed in [Lu 2002a, b] and [Lu 2003] in some
particular cases, which will be considered in the following section.
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11.2 Some Particular Cases

Proposition 6.2 of [Lu 2002b] states in particular that if a semiparallel submanifold
Mm in Em+2 (i.e., of codimension 2) is intrinsically of conullity two, then it must be
of planar type. Here due to Proposition 5.1.3 and Remark 5.1.4, every semiparallel
submanifold of codimension 2 in Euclidean space is normally flat. General normally
flat semiparallel submanifolds were investigated in [Lu 2002a] from the point of view
of their inner Riemannian geometry. It was proved there (see Theorem 3.2) that if
such an Mm in En is intrinsically of conullity two, then it is of planar type.

This result will be proved below based on the material in Chapter 5.
For normally flat semiparallel Mm in En, the principal curvature vectors ki can

be introduced so that hij = kiδij . If there are r distinct principal curvature vectors
k(1), . . . , k(r), then (5.1.6) holds. In Section 5.3, these vectors are divided into three
groups: (1) k(ρ) which are nonzero and of multiplicity > 1, (2) ka which are nonzero
and of multiplicity 1, and (3) one k(0) = 0. Correspondingly, equations (5.1.6) then
reduce to (5.3.2), (5.3.3).

Due to (5.1.4), then �
j
i = −〈ki, kj 〉ωi ∧ ωj and this gives

�
jρ
iρ

= − (kρ)
2ωiρ ∧ ωjρ �= 0, �

jτ
iρ

= 0, ρ �= τ ;

�b
a =�

j0
a = �

j0
i0

= 0. (11.2.1)

It is seen that the distribution of the tangent subspaces spanned by ea and ei0 has
Euclidean leaves, and if r = 1 with k(1) of multiplicity 2, then Mm is intrinsically
of conullity two. The ranges of indices a, b, . . . and i0, j0, . . . can be joined by
introducing indices u, v, . . . running through the union of these ranges. Then (5.3.3)
yields

ω1
u = −λ(1)uω

1, ω2
u = −λ(1)uω

2.

Comparing this with (1.6.4), one sees that nowBu = Cu = 0 andAu = Fu = −λ(1)u.
Hence equation (1.6.5) becomes an identity, and this shows that Mm is intrinsically
of conullity two, of planar type. This leads to the following.

Theorem 11.2.1. If a normally flat semiparallel submanifoldMm inEn is intrinsically
of conullity two, then it is of planar type.

Remark 11.2.2. The statement of Theorem 11.2.1 can be considered as part of Theo-
rem 6.2 in [Lu 2002b]; that article also contains Proposition 6.4, stating that among
nonsemiparallel normally flat submanifolds Mm in Em+2, there exist intrinsically
semisymmetric Mm of conullity two, whose Euclidean leaves of codimension 2 are
(m − 2)-dimensional planes in Em+2, and which are not of parabolic, but of hyper-
bolic type.

The other particular case where the problem is already solved is the case of three-
dimensional semiparallel submanifolds of conullity two in Euclidean space En. The
complete classification of all semiparallel three-dimensional submanifolds M3 in En



242 11 Isometric Semiparallel Immersions of Riemannian Manifolds of Conullity Two

was done in [LR 90], [Lu 90b] (see also [Lu 2000a], Chapter 20), and has been
presented here in Chapter 7. Their inner semisymmetric Riemannian geometry was
characterized in [Lu 2003], whose MainTheorem states that such anM3 is intrinsically
either locally of constant curvature, or semiparallel of conullity two of planar type.

The second part of this theorem will now be proved here using the results of
Chapter 7.

In Chapter 7 the semiparallel three-dimensional submanifolds were examined first
according to their principal codimension m1 = dim(span{hij }). Ifm1 ≤ 2, then such
a submanifold is normally flat, due to Proposition 5.1.3 and Remark 5.1.4; therefore,
Theorem 11.2.1 can be applied here, in the particular case of m = 3.

If m1 = 3 and ∇⊥ is nonflat, then M3 is a logarithmic spiral tube in E6, due to
Proposition 7.2.1, and equations (7.2.3) hold with c = 0:

ω2
1 = −aω2, ω3

1 = −aω3. (11.2.2)

This shows that the differential system ω2 = ω3 = 0 defines a two-parameter system
of curves in M3, which are logarithmic spirals, as shown in Section 4.6 (for the case
of p = 1, q > 1). Hence M3 is of conullity two. It remains to exchange in (11.2.2)
the roles of the indices 1 and 3, and to compare the result with (1.6.4), in order to
establish that now B3 = F3 = 0 and A3 = C3 = −a. By (1.6.5), this implies that
the logarithmic spiral tube M3 is of planar type.

If m1 = 4, then Theorem 7.3.1 holds, together with equations (7.3.16), which can
be written as

ω1
3 = −τω1, ω2

3 = −τω2. (11.2.3)

This shows that the differential system ω1 = ω2 = 0 defines a two-parameter system
of curves inM3, which is thus of conullity two. Now comparing (11.2.3) with (1.6.4),
one gets B3 = F3 = 0 and A3 = C3 = −τ . Hence by (1.6.5), M3 is of planar type.

The analysis of the other possibilities for semisymmetric M3 in En, done in
Chapter 7 and formulated in Theorem 7.4.1, shows that all such M3 must locally
be manifolds of constant curvature. (See also [Lu 2003], where inner Riemannian
geometry was emphasized.)

These results are summarized in the following theorem.

Theorem 11.2.3. Consider a three-dimensional semisymmetric Riemannian manifold
immersed isometrically in En as a semiparallel submanifold. Then it is either locally
a space of constant curvature, or a manifold of conullity two and of the planar type.

11.3 Semiparallel Manifolds of Conullity Two in General

The geometric description of a general semiparallel submanifoldMm inEn is given by
Theorem 10.2.1. According to this theorem, such an Mm is a second-order envelope
of products

Mm1 × · · · × Mms × S1(cs+1) × · · · × S1(cs+q) × Em0 .
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The (q + m0)-dimensional leaves enveloped by the products S1(cs+1) × · · · ×
S1(cs+q)×Em0 have flat van der Waerden–Bortolotti connection ∇̄, thus also flat ∇,
and therefore they are intrinsically locally Euclidean.

The chief possibility for semiparallel isometric immersion of a manifold of conul-
lity two is the case where the above leaves are of codimension 2 inMm, in other words,
when the product Mm1 ×· · ·×Mms of main symmetric orbits has dimension 2. Here
this product is a parallel submanifold, and thus Theorem 6.2.1 can be used, since it
classifies all semiparallel surfaces, including all parallel surfaces. Among them, the
main symmetric orbits are the complete irreducible and not totally geodesic ones.
These are the spheres S2(c) and the Veronese orbits V 2(k).

Here the analysis in Section 10.2 leading to Theorem 10.2.1 is useful. The
subindex ρ now takes only one value 1, while i1, j1, . . . take two values 1, 2, which
are denoted by a, b, . . . , below.

The first equations in (10.2.4) and (10.2.12) can be summarized as

ωu
a =

∑

b

λuabω
b, (11.3.1)

where the index u runs over the ranges of i0 and m∗ + a (here a in the old sense) and
the coefficients λuab are symmetric in a, b. Equations (10.2.5) and the last equations
in (10.2.12) can be summarized as

∑

a

(hαabλ
u
ac − hαacλ

u
ab) = 0, (11.3.2)

with α replacing α1.
Consider first the case where the only two-dimensional main symmetric orbit

Mm1 = M2 is a sphere S2(c). Then the given second-order envelope Mm has flat
∇⊥, and by Theorem 11.2.1 it is intrinsically of conullity two of the planar type.

Now suppose the main symmetric orbit Mm1 = M2 is a Veronese orbit V 2(k).
Then m∗ = m1 = 2. By Proposition 6.3.1 and Corollary 6.3.6, the adapted orthonor-
mal frame bundle for such a V 2(k) satisfies (6.3.1) and (6.3.2) with c = 0. Therefore,
the matrices hα = ‖hαab‖ take the form

h3∗ =
(
k
√

3 0
0 k

√
3

)
, h4∗ =

(
k 0
0 −k

)
, h5∗ =

(
0 k

k 0

)
, hξ = 0.

Equation (11.3.2) can be considered as the condition that the product of the two
symmetric matrices hα and λu = ‖λuab‖ is a symmetric matrix. For α = 3∗ and
α = ξ , this condition is trivially satisfied. Since

h4∗ · λu =
(
kλu11 kλu12

−kλu21 −kλu22

)
, h5∗ · λu =

(
kλu21 kλu22
kλu11 kλu12

)
,

the same condition for α = 4∗ and α = 5∗ implies λu21 = −λu12 and λu11 = λu22. This,
and the symmetricity λu21 = λu12, imply that λu12 = λu21 = 0, so that
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ωu
1 = λuω1, ωu

2 = λuω2, (11.3.3)

where λu is the common value of λu11 and λu22. Comparing with (1.6.4) shows that
Bu = Cu = 0 and Au = Fu = −λu; hence the given Mm is, by (1.6.5), intrinsically
of conullity two of the planar type.

There is another possibility for semiparallel isometric immersion of a manifold
of conullity two, namely the case where s = 1 as above, but Mm1 carries a foli-
ation whose leaves have flat ∇, and which, together with the leaves enveloped by
S1(c2) × · · · × S1(c1+q) × Em0 , generate the locally Euclidean submanifolds of
codimension 2 in Mm.

This occurs if m1 = 3 and Mm1 = M3 is a Segre orbit S(1,2)(k). So let Mm be
the second-order envelope of products S(1,2)(k) × S1(c2) × · · · × S1(c1+q) × Em0 ,
m = 3 + q +m0. The orthonormal frame bundle will be adapted to this Mm so that,
at a point x ∈ Mm, the vectors ea for 1 ≤ a, b, . . . ≤ 2 are tangent to the generator
sphere S2(k), and e3 is tangent to the generator circle S1(k) of S(1,2)(k), going through
x. Moreover, let ef for 4 ≤ f, g, . . . ≤ 3 + q be tangent to the circle S1(cf−2), and
let ei0 for 3 + q + 1 ≤ i0, j0, . . . ≤ 3 + q +m0 be in Em0 . Among the basis vectors
of the orthonormal frame normal to Mm at x, let em+1 be directed to the center of
the sphere S5(k2) containing S(1,2)(k) (see Theorem 3.2.1), and let the vectors e(a3)
in the proof of Theorem 3.2.1 be denoted now by em+1+a with 1 ≤ a ≤ 2. Finally,
let em+f be normal to the circle S1(cf−2) at x, and eξ be the remaining basis vectors
normal toMm inEn. Then the givenMm is defined by the following Pfaffian system,
as one of its integral submanifolds:

ωm+1 = ωm+1+a = ωm+f = ωξ = 0,

ωm+1
a = kωa, ωm+1

3 =kω3, ωm+1+a
b =δabkω

3, ωm+1+a
3 =kωa, (11.3.4)

ω
m+f
a = ω

m+f

3 = ωξ
a = ω

ξ
3 = 0, (11.3.5)

ωm+1
f = ωm+1+a

f = ω
m+f
f − γfω

f = ω
ξ
f = 0, (11.3.6)

ωm+1
i0

= ωm+1+a
i0

= ω
m+f
i0

= ω
ξ
i0

= 0 (11.3.7)

(equations (11.3.4) correspond to (4.6.1)).
The first equations (11.3.4) give by exterior differentiation

−d ln k ∧ ωa + ωm+1+a
m+1 ∧ ω3 + ωa

f ∧ ωf + ωa
i0

∧ ωi0 = 0,

−d ln k ∧ ω3 +
∑

a

ωm+1+a
m+1 ∧ ωa + ω3

f ∧ ωf + ωi0 ∧ ωi0 = 0,

and then by Cartan’s lemma

−d ln k = κω3 + Afω
f + Ai0ω

i0 , (11.3.8)

ωm+1+a
m+1 = κωa + Ba

fω
f + Ba

i0
ωi0 , (11.3.9)
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ωa
f =Afω

a + Ba
fω

3 + Ca
fgω

g + Ca
f i0

ωi0 , (11.3.10)

ωa
i0

=Ai0ω
a + Ba

i0
ω3 + Ca

f i0
ωf + Ca

i0j0
ωj0 , (11.3.11)

ω3
f =

∑

a

Ba
fω

a + Afω
3 + Dfgω

g + Ef i0ω
i0 , (11.3.12)

ω3
i0

=
∑

a

Ba
i0
ωa + Ai0ω

3 + Ef i0ω
f + Fi0j0ω

j0 , (11.3.13)

where the coefficients are symmetric in f, g and in i0, j0.
The remaining equations (11.3.4) give by exterior differentiation

(δabω
3
c + δacω

3
b − δbcω

m+1+a
m+1 ) ∧ ωc + [−δabd ln k + (ωa

b − ωm+1+a
m+1+b)] ∧ ω3

+ δab (ω
3
f ∧ ωf + ω3

i0
∧ ωi0) = 0,

[−δabd ln k + (ωa
b − ωm+1+a

m+1+b)] ∧ ωb + (2ωa
3 − ωm+1+a

m+1 ) ∧ ω3

+ ωa
f ∧ ωf + ωa

i0
∧ ωi0 = 0.

For a = b = 1 and a = b = 2, the first terms in the first exterior equations reduce
respectively to

(2ω3
1 − ωm+2

m+1) ∧ ω1 + ω3
2 ∧ ω2, ω3

1 ∧ ω1 + (2ω3
2 − ωm+3

m+1) ∧ ω2,

and thus these equations together with (11.3.7)–(11.3.12), give

ω3
a = P(a)ω

a + Ba
fω

f + Ba
i0
ωi0 .

Substituting a = b into the same equation leads to Ba
f = Ba

i0
= 0, P(a) = −κ , and

ω2
1 = ωm+3

m+2, so that

ωa
3 = κωa, (11.3.14)

ωa
f =Afω

a + Ca
fgω

g + Ca
f i0

ωi0 ,

ωa
i0

=Ai0ω
a + Ca

f i0
ωf + Ca

i0j0
ωj0 . (11.3.15)

The first equations in (11.3.5) give

k−1ω
f
a ∧ γfω

f + ωa ∧ ω
m+f

m+1 + ω3 ∧ ω
m+f

m+1+a = 0,

k−1ω
f

3 ∧ γfω
f + ω3 ∧ ω

m+f

m+1 + ωa ∧ ω
m+f

m+1+a = 0,

and henceCa
fg = Ca

f i0
= Df d = Ef i0 = 0,ωm+f

m+1 −k−1Af γfω
f = 0,ωm+f

m+1+a = 0.

The first equations in (11.3.7) lead to
∑

a ω
a
i0

∧ ωa + ωa
i0

∧ ω3 = 0, and thus
Ca
i0j0

= Fi0j0 = 0. Hence (11.3.15), (11.3.12), (11.3.13) reduce to
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ωa
f = Afω

a, ωa
i0

= Ai0ω
a, ω3

f = Afω
3, ω3

i0
= Ai0ω

3. (11.3.16)

The distribution defined by the system ωa = 0, 1 ≤ a ≤ 2, is a foliation, since
by (11.3.14) and (11.3.16)

dωa = ωb ∧ ωa
b + ω3 ∧ κωa + ωf ∧ Afω

a + ωi0 ∧ Ai0ω
a .

The leaves of this foliation are generated by the second-order envelopes of the products
of circular generators of S(1,2)(k) and of S1(c2) × · · · × S1(c1+q) × Em0 .

For these leaves, indices u, v, . . . can be introduced, whose range consists of the
value 3 and the ranges of f and i0. These leaves are intrinsically locally Euclidean,
because ea , em+1, em+1+a , em+f , eξ are normal to them, and by (11.3.4)–(11.3.7)

�v
u = ωa

u ∧ ωv
a + ωm+1

u ∧ ωv
m+1 + ωm+1+a

u ∧ ωv
m+1+a

+ ω
m+f
u ∧ ωv

m+f + ωξ
u ∧ ωv

ξ = 0.

Hence the given Mm in En is intrinsically of conullity two. Since (11.3.14) and the
first equations in (11.3.16) can be put together as ωa

u = Auω
a , where κ = A3, this

Mm is of planar type.
All these results are summarized in the following theorem.

Theorem 11.3.1. If a submanifoldMm inEn is the second-order envelope of products
Mm1 × S1(c2) × · · · × S1(c1+q) × Em0 , where Mm1 is either S2(c), or V 2(k), or
S(1,2)(k), then it is intrinsically of conullity two of the planar type.

In connection with this theorem, the following problem arises: is the conjecture
stated in Remark 11.1.4 completely verified by Theorem 11.3.1?

For the particular case m1 = 2, the answer is positive, since the spheres and
Veronese orbits are the only two-dimensional main symmetric orbits.

The three-dimensional semiparallel submanifolds in En are classified above by
Theorem 7.4.1, including the parallel submanifolds. Among the latter, the only ones
which satisfy the conditions stated above for the case m1 = 3 are the Segre orbits
S(1,2)(k). Hence for this case also the answer is positive.

Only the case of m1 > 3 remains open. Here the question is whether there
exist main symmetric orbits satisfying the above conditions. They are the standardly
imbedded symmetric R-spaces (see Section 3.6). A list of these was given in [TK 68]
(see also [Ch 2000] and [Na 84]), but it is not known which ones among them satisfy
the conditions.

Nevertheless, it is very plausible that the submanifolds of Theorem 11.3.1 are the
only semiparallel submanifolds in En which are intrinsically of conullity two.

Remark 11.3.2. Theorem 11.3.1 was proved in the recent paper [Lu 2004], where the
above conjecture was also stated, that this theorem probably describes all semiparallel
submanifolds that are intrinsically of conullity two.
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Remark 11.3.3. A special case among submanifolds of Theorem 11.3.1, namely the
four-dimensional second-order envelope of V 2(k) × S1(c2) × S1(c2) in En, was
investigated in [Ri 99] and [Ri 2000]. A reducibility function was introduced for
this case, which can be extended to each submanifold Mm of Theorem 11.3.1 with
Mm1 = V 2(k), as follows.

From equations (11.3.3), exterior differentiation and Cartan’s lemma produce
dλu = −∑v λ

v(ωu
v − λuωv). Introducing the function γ by γ 2 = ∑

u(λ
u)2, it

follows that dγ = γ 2∑
v λ

vωv . Hence the function γ on Mm is constant along
every leaf of the foliation defined by ωv = 0, with v running over its range. Each of
these leaves is a second-order envelope of Veronese surfaces.

If γ ≡ 0, then all λu ≡ 0, thus ωu
1 = ωu

2 = 0; and this means that Mm reduces
to a product of one of these leaves and of a locally Euclidean leaf (see Section 8.1
or [Lu 88a]). Therefore, following [Ri 2000], the function γ is called the function
of reducibility. Some of its other properties were also established in [Ri 99] and
[Ri 2000].
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Some Generalizations

In this last chapter, some generalizations of semiparallel submanifolds in space forms
are considered. The semiparallel condition is generalized to higher orders, and then
transferred to tensor fields defined by the fundamental forms on the submanifold.

12.1 k-Semiparallel Submanifolds

Recall the concept of a k-parallel submanifold (see Section 3.1): it is a submanifold
Mm in Nn(c) with ∇̄k−1h �= 0, ∇̄kh = 0 (k ≥ 1). Here ∇̄kh has the components
hαijp1...pk

, and therefore 1-parallel means simply parallel. By (2.2.7), the integrability

condition of the differential system ∇̄kh = 0 is

�̄ ◦ hαijp1...pk−1
= 0, (12.1.1)

which says that the curvature 2-form operator �̄ acting on the (k + 1)st-order fun-
damental form ∇̄k−1h gives the result 0. The condition (12.1.1) can be written more
compactly as �̄ ◦ ∇̄k−1h = 0 or, using the curvature tensor R̄ of ∇̄ (the tensor of
coefficients in �̄), also as R̄(X, Y ) ◦ ∇̄k−1h = 0. For k = 1, this condition reduces
to the semiparallel condition (4.1.2) (in (0.4) in the introduction).

A submanifold Mm in Nn(c) satisfying condition (12.1.1) for k ≥ 1 is called a
k-semiparallel submanifold, according to [Mi 96]. Here 1-semiparallel means simply
semiparallel.

Proposition 4.1.3 states that every parallel submanifold is semiparallel; and by
Proposition 4.1.5 every 2-parallel submanifold is also semiparallel. At the same
time, this 2-parallel submanifold is 2-semiparallel. Indeed, for hαijkl = 0, therefore

∇̄hαijkl = 0; hence from the first equation in (2.2.7) it follows that �̄ ◦ hαijk = 0, and
this is 2-semiparallel.

Similarly, every k-parallel submanifold is k-semiparallel and also (k − 1)-
semiparallel, because hαijp1...pkpk+1

= 0 implies hαijp1...pkpk+1pk+2
= 0, and this leads

to �̄ ◦ hαijp1...pk−1
= 0 and �̄ ◦ hαijp1...pk

= 0.

Ü. Lumiste, Semiparallel Submanifolds in Space Forms,
DOI 10.1007/978-0-387-49913-0_13, © Springer Science+Business Media, LLC 2009 
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The main purpose in [Mi 96] was to extend Theorem 4.5.5 (in the particular case
s = 0) to k-semiparallel submanifolds. For this purpose, higher-order tangency of two
submanifolds at their common point is defined by means of higher-order fundamental
forms.

Acommon point x of two submanifoldsMm and M̄m inNn(c) is called a tangency
point of order k, if at x

(1) the tangent subspaces TxMm and TxM̄
m coincide,

(2) all the corresponding fundamental forms of Mm and M̄m of orders up to k coin-
cide, i.e., at x

∇̄s−2h = ∇̄s−2h̄ (s = 2, . . . , k). (12.1.2)

A submanifold Mm in Nn(c) is said to be an envelope of order k of a family of
m-dimensional submanifolds if each of its points x is a tangency point of order k for
Mm and some submanifold of this family.

In the particular case k = 2, this defines a second-order envelope, introduced in
Section 4.5.

Theorem 12.1.1 (see [Mi 96], Theorem 2). A submanifold Mm in Nn(c) is an enve-
lope of order k of some family of m-dimensional k-parallel submanifolds (k > 2) if
and only if it is (k − 1)- and k-semiparallel simultaneously.

Proof. If Mm is such an envelope and x one of its points, then (12.1.2) is satisfied.
Since M̄m is k-parallel here, it is (k−1)-semiparallel and k-semiparallel, i.e., one has
�̄∗ ◦ h̄αijp1...pk−1

= 0 and �̄∗ ◦ h̄αijp1...pk
= 0. Due to (12.1.2), (2.1.10) and (2.1.11),

these conditions are not differential but algebraic, thus pointwise, and therefore they
hold also for Mm, i.e., this Mm is indeed (k − 1)- and k-semiparallel.

Conversely, let Mm in Nn(c) be (k − 1)- and k-semiparallel simultaneously.
The concept of the Euclidean fundamental triplet introduced in Section 4.2 can be
generalized to higher orders. Considering a real Euclidean vector space V and its
subspace T , let hs : T × · · · × T → T ⊥ (s = 2, . . . , k) be s-linear mappings, where
T ⊥ is the orthogonal complement of T in V , such that h2 and h3 are symmetric. Then
(V , T , h2, . . . , hk) is called a Euclidean fundamental k-plet (for k = 3 quadruplet,
for k = 4 quintuplet, etc.). At any point x ∈ Mm, a k-plet is defined by T = TxM

m,
V = TxN

n(c), second fundamental form h2 = h, third fundamental form h3 = ∇̄h,
and so on, up to the k-order fundamental form hk = ∇̄(k−2)h.

Two submanifolds have tangency of order k at a common point x if their k-plets
(as just defined) coincide at x.

For a point x in Nn(c), the pair consisting of x and the fundamental k-plet
(V , T , h2, . . . , hk), with V = TxN

n(c) and m-dimensional T , is called a centered
fundamental k-plet for Nn(c). The manifold of all centered fundamental k-plets will
be denoted by �k . Taking for each of them an adapted orthonormal frame with origin
x, having the first m basis vectors ei in T , and the next n−m basis vectors eα in T ⊥,
one obtains a framed fundamental k-plet for Nn(c). The manifold of all such objects
will be denoted by �k . The local coordinates in �k are the local coordinates {xI } in
Nn(c), the elements of the regular matrix ‖XJ

I ‖ which transforms the natural basis
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of ∂/∂xI into the basis adapted to (V , T , h2, . . . , hk) as above, and the components
hijp1...p(s−2) of hs (s = 2, . . . , k) in this basis.

Now the following differential system can be considered for �k:

ωα = 0,

ωα
i − hαij = 0,

dhαij − hαkjω
k
i − hαikω

k
j + h

β
ijω

α
β − hαijkω

k = 0,

................................ (12.1.3)

dhαijp1...pk−1
− hαljp1...pk−1

ωl
i − · · · − hαijp1...l

ωl
pk−1

+ h
β
ijp1...pk−1

ωα
β − hαijp1...pk−1pk

ωpk = 0,

dhαijp1...pk
− hαljp1...pk

ωl
i − · · · − hαijp1...l

ωl
pk

+ h
β
ijp1...pk

ωα
β = 0.

This system is based on formulas (2.1.3), (2.1.4), (2.2.3), where (2.2.2)–(2.2.7)
in general are written for a k-parallel submanifold, taking hαijp1...pkpk+1

= 0. Moti-
vated by those same formulas, in particular by (2.2.4) with (2.2.5) and (2.2.6), it is
assumed that

hαkj�
k
i + hαik�

k
j − h

β
ij�

α
β + hαijklω

l ∧ ωk = 0,

............................................................ (12.1.4)

hαljp1...pk−1
�l
i + · · · + hαijp1...l

�l
pk−1

− h
β
ijp1...pk−1

�α
β + hαijp1...pk−1pk l

ωl ∧ ωpk = 0,

where according to (2.1.10) and (2.1.11), �k
i and �α

β can be expressed just in terms

of the coordinates hγpq .
A framed (resp. centered) fundamental k-plet is said to be k-semiparallel if the last

equation in (12.1.4) is satisfied forhαijp1...pk−1pk l
= 0 (cf. with (12.1.1)). The manifold

of all framed (resp. centered) semiparallel fundamental k-plets will be denoted by �k
S

(resp. �k
S).

Now consider the differential system (12.1.3) with assumptions (12.1.4) on �k
S ∩

�k−1
S . A direct computation shows that the exterior differentials on the left sides

of the equations in (12.1.3) reduce to zero due to these equations and assumptions.
Therefore, this system is totally integrable on �k

s ∩ �k−1
S .

Two framed fundamental k-plets are said to be equivalent if e′
i = ejA

j
i , e′

α =
eβA

β
α with regular coefficient matrices, and

′
h
β
klq1...qs−2

= Aβ
αh

α
ijp1...ps−2

Ai
kA

j
l A

p1
q1 . . . A

ps−2
qs−2 .

This equivalence defines a map �s
S → �s

S for every s ∈ {2, . . . , k} and this map
projects the system (12.1.3) onto a differential system on �s

S , which is totally inte-
grable on �k

S ∩ �k−1
S .
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Now take a submanifold Mm in Nn(c) which is (k − 1)- and k-semiparallel
simultaneously, and fix one of its points x. Then a centered fundamental k-plet
(TxN

n(c), TxM
m, hx, . . . , h

k
x) is defined, which is simultaneously (k − 1)- and k-

semiparallel. This can be taken as the initial condition for the totally integrable
system, and so it determines an integral submanifold of the system. The special
nature of this system guarantees that this submanifold is k-parallel having tangency
of order k with Mm at x, due to the initial condition. Since this is true at any point of
Mm, this manifold is the envelope of order k of k-parallel submanifolds, as claimed.

12.2 On 2-Semiparallel Submanifolds

The 2-semiparallel condition �̄ ◦ ∇̄h = 0 written out explicitly is

hαljk�
l
i + hαilk�

l
j + hαij l�

l
k − h

β
ijk�

α
β = 0; (12.2.1)

this condition was already used in Section 6.7 and coincides with (6.7.2).
It is seen immediately that there exist two trivial subclasses of 2-semiparallel

submanifolds: the parallel ones, for which all hαijk = 0, and the submanifolds with

flat ∇̄, for which all �j
i = 0 and all �β

α = 0. The question arises, do there exist any
nontrivial 2-semiparallel submanifolds Mm in Nn(c)?

The answer is positive, as shown by the following.

Theorem 12.2.1. A normally flat semiparallel submanifold Mm in Nn(c) with c ≥ 0
is also 2-semiparallel.

Proof. Normally flat semiparallel submanifolds were considered in Chapter 5. From
(5.3.4)–(5.3.6) it follows that for them, among hαij only

h
m+ρ
iρ iρ

= κρ, hm+ρ+a∗
aa = κa (12.2.2)

can be nonzero. Now equations (2.2.3) together with (2.2.2) show, via (5.3.7)–
(5.3.11), that

h
m+ρ
iρ iρu

= κρλ(ρ)u, hm+ρ
aaa = κ2

aκ
−1
ρ λ(ρ)a,

h
m+ρ+a∗
iρ iρa

= − κaλ(ρ)a, hm+ρ+a∗
aaa = ψa, h

m+ρ+a∗
aai0

= κaλ(a)i0 ,

hm+ρ+b∗
aaa = κ2

aγ
a
b , h

m+ρ+b∗
aab = −κaκbγ

b
a (a �= b),

and all other hαijk are zero.

Among the curvature 2-forms �j
i and �

β
α , only �

jρ
iρ

= −κ2
ρω

iρ ∧ ωjρ , iρ �= jρ ,
are nonzero, as follows from (2.1.10), (2.1.11), and (12.2.2). Now a straightforward
checking shows that the 2-semiparallel condition (12.2.1) is satisfied. It is clear
that a normally flat semiparallel submanifold, lika a 2-semiparallel submanifold, is
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nontrivial in general. Indeed, it is not locally Euclidean, as was shown above, and it
is not parallel, as follows from comparison of Sections 5.2 and 5.4.

On the whole, the 2-semiparallel submanifolds are not yet classified. This has
been done only for dimension 2, i.e., for the surfaces. The classification presented in
the next section shows that there also exist normally nonflat 2-semiparallel surfaces.

12.3 2-Semiparallel Surfaces in Space Forms

In Section 12.1 it was stated that every k-parallel submanifold is also k-semiparallel.
Now in the particular case k = 2 it will be shown that the converse does not hold.
This will follow from the classification of 2-semiparallel surfaces.

For surfaces M2 in Nn(c), the bundle of orthonormal frames can be adapted to
M2 so that (6.1.8) hold, together with (6.2.1) and (6.2.2), where now ε4 = ε5 = 1.
Then in equation (12.2.1) only �2

1 = −�1
2 and �5

4 = −�4
5 can be nonzero, and

therefore this condition reduces to

3h4
112�

2
1 + h5

111�
5
4 = 0, (12.3.1)

2h4
122�

2
1 − h4

111�
2
1 + h5

112�
5
4 = 0, (12.3.2)

−2h4
112�

2
1 + h4

222�
2
1 + h5

122�
5
4 = 0, (12.3.3)

−3h4
122�

2
1 + h5

222�
5
4 = 0, (12.3.4)

−h4
111�

5
4 + 3h5

112�
2
1 = 0, (12.3.5)

−h4
112�

5
4 − h5

111�
2
1 + 2h5

122�
2
1 = 0, (12.3.6)

−h4
122�

5
4 − 2h5

112�
2
1 + h5

222�
2
1 = 0, (12.3.7)

−h4
222�

5
4 − 3h5

122�
2
1 = 0, (12.3.8)

3hξ112�
2
1 = (2hξ122 − h

ξ
111)�

2
1

= (−2hξ112 + h
ξ
222)�

2
1 = 3hξ122�

2
1 = 0, (12.3.9)

where

ξ ∈ {3} ∪ {6, . . . , n}.

It is seen that every surface M2 with flat connection ∇̄ in Nn(c), which is charac-
terized by �2

1 = �5
4 = 0, is 2-semiparallel. Also every parallel surface M2 in Nn(c),

characterized by hαijk = 0, is 2-semiparallel. These are called the trivial cases (cf.
Section 12.2).

The system of equations (12.3.1)–(12.3.9) is a homogeneous linear system for
h4
ijk and h5

ijk , having determinant
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D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 3�2
1 0 0 �5

4 0 0 0
−�1 0 2�2

1 0 0 �5
4 0 0

0 −2�2
1 0 �2

1 0 0 �5
4 0

0 0 −3�2
1 0 0 0 0 �5

4
−�5

4 0 0 0 0 3�2
1 0 0

0 −�5
4 0 0 −�2

1 0 2�2
1 0

0 0 −�5
4 0 0 −2�2

1 0 �2
1

0 0 0 −�5
4 0 0 −3�2

1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

equal to D = [9(�2
1)

2 − (�5
4)

2]2[(�2
1)

2 − (�5
4)

2]2.

If this determinant D is nonzero, then h4
ijk = h5

ijk = 0. If, moreover, �2
1 �= 0,

then (12.2.1) also implies hξijk = 0, and this gives the trivial case of a parallel surface.
It is seen that in order to have a nontrivial case, only these three possibilities can

occur:

(1) (�5
4)

2 = (�2
1)

2 �= 0, or
(2) (�5

4)
2 = (3�2

1)
2 �= 0, or

(3) �2
1 = 0, �5

4 �= 0.

It turns out that nontrivial 2-semiparallel surfaces of the first two possibilities,
i.e., with D = 0, do not exist.

Indeed, in Section 6.1 one can take k ≥ 0 and l ≥ 0. Then for a nontrivial surface,
two principal cases are distinguished:

(I) k > l ≥ 0, and (II) k = l > 0.

The case k = l = 0 is ruled out, because it leads to a totally umbilic (in fact geodesic)
surface, which is parallel (see Section 6.1).

Consider first possibility (1) above. Then �5
4 = ε�2

1 �= 0, where ε = 1 or
ε = −1; thus kl �= 0. Denoting h4

112 = a, h5
112 = b, it follows from (12.3.1)–

(12.3.9) that

h4
111 = 3εb, h4

122 = εb, h4
222 = 3a,

h5
111 = −3εa, h5

122 = −εa, h5
222 = 3b.

Now for α = 4, {ij} = {12}, and also for α = 5, i = j , (2.2.3) leads to

2kω2
1 − lω5

4 = aω1 + εbω2, 2kω2
1 − lω5

4 = εaω1 + bω2.

Therefore, 2kω2
1 − lω5

4 = ε(2lω2
1 − kω5

4), and so

2(k − εl)ω2
1 = −ε(k − εl)ω5

4. (12.3.10)

From this one obtains for case (I), and also for (II) with ε = −1, that k− εl �= 0, and
so 2ω2

1 = −εω5
4. By exterior differentiation, this gives
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2�2
1 = −ε

⎛
⎝�5

4 −
∑

ξ

ω
ξ
4 ∧ ω

ξ
5

⎞
⎠ ,

and from (12.3.9), hξijk = 0. Hence for {ij} = {12}, α = ξ , formula (2.2.3) leads

to −lω
ξ
5 = 0, and thus ωξ

5 = 0 (since here 0 �= �5
4 = −2klω1 ∧ ω2). The re-

sult is a contradiction 4(�2
1)

2 = (�5
4)

2 to the hypothesis (�5
4)

2 = (�2
1)

2 �= 0 of
possibility (1).

In the same way it can be shown that in case (I), and in case (II) with ε = −1,
the possibility (2) above also leads to a contradiction. Indeed, then �5

4 = 3ε�2
1, and

from (12.3.1)–(12.3.9) it follows that

h5
111 = −εa, h5

122 = εa, h5
222 = −b, h4

122 = −εb,

so
2kω2

1 − lω5
4 = aω1 − εbω2, 2lω2

1 − kω5
4 = εaω1 − bω2.

Therefore, 2kω2
1 − lω5

4 = ε(2lω2
1 − kω5

4), as above, which gives the same equation
4(�2

1)
2 = (�5

4)
2, contradicting (�5

4)
2 = 9(�2

1)
2 �= 0.

The analysis is more complicated in case (II) with ε = 1. Then for k = l, one
gets from (2.2.3) that for ρ ∈ {6, . . . , n},

−(β + k)ω
ρ
4 − γω

ρ
5 − αω

ρ
3 = 0,

−kω
ρ
5 = 0,

−(β − k)ω
ρ
4 − γω

ρ
5 − αω

ρ
3 = 0.

Thus αωρ
3 = ω

ρ
4 = ω

ρ
5 = 0. Likewise, for α = 3, (2.2.3) gives ω5

3 = ω5
4 = dα = 0,

and the other equations of (2.2.3) reduce, in the case of possibility (1), to

dk = bω1 − aω2.

a(2ω2
1 − ω5

4)= aω1 + bω2,

dβ = γω5
4 + 2(bω1 + aω2),

dγ = − βω5
4 + 2(−aω1 + bω2).

By exterior differentiation, these equations lead to

(db + aω2
1) ∧ ω1 − (da − bω2

1) ∧ ω2 = 0,

[da+b(ω2
1−ω5

4)] ∧ ω1+[db − a(ω2
1 − ω5

4) + 2k3ω1] ∧ ω2 = 0, (12.3.11)

[db − a(ω2
1 − ω5

4)] ∧ ω1 + [da + b(ω2
1 − ω5

4) − k2γω1] ∧ ω2 = 0,

− [da + b(ω2
1 − ω5

4)] ∧ ω1 + [db − a(ω2
1 − ω5

4) + k2βω1] ∧ ω2 = 0.

By Cartan’s lemma,
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db + aω2
1 = pω1 + qω2, −(da − bω2

1) = qω1 + rω2, (12.3.12)

and now substitution into the last three exterior equations gives, due to the expression
of k(2ω2

1 − ω5
4), that

p = k−1a2 + 1

2
k2(2k − β),

q = k−1ab − 1

2
k2γ,

r = k−1b2 + 1

2
k2(2k + β).

By substituting into (12.3.12) and taking exterior derivatives, one obtains

aγ − b(β + 8k)= 0, (12.3.13)

a(β − 8k) + bγ = 0. (12.3.14)

Now if β2 + γ 2 �= 64k2, then a = b = 0, but if β2 + γ 2 = 64k2, then differentiation
gives

βb − γ a = 32kb, βa + γ b = −32ka,

which together with (12.3.13) and (12.3.14) leads to 40kb = 40ka = 0, thus again
to a = b = 0. As a result, (12.3.11) reduces to the contradiction k3ω1 ∧ ω2 = 0.

For possibility (2), where �5
4 = 3�2

1 �= 0 and thus

8k2 = 3(c + α2 + β2 + γ 2), (12.3.15)

the system (2.2.3) reduces to

dk = bω1 + aω2,

k(2ω2
1 − ω5

4) = aω1 + bω2,

dβ = γω5
4, dγ = −βω5

4,

and, as before, ωξ
3 = ω

ξ
4 = γω

ξ
5 = dα = 0. The equations with dβ, dγ lead by

exterior differentiation to 2k2γ = 2k2β = 0, and hence to β = γ = 0. From
(12.3.15) it follows that 8k2 = 3(c + α2) = const, thus a = b = 0. But instead of
(12.3.11) now

[da + b(ω2
1 − ω5

4)] ∧ ω1 +
[
db + a(3ω2

1 − ω5
4) − 2

3
k3ω1

]
∧ ω2 = 0,

and this again leads to a contradiction.
As a result, both possibilities (1) and (2) imply contradictions, and so this follows.

Proposition 12.3.1. A surface M2 in Nn(c) is nontrivial and 2-semiparallel only if
the possibility (3) above is realized, i.e., only if �2

1 = 0, �5
4 �= 0; or more generally,

only if M2 is locally Euclidean and has nonflat normal connection.
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Then from (12.3.1)–(12.3.9) it follows that h4
ijk = h5

ijk = 0, which shows that

span{hijk} reduces to span{hξijkeξ } and therefore is orthogonal to span{A,B} =
span{e4, e5} at each point x ∈ M2. Observing that due to �2

1 = 0, the conditions

(12.3.9) leave h
ξ
ijk free, it follows that if this orthogonality holds, then conversely

h4
ijk = h5

ijk = 0, which implies that the given M2 is 2-semiparallel. The result can
be formulated as follows.

Proposition 12.3.2. A locally Euclidean surface M2 with nonflat normal connection
in a space formNn(c) is a nontrivial 2-semiparallel surface if and only if its span{hijk}
is orthogonal to the plane of the normal curvature indicatrix at each point x ∈ M2,
i.e., is orthogonal to span{A,B}.

Now (2.2.3) imply that

dk = dl = 2kω2
1 − lω5

4 = 2lω2
1 − kω5

4 = 0, (12.3.16)

dβ = γω5
4 + αω3

4, dγ = −βω5
4 + αω3

5, (12.3.17)

dα + βω3
4 + γω3

5 = 1

2
(p3 + r3)ω1 + 1

2
(q3 + s3)ω2, (12.3.18)

lω
ξ
5 = qξω1 + rξω2, (12.3.19)

kω
ξ
4 = 1

2
(pξ − rξ )ω1 + 1

2
(qξ − sξ )ω2, (12.3.20)

αω
ρ
3 + βω

ρ
4 + γω

ρ
5 = 1

2
(pρ + rρ)ω1 + 1

2
(qρ + sρ)ω2, (12.3.21)

where ρ ∈ {6, . . . , n} and the notation pξ = h
ξ
111, qξ = h

ξ
112, rξ = h

ξ
122, sξ = h

ξ
222

is used.
Equations (12.3.16) give by exterior differentiation the relation dω5

4 = 0, which
is equivalent to

4kl + p · r + q · s − q2 − r2 = 0, (12.3.22)

where p · r =∑ξ p
ξ rξ , etc.

Equations (12.3.17) lead by exterior differentiation to

[
−γω3

5 + 1

2
(p3+r3)ω1+ 1

2
(q3+s3)ω2

]
∧ ω3

4 + αω
ρ
4 ∧ ω3

ρ = 0, (12.3.23)

[
−βω3

4 + 1

2
(p3+r3)ω1+ 1

2
(q3+s3)ω2

]
∧ ω3

5 + αω
ρ
5 ∧ ω3

ρ = 0, (12.3.24)

where ω3
4, ω

ρ
4 , ω

3
5, ω

ρ
5 can be expressed via (12.3.19) and (12.3.20); then (12.3.21)

implies

−2klαωρ
3 = {l[(β − k)pρ − (β + k)rρ] + 2kγ qρ}ω1
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+ {l[(β − k)qρ − (β + k)sρ] + 2kγ rρ}ω2.

Substitution into (12.3.23) and (12.3.24) produces relations between k, l, β, γ , pξ ,
qξ , rξ and sξ . Some of these are rather complicated, making it difficult to study
locally Euclidean 2-semiparallel surfaces M2 with nonflat ∇⊥ in general. But one of
the properties of these surfaces can be shown easily: from (12.3.16) it follows that
k and l are nonzero constants. Recalling the content of Remark 6.2.3, this property
is equivalent to the statement that the normal curvature indicatrices of the surface at
any two of its points are congruent ellipses.

All this can be formulated as the following.

Theorem 12.3.3. A surface M2 in a space form Nn(c) is 2-semiparallel if and only
if it belongs to one of the following three mutually exclusive classes:

(i) surfaces with flat van der Waerden–Bortolotti connection ∇̄,
(ii) parallel surfaces with nonflat ∇̄, i.e., totally umbilical surfaces and Veronese

surfaces,
(iii) for sufficiently high dimension n, the locally Euclidean surfaces (i.e., with flat ∇,

or equivalently with vanishing Gaussian curvature) whose normal connection
∇⊥ is nonflat and span{hijk} at any point x ∈ M is orthogonal to the plane of
the normal curvature ellipse at x; these ellipses at any two points of such an M2

are congruent.

The difficulty of a general approach to nontrivial 2-semiparallel surfaces brings
up the problem of their existence.

Consider this problem for case (iii), with the restrictions that n = 6, and that
the mean curvature vector H is orthogonal to the plane of the normal curvature
ellipse at each point x ∈ M2 . These restrictions mean that β = γ = 0, and thus
α2 = k2 + l2 − c = const ≥ 0, due to �2

1 = 0.
First, suppose α �= 0, so that k2 + l2 > 0. From (12.3.17) then ω3

4 = ω3
5 = 0;

hence by (12.3.19) and (12.3.20), p3 = q3 = r3 = s3 = 0, and so (12.3.18) becomes
an identity.

Moreover, since n = 6, it is convenient to denote p6, q6, etc., by p, q, etc. Then
equations (12.3.19)–(12.3.22) reduce to

lω6
5 = qω1 + rω2, (12.3.19′)

kω6
4 = 1

2
(p − r)ω1 + 1

2
(q − s)ω2, (12.3.20′)

αω6
3 = 1

2
(p + r)ω1 + 1

2
(q + s)ω2, (12.3.21′)

4kl + pr + qs − q2 − r2 = 0, (12.3.22′)

and then (12.3.23) and (12.3.24) give

ps − qr = 0, pr − qs − q2 + r2 = 0. (12.3.23′)
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Exterior differentiation applied to (12.3.19′)–(12.3.21′) yields, via (12.3.16), the fol-
lowing exterior equations:

[dq + (p − 2r)ω2
1] ∧ ω1 + [dr + (2q − s)ω2

1] ∧ ω2 = 0,

[d(p − r) + (s − 5q)ω2
1] ∧ ω1 + [d(q − s) + (p − 5r)ω2

1] ∧ ω2 = 0,

[d(p + r) − (q + s)ω2
1] ∧ ω1 + [d(q + s) + (p + r)ω2

1] ∧ ω2 = 0.

Therefore, by Cartan’s lemma

dp = 3qω2
1 + Pω1 + Qω2, (12.3.25)

dq = (2r − p)ω2
1 + Qω1 + Rω2, (12.3.26)

dr = (s − 2q)ω2
1 + Rω1 + Sω2, (12.3.27)

ds = − 3rω2
1 + Sω1 + T ω2. (12.3.28)

Differentiating (12.3.22′) and (12.3.23′), and then using (12.3.25)–(12.3.28),
(12.3.16), and the same (12.3.23′), one finds that all terms containing ω2

1 cancel,
while the coefficients of ω1 and ω2 lead to

rP + (s − 2q)Q + (p − 2r)R + qS = 0, (12.3.29)

rQ + (s − 2q)R + (p − 2r)S + qT = 0, (12.3.30)

−sP + rQ + qR − pS = 0, (12.3.31)

−sQ + rR + qS − pT = 0, (12.3.32)

rP − (s + 2q)Q + (p + 2r)R − qS = 0, (12.3.33)

rQ − (s + 2q)R + (p + 2r)S − qT = 0. (12.3.34)

This is a homogeneous linear system for P,Q,R, S, and T , whose determinant
turns out to be nonzero, in general. Therefore, P = Q = R = S = T = 0, and so
(12.3.25)–(12.3.28) reduce to

dp = 3qω2
1, dq = (2r − p)ω2

1, dr = (s − 2q)ω2
1, ds = −3rω2

1,

This last differential system is totally integrable, since dω2
1 = �2

1 = 0.
This system coincides with ∇̄h6

ijk = 0; recall that h3
ijk = h4

ijk = h5
ijk = 0.

However, ∇̄h3
ijk , ∇̄h4

ijk , ∇̄h5
ijk need not be zero in general.

The result can be formulated as follows.

Proposition 12.3.4. In N6(c) there exist, and depend on some constants, 2-semi-
parallel locally Euclidean surfacesM2 with nonflat ∇⊥, whose mean curvature vector
H at each point x ∈ M2 is orthogonal to the plane of the normal curvature ellipse.
These ellipses are congruent at any two points of M2, and the length of H (i.e., the
distance of x from the plane of the ellipse) is constant. Such anM2 is neither parallel,
nor 2-parallel, nor semiparallel.
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Among these surfaces there are the minimal ones, for which also α = 0.
Then c = k2 + l2, so that these can exist only in elliptic spaces. Now equations
(12.3.17) are satisfied, and from (12.3.18) and (12.3.21) it follows that rξ = −pξ ,
sξ = −qξ . So the only essential equations among (12.3.15)–(12.3.21) are

kω
ξ
4 = pξω1 + qξω2, lω

ξ
5 = qξω1 − pξω2.

By exterior differentiation they give, by (12.3.16), that

(dpξ − 3qξω2
1) ∧ ω1 + (dqξ + 3pξω2

1) ∧ ω2 = 0,

(dqξ + 3pξω2
1) ∧ ω1 − (dpξ − qξω2

1) ∧ ω2 = 0;

from here one gets by Cartan’s lemma

dpξ − 3qξω2
1 = P ξω1 + Qξω2,

dqξ + 3pξω2
1 =Qξω1 − P ξω2.

Now suppose n = 5, so that ξ takes only the one value 3; denote p3, q3, etc., by p, q,
etc. Equation (12.3.22), which reduces to 2kl−p2 −q2 = 0, gives by differentiation
pP + qQ = 0, pQ− qP = 0. Here p2 + q2 = 0 leads to the contradiction kl = 0.
Therefore, P = Q = 0, and the investigation ends with the completely integrable
system dp = 3qω2

1, dq = −3pω2
1.

The result is the following.

Proposition 12.3.5. In elliptic space N5(c), c > 0, there exist, and depend on some
constants, 2-semiparallel minimal locally Euclidean surfaces M2 with nonflat ∇⊥,
whose normal curvature ellipses at any two points are congruent. Such an M2 is
neither parallel, nor 2-parallel, nor semiparallel.

Remark 12.3.6. The results of this section were proved in [Lu 2000b]. Two particular
cases of 2-semiparallel surfaces were considered in [ALM 2000]. These surfaces
were obtained again in [ÖA 2002a, b].

Remark 12.3.7. The minimal locally Euclidean surfaces M2 with nonflat ∇⊥ of
Proposition 12.3.5 were found earlier in the paper [Lu 62], which dealt with min-
imal surfaces in space forms whose normal curvature ellipses are at least similar at
any two points of the surface. The special case where these ellipses are circles (and
thus the surface is pointwise isotropic) was considered in [Bor 28].

Remark 12.3.8. In Theorem 12.1.1 it was shown, following Mirzoyan [Mi 96], that a
submanifoldMm inNn(c) is an envelope of order s for some family ofm-dimensional
s-parallel submanifolds if and only if it is q-semiparallel for the values q = s−1 and
q = s, if s ≥ 2, and for the value q = s, if s = 1 (here 1-parallel and 1-semiparallel
mean simply parallel and semiparallel, respectively).

Propositions 12.3.4 and 12.3.5 now show that the q-semiparallel condition for
both values q = s − 1 and q = s ≥ 2 in Mirzoyan’s theorem is essential, at least for
q = 2, and cannot be weakened just to q = s.
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12.4 Recurrent and Pseudoparallel Submanifolds

J. Deprez, after introducing the concept of semiparallel submanifolds in [De 85] (see
also [De 86]), gave the following generalization of parallel submanifolds in his third
paper [De 89].

He called a submanifold Mm in Euclidean space En recurrent if there exists a
1-form µ on Mm such that ∇̄h = h ⊗ µ.

If µ = 0, the recurrent submanifold is parallel. On the other hand every recurrent
submanifold is semiparallel, as is shown in [De 89]. Indeed, it is easy to see that
d‖h‖2 = d〈h, h〉 = 2〈∇̄h, h〉 = µ‖h‖2, thus µ = d(ln ‖h‖) is a total differential.
Hence, setting dµ = µkω

k , it follows that in (2.3.1), ∇̄k∇̄lh
α
ij = ∇kµlh

α
ij +µlµkh

α
ij

is symmetric in k, l, which by (4.1.1) implies the semiparallel condition.
There are rather few recurrent submanifolds Mm in En which are not parallel.

Namely, Deprez has proved the following.

Theorem 12.4.1. A recurrent submanifold Mm in En is either

(i) parallel, or
(ii) there is a dense open subset U ⊂ Mm such that for each point x of U there is a

neighborhood W of x such that
(a) W is totally geodesic, or
(b) W is locally congruent to a cylinder over a plane curve, and is contained in

an (m + 1)-dimensional totally geodesic subspace of En.

Proof. See in [De 89].

Remark 12.4.2. Previously, the concept of recurrence was introduced in [Mat 85] for
hypersurfaces in space forms. This paper also contained the following generalization
of 2-parallel hypersurfaces in space forms.

Namely, a hypersurface is called birecurrent if there exists a covariant order-2
tensor field µ such that ∇2h = h ⊗ µ. It was proved that, in a real space form, a
recurrent hypersurface is locally symmetric, and a complete irreducible birecurrent
hypersurface is recurrent.

Further, it was shown in [Mat 90] that if a birecurrent hypersurface Mm in
Nm+1(c), with c ≤ 0 (resp. with c > 0) has constant (resp. nonzero) curvature,
then it is parallel; and if Nm+1(c) is simply connected, Mm is complete, and m ≥ 3,
then Mm is totally umbilic, or is a Riemannian product of two totally umbilic sub-
manifolds of constant curvature.

Recurrent (resp. birecurrent) submanifolds generalize the parallel (resp. 2-paral-
lel) ones in the class of semiparallel submanifolds. Recently, a generalization has
been given also for semiparallel submanifolds; this is done in the same way as the
generalization of semisymmetric Riemannian manifolds to pseudosymmetric mani-
folds by R. Deszcz in [Des 92]. In that paper, a Riemannian manifold (M, g) with
curvature tensor R is called pseudosymmetric if

R · R = λQ(g,R), (12.4.1)
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where λ is a smooth function and Q(g,R)(X1, X2, X3, X4;X, Y ) = −R((X

∧Y )X1, X2, X3, X4)−R(X1, (X∧Y )X2, X3, X4)−R(X1, X2, (X∧Y )X3, X4)−
R(X1, X2, X3, (X∧Y )X4), where (X∧Y )Z = g(Y, Z)X−g(X,Z)Y (see [Des 92],
[Ver 94]). Forλ ≡ 0, the pseudosymmetric condition (12.4.1) reduces to the semisym-
metric one (see (1.6.3)).

According to [ALM 99], [ALM 2002], a submanifold Mm in Nn(c) is called
pseudoparallel if R̄(X, Y ) · h(Z,W) = −φ[h((X ∧ Y )Z,W) + h((X ∧ Y )W,Z)],
where φ is a smooth function on Mm.

Componentwise, this condition is

R
p
i,klh

α
pj + R

p
j,klh

α
ip − Rα

β,klh
β
ij

= −φ[gilh
α
kj − gikh

α
lj + gj lh

α
ki − gjkh

α
li]; (12.4.2)

if one takes here the orthonormal frame bundle O(Mm, Nn(c)), then gij = δij . The
special case φ ≡ 0 gives the semiparallel condition (4.1.1).

Theorem 12.4.3. Every pseudoparallel submanifold Mm in Nn(c) is intrinsically a
pseudosymmetric Riemannian manifold.

Proof. Using the Gauss identity Rij,kl = 〈hik, hj l〉− 〈hil, hjk〉, one can derive from
(12.4.1), after some calculation, the following equation for the inner metric:

Rsj,klR
s
i,pq + Ris,klR

s
j,pq + Rij,slR

s
k,pq + Rij,ksR

s
l,pq

= φ(gipRkl.qj + gjpRkl,iq + gkpRij,ql + glpRij,kq

− giqRkl.pj − gjqRkl,ip − gkqRij,pl − glqRij,kp). (12.4.3)

After contracting with the coordinates of vector fields Xp, Y q , Xi
1, X

j

2 , X
k
3, X

l
4 one

obtains, e.g., via gipXi
1X

p = 〈X,X1〉, etc., that this condition is exactly (12.4.1) with
λ = φ.

In the papers where pseudoparallel submanifolds were introduced, the first results
about them were also obtained. In [ALM 99], examples were given of pseudoparallel
submanifolds that are not semiparallel, namely, certain hypersurfaces of revolution.
In [ALM 2002] it was shown that every pseudoparallel hypersurface is either quasi-
umbilic or a cyclide of Dupin. Some classifications were also given there, e.g.,
for all pseudoparallel surfaces M2 in N5(c) for which φ is constant, ≥ 0, and c +
φ > 0. A topological classification was derived for all complete simply connected
Riemannian manifolds admitting a pseudoparallel immersion into a space form with
φ ≥ 0 and c + φ > 0.

Very recently, all normally flat pseudoparallel submanifolds Mm in space forms
Nn(c) were classified and described in [LT 2006], where the following theorem was
stated and proved.

Theorem 12.4.4. Let Mm be a normally flat pseudoparallel submanifold in Nn(c).
Then either m = 2 and φ = K on the open subset of nonumbilic points, where K is
the Gaussian curvature of M2, or else there exists an open dense subset M̄m of Mm

where one of the following holds locally:
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(i) M̄m is umbilical,
(ii) M̄m is a cyclide of Dupin in N̄m+1(c̄) ⊂ Nn(c), and N̄m+1(c̄) is either umbilical

or totally geodesic,
(iii) M̄m is a quasi-umbilic hypersurface in Nm+1(c) ⊂ Nn(c),
(iv) φ = k ∈ R, and M̄m has constant sectional curvature k,
(v) φ = 0, and M̄m is an extrinsic product of spherical submanifolds of Nn(c),

(vi) φ = k ∈ R, and M̄m is the restriction of a multirotational submanifold

V ×ρ1 N1 ×ρ2 · · · ×ρl Nl → Nn(c) ≈ N0 ×σ1 N1 ×σ2 · · · ×σl Nl,

where V ⊂ Np(k), p = m − ∑l
i=1 dimNi ≥ 1, and the profile V → N0 is an

isometric immersion with flat normal bundle, satisfying the k-helix property with
respect to the mean curvature vectors H1, . . . , Hl of N1, . . . , Nl in the flat space
O0 ⊃ Nn(c).

This theorem generalizes the results obtained above in Section 5.4 (see Theo-
rem 5.4.1 and Remark 5.4.4), and in part (vi) uses concepts and terminology from
[DN 93].

Remark 12.4.5. Pseudoparallel submanifolds were also introduced in [ÖAM 2002a],
for ambient Euclidean space and under the name extended semiparallel. Extended
semiparallel surfacesM2 inEn were classified there. It was proved that such a surface
is locally either (i) semiparallel, or (ii) normally flat of Gaussian curvature K ≡ φ,
or (iii) an isotropic surface of codimension at least 3 and H 2 = 3K − 2φ, where H
is the mean curvature vector.

On the whole, the theory of pseudoparallel submanifolds is still in the stage of
creation.

12.5 Submanifolds with Semiparallel Tensor Fields

In the differential geometry of submanifolds Mm in Nn(c) some tensor fields are
known, which are derived from the second fundamental form h and the metric form
g by means of tensor algebra operations. These are the curvature tensor R and the
normal curvature tensor R⊥, whose components R

j
i,pq and R

β
α,pq are defined by

(2.1.10), the Ricci tensor Ric with components Rip = Rs
i,ps , and the mean curvature

vector H with components Hα = 1
m
gijhαij . By means of H and R⊥, the tensor field

T = HR⊥ can be formed with components T α
ij = H βRα

β,ij .

The Levi-Civita connection ∇, the normal connection ∇⊥, and their pair—the
van der Waerden–Bortolotti connection ∇̄ = (∇,∇⊥) make it possible to introduce
covariant differentiation of the abovementioned tensor fields, and the concept of
covariant constant or (parallel) tensor field as having zero covariant derivative.

The submanifolds Mm in Nn(c) with parallel R, or R⊥, or Ric, or H , or T
will be called, respectively, R-parallel (or intrinsically symmetric; cf. Section 5.1),
or R⊥-parallel, or Ric-parallel (or, considered intrinsically, Ric-symmetric), or
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H -parallel, or T -parallel. Here, for instance, H -parallel submanifolds are char-
acterized by dHα + H βωα

β = 0 and T -parallel ones by

dT α
ij + T

β
ijω

α
β − T α

kjω
k
i − T α

ikω
k
j = 0. (12.5.1)

Analogous differential systems characterize submanifolds with other parallel condi-
tions.

By exterior differentiation, these differential systems lead to corresponding con-
ditions, which are actually algebraic in the components of the second fundamental
tensor h, characterizing the corresponding semiparallel submanifolds. For instance,

H β�α
β = 0, T

β
ij�

α
β − T α

kj�
k
i − Tik�

k
j = 0 (12.5.2)

characterizeH -semiparallel andT -semiparallel submanifolds, respectively. R-semi-
parallel submanifolds (or intrinsically semisymmetric ones; cf. Section 1.6, especially
(1.6.2)),R⊥-semiparallel, T -semiparallel, and Ric-semiparallel submanifolds will be
introduced in a similar way.

A direct computation shows that Propositions 4.1.3 and 4.1.4 can be generalized
as follows.

Proposition 12.5.1. Let ! be one of the tensor fields R,R⊥,Ric, H, T on a subman-
ifold Mm in Nn(c). The class of !-semiparallel submanifolds includes

• all !-parallel submanifolds (in particular, those with ! ≡ 0),
• all submanifolds with flat ∇̄, i.e., with �

j
i = �

β
α = 0.

Proof. The first assertion was already proved above for H - and T -parallel subman-
ifolds. The proof is analogous for R-, R⊥-, and Ric-parallel submanifolds. The last
two assertions are obvious; see, e.g., (12.5.2).

Mirzoyan has given in [Mi 98b] generalizations ofTheorem 4.5.5 for!-semiparal-
lel submanifolds.

First, the concept of !-tangency of submanifolds Mm in Nn(c) for a tensor field
! was introduced in [Mi 98b] as follows.

A common point x of two submanifolds Mm and M̄m is said to be a !-tangency
point if the tangent spaces TxMm and TxM̄m coincide, along with the tensors !x and
!̄x (cf. with Proposition 4.5.1).

A submanifold Mm in Nn(c) is called the !-envelope of a family of m-dimen-
sional submanifolds if at each point x ∈ Mm the submanifold Mm has !-tangency
with a submanifold of this family.

Theorem 12.5.2 (Mirzoyan [Mi 98b]). If a submanifold Mm in Nn(c) is an R-, R⊥-,
and !-envelope of a family of m-dimensional !-parallel submanifolds, then it is a
!-semiparallel submanifold.

Proof. Consider first the case where ! = T . By Proposition 12.5.1, every T -paral-
lel submanifold M̄m of the family is also T -semiparallel, i.e., satisfies the second
condition (12.5.2), which is equivalent to
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T α
kjR

k
i,pq + T α

ikR
k
j,pq − T

β
ijR

α
β,pq = 0. (12.5.3)

For an arbitrary point x ∈ Mm, there is an M̄m having R-, R⊥- and T -tangency with
Mm at x. This means that in the adapted orthonormal frame, common to Mm and
M̄m at x, the components Rj

i,pq , Rα
β,pq and T α

ij are the same for Mm and M̄m at x.

Since for M̄m they satisfy (12.5.3), then this condition (12.5.3) is also satisfied for
Mm; and since x is an arbitrary point, it follows that Mm is T -semiparallel.

For the other cases, where ! is R, or R⊥, or Ric, or H , the proof is analogous
and is left to the reader. Note that in the condition analogous to (12.5.3), if Rα

β,pq is

not needed, as for R and Ric, or Rj
i,pq is not needed, as for H , then in the statement

of the theorem, the tensor fields R⊥ or R would be omitted correspondingly.
In the converse direction, the concept of !-tangency must be extended to the

higher orders.
A common point x of two submanifolds Mm and M̄m is said to be a !-tangency

point of order s (s ≥ 0), if

(1) the tangent spaces TxMm and TxM̄
m coincide,

(2) the tensors!x and !̄x and their corresponding covariant derivatives of order less
than s + 1 coincide.

A submanifold Mm in Nn(c) is called the !-envelope of order s (s ≥ 0) for some
family of m-dimensional submanifolds if at each point x ∈ Mm the submanifold Mm

has !-tangency of order s with a submanifold of this family.

Theorem 12.5.3 (Mirzoyan [Mi 98b]). Each !-semiparallel submanifold Mm in
Nn(c) is an !-envelope of some order s (s ≥ 2) for a family of m-dimensional
!-parallel submanifolds.

Proof. For any submanifold, one has equations (2.1.3), (2.1.4), (2.2.3) with (2.2.2),
etc., in general (2.2.7), which can be written in detail as (12.1.3), where instead of
the last equation (expressing the k-parallel property), the previous ones are continued
for higher values of k. This process of continuation terminates at some value of k,
because for some order s, the osculating subspaces of higher order (see Section 2.4)
fill the tangent space of Nn(c), and therefore the components hijp1...pt for t ≥ s + 1
can be expressed in terms of the components of lower-order fundamental forms.

By exterior differentiation, these equations (12.1.3), except for the last ones, lead
to (12.1.4), which can also be continued for higher values of k.

The !-semiparallel condition is added here. Suppose, for instance, that ! = T ,
where this condition is

T α
kj�

k
i + T α

ik�
k
j − T

β
ij�

α
β = 0,

which is equivalent to (12.5.3).
Now consider the differential system consisting of equations (12.1.3), except for

the last ones, and of
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dT α
ij + T

β
ijω

α
β − T α

kjω
k
i − T α

ikω
k
j = 0,

which is equivalent to (12.5.1). This system is totally integrable, since its integrability
conditions are satisfied due to (12.1.4) and (12.5.3).

Therefore, this system defines, for any initial conditions, a submanifold M̄m,
which is T -parallel due to (12.5.1). Taking for initial conditions the k-tuple of the
given T -semiparallel submanifold Mm at an arbitrary point x ∈ Mm, one guarantees
that M̄m and Mm have T -tangency of order s at this common point x. Thus Mm is a
T -envelope of order s of the family of all such T -parallel M̄m.

The proof is similar for other choices of !.

Remark 12.5.4. Theorem 12.5.3 was given by Mirzoyan [Mi 98b]. He called it a
generalization of Lumiste’s theorem, i.e., in [Lu 90a]; see Theorem 4.5.5.

Remark 12.5.5. This Theorem 4.5.5 has inspired a purely intrinsic analogue, proved
in [KoN 98]: each semisymmetric Riemannian metric on a manifold is a second-order
envelope of a family of locally symmetric Riemannian metrics.

Remark 12.5.6. Mirzoyan gave in [Mi 99] and [Mi 2002] a generalization of Theo-
rem 12.5.3 for the case where the tensor field ! on the submanifold Mm in Nn(c) is
derived from the second fundamental form h and metric form not only by operations
of tensor algebra but also by some arbitrary operations of tensor calculus (including
covariant differentiation of arbitrary order). It was proved that if Mm in Nn(c) is
∇̄s−1!- and ∇̄s!-semiparallel (s ≥ 0; for s = 0 only the !-semiparallel condition
is assumed), then Mm is an envelope of arbitrary order for a family of m-dimensional
∇̄s!̄-parallel submanifolds. A converse result was also proved.

Theorem 12.1.1 can now be considered as a particular case of these general results.

12.6 Examples: The Surfaces

The results of Section 12.5 for !-parallel and !-semiparallel submanifolds will now
be illustrated by some examples consisting of !-parallel and !-semiparallel surfaces
M2 in a space form Nn(c), where ! is one of the tensor fields R,R⊥,Ric, H, T .

For an M2 in Nn(c), the orthonormal frame bundle can be adapted so that equa-
tions (6.1.9) and (6.1.10) hold, where one may assume k ≥ l ≥ 0, by renumbering
and redirecting the frame vectors e4 and e5, if needed; then ε4 = ε5 = 1. By (6.1.8),
(6.2.1), and (6.2.2), then

H = αe3 + βe4 + γ e5, �2
1 = (k2 + l2 − H 2 − c)ω1 ∧ ω2, �5

4 = −2klω1 ∧ ω2;

the other curvature and normal curvature 2-forms are zero. Therefore, the only
possible nonzero components of R,R⊥,Ric, H, T are, correspondingly,

R2
1,12 = − R1

2,12 = −R2
1,21 = R1

2,21 = K = c + H 2 − k2 − l2,

R5
4,12 = − R4

5,12 = −R5
4,21 = R4

5,21 = 2kl,
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R11 =R22 = K,

H 3 = α, H 4 = β, H 5 = γ,

T 4
12 = − T 4

21 = −2γ kl, T 5
12 = −T 5

21 = 2βkl.

Hence the !-parallel conditions are

dK = 0 (for ! = R and ! = Ric), (12.6.1)

d(kl) = 0, klω
ξ
4 = klω

ξ
5 = 0, ξ ∈ {3, 6, 7, . . . , n} (for ! = R⊥), (12.6.2)

dα − βω4
3 − γω5

3 = dβ + αω4
3 − γω5

4 = dγ + αω5
3 + βω5

4 = 0,

αω
η
3 + βω

η
4 + γω

η
5 = 0, η ∈ {6, 7, . . . , n} (for ! = H), (12.6.3)

βklω2
1 = γ klω2

1 = 0, kl(γω
ξ
4 − βω

ξ
5) = 0, ξ ∈ {3, 6, 7, . . . , n},

d(γ kl) + βklω5
4 = d(βkl) − γ klω5

4 = 0 (for ! = T ). (12.6.4)

A straightforward computation shows that the !-semiparallel conditions are triv-
ially satisfied for R,R⊥, and Ric, i.e., every M2 in Nn(c) is R-, R⊥- and Ric-
semiparallel. For H , the semiparallel conditions are H β�α

β = 0, and reduce to

βkl = γ kl = 0; (12.6.5)

and for T they are (12.5.3), and reduce to

β(kl)2 = γ (kl)2 = βklK = γ klK = 0. (12.6.6)

12.6.1 H -semiparallel and H -parallel surfaces

The following proposition can be deduced from (12.6.5).

Proposition 12.6.1. For an H -semiparallel M2 in Nn(c) (or for some of its open
subsets), the following two possibilities exist: either

(I) kl = 0, thus �5
4 = 0 and so ∇⊥ is flat, or

(II) kl �= 0, β = γ = 0, thus H = αe3 is orthogonal to the 2-plane of the normal
curvature indicatrix spanned by A = ke4 and B = le5 (see Remark 6.4.3), i.e.,
under the orthogonal projection onto this 2-plane at x ∈ M2, the point x maps
into the center of the normal curvature ellipse or its degenerate form.

Every H -parallel M2 is by Proposition 12.5.1 also H -semiparallel; therefore,
only (I) and (II) are possible in this case.

One should note here the special subclass characterized by H = 0, i.e., by α =
β = γ = 0; it therefore contains all minimal surfaces M2 in Nn(c), which are
obviously H -semiparallel and H -parallel.

Hence in the further investigation below, it can be assumed that H �= 0. The two
possibilities above will be considered separately.
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(I) If ∇⊥ is flat then l = 0, and at an arbitrary point x ∈ M2, the frame can be
adapted further, so that its vector e3 belongs to the subspace spanned by A = ke4 and
H �= 0. Then γ = 0, and (12.6.3) reduce to

dα − βω4
3 = dβ + αω4

3 = 0, αω
ζ
3 + βω

ζ
4 = 0, ζ ∈ {5, 6, . . . , n}. (12.6.7)

These equations are added to (6.1.9) and (6.1.10), which now appear as

ω3
1 = αω1, ω4

1 = (β + k)ω1, ω
ζ
1 = 0, (12.6.8)

ω3
2 = αω2, ω4

2 = (β − k)ω2, ω
ζ
2 = 0. (12.6.9)

Exterior differentiation leads from these to

kω4
3 ∧ ω1 = 0, dk ∧ ω1 + 2kω2

1 ∧ ω2 = 0, kω
ζ
4 = 0, (12.6.10)

kω4
3 ∧ ω2 = 0, 2kω2

1 ∧ ω1 − dk ∧ ω2 = 0, kω
ζ
4 ∧ ω2 = 0. (12.6.11)

Hence due to Cartan’s lemma

kω4
3 = kω

ζ
4 = 0, dk = ϕω1 + ψω2, 2kω2

1 = ψω1 − ϕω2. (12.6.12)

(Ia) If k ≡ 0, then the normal curvature ellipse at an arbitrary point x ∈ M2

degenerates to a point, and formulas (2.1.5) reduce to

de1 = e2ω
2
1 + H ∗ω1, de2 = −e1ω

2
1 + H ∗ω2,

where H ∗ = H − cx and H = αe3 + βe4. Hence M2 is totally umbilic (see
Section 2.4) and, due to Propositions 3.1.4 and 3.1.5, is a standard model N2(c1) ⊂
Nn(c) or its open subset. From Remark 3.1.6 it follows that if c ≥ 0, then thisN2(c1)

is a sphere, and if c < 0 then either a sphere, or an equidistant surface, or a horosphere
in a Lobachevsky space.

(Ib) If k �= 0, then the normal curvature ellipse degenerates to a straight line
segment, (12.6.12) gives ω4

3 = ω
ζ
4 = 0, and thus by (12.6.7), dα = dβ = 0,

αω
ζ
3 = 0.
(Ib1) If α �= 0 everywhere, then (2.1.5) reduces to

de1 = e2ω
2
1 + [αe3 + (β + k)e4 − xc]ω1,

de2 = − e1ω
2
1 + [αe3 + (β − k)e4 − xc]ω2,

and dx = e1ω
1 + e2ω

2,

de3 = −α(e1ω
1 + e2ω

2) = −αdx, de4 = −(β + k)e1ω
1 − (β − k)e2ω

2.

It follows that M2 is contained in a 5-dimensional plane of σEn+1 through the center
o and spanned by e1, e2, x, e3, e4, which intersects Nn(c) along an N4(c). Since
the point z with radius vector z = x + α−1e3 is a fixed point in this 5-dimensional
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plane and ‖z − x‖ = α−1 = const, the surface M2 belongs to a three-dimensional
sphere of this N4(c), which in case c < 0 can be, in particular, an equidistant
submanifold or a horosphere. With respect to this sphere, the surface M2 has unit
normal vector e4 and principal curvatures β + k, β − k, thus its mean curvature is β,
which is a constant.

(Ib2) If α ≡ 0, then M2 belongs to a four-dimensional plane at o spanned by
e1, e2, x, e4, thus to an N3(c), in which it similarly has constant mean curvature.

(II) If kl �= 0, β = γ = 0, then for H = αe3 �= 0 one gets from (12.6.3)

α = const �= 0, ω4
3 = ω5

3 = ω
η
3 = 0.

Hence

de1 = e2ω
2
1 + e3αω

1 + e4kω
1 + e5lω

2 − xc,

de2 = − e1ω
2
1 + e3αω

2 − e4kω
2 + e5lω

1 − xc

and
de3 = −α(e1ω

1 + e2ω
2) = −αdx.

The point z with radius vector z = x+α−1e3 is a fixed point, as above, with constant
α. Hence the surface M2 belongs to a hypersphere of Nn(c) (which in case c < 0
can be an equidistant submanifold or a horosphere). With respect to this hypersphere,
the vector valued second fundamental form h of M2 has the components h11 = ke4,
h12 = le5, h22 = −ke4, and thus its mean curvature vector is zero. Hence the surface
M2 is a minimal surface of this hypersphere.

These results can be summarized as follows.

Theorem 12.6.2. An H -parallel surface M2 in Nn(c) consists of its open subsets or
their closures, each of which is either a minimal surface, i.e., with H = 0, or

(Ia) a totally umbilic surface, or
(Ib) a surface of constant mean curvature in an N3(c) ⊂ Nn(c) or in a three-

dimensional sphere of an N4(c) ⊂ Nn(c), or
(II) a minimal surface of a hypersphere in Nn(c).

Remark 12.6.3. This theorem was proved by Chen [Ch 72], [Ch 73a] andYau [Yau 74],
and was presented (with a proof and some complements) in [Ch 73b], and again
(without proof) in [Ch 2000]. The proof given above, using Cartan’s method of
adapted moving frame bundles and exterior calculus, is simpler.

[Ch 2000] also gives some information about H -parallel submanifolds Mm. It
does not, however, mention the paper [Lu 93], in which all H -parallel canal sub-
manifolds Mm with arbitrary m in En are classified. General H -parallel manifolds
Mm in Nn(c) with m ≥ 3 are not yet classified, according to [Ch 2000]. In [RV 70]
they are characterized for the case c = 0 as having harmonic Gauss maps. But there
exist some results under some additional conditions; see [Ch 2000]. Recently, in
[She 2002] they have been studied for finite total curvature.
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Remark 12.6.4. Theorem 12.5.3 can now be illustrated as follows.
If a surface M2 is H -semiparallel of the class (I) of Proposition 12.6.1, then its

normal curvature ellipse at an arbitrary point reduces either (a) to a point, or (b) to
a straight line segment. This M2 is, correspondingly, H -parallel of type (Ia), or an
H -envelope of order 2 of a family of H -parallel surfaces of type (Ib).

If a surface M2 is H -semiparallel of the class (II) of Proposition 12.6.1, then it is
either a minimal surface, hence H -parallel, or an H -envelope of order 2 of a family
of H -parallel surfaces of type (II) of Theorem 12.6.2.

12.6.2 R⊥-parallel surfaces

For R⊥-parallel surfaces, the conditions (12.6.2) must be satisfied. Thus either

(i) l = 0, or

(ii) kl = const > 0, ωξ
4 = ω

ξ
5 = 0, ξ ∈ {3, 6, 7, . . . , n}.

If (i) holds on an open subset of M2, then ∇⊥ is flat on this subset.
Suppose the conditions (ii) hold on some open subset of M2. Among equations

(6.1.9) there are ω3
1 = αω1, ω3

2 = αω2. By exterior differentiation they give dα ∧
ω1 = dα ∧ ω2 = 0, thus α = const; and the equations ω

η
1 = ω

η
2 = 0, η ∈

{6, 7, . . . , n} give in the same way

αω1 ∧ ω
η
3 = αω2 ∧ ω

η
3 = 0. (12.6.13)

Here the conditions kl = const andα = const have interesting equivalent geomet-
rical interpretations. The first says that the normal curvature ellipse, with semiaxes k
and l, has constant area, and the second means that the distance of the point x ∈ M2

from the 2-plane of this ellipse is also a constant.
The remaining conditions in (ii) together with (12.6.13) imply a reduction of the

codimension.
Namely, on this open subset dx = e1ω

1 + e2ω
2,

de1 = e2ω
2
1 + e4ω

4
1 + e5ω

5
1 + (e3α − xc)ω1,

de2 = − e1ω
2
1 + e4ω

4
2 + e5ω

5
2 + (e3α − xc)ω2,

de4 = − e1ω
4
1 − e2ω

4
2 + e5ω

5
4, de5 = −e1ω

5
1 − e2ω

5
2 − e4ω

5
4.

If α ≡ 0 on an open subset, then this subset lies in an N4(c), which is intersected
from Nn(c) by an σE

5 through the origin o, spanned by x, e1, e2, e4, e5.
If α �= 0 on an open subset, then for this subset

de3 = −e1ω
3
1 − e2ω

3
2 = −α(e1ω

1 + e2ω
2) = −αdx, α = const.
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Hence the subset lies in an N5(c) which is intersected from Nn(c) by an σE
6 through

the origin o, spanned by x, e1, e2, e3, e4, e5.
On the other hand, for z = x + α−1e3 one has dz = dx + α−1(−αdx) = 0.

Thus the point z with this radius vector in σE
6 is fixed, and ‖z− x‖ = α−1 = const.

Hence the above subset belongs to a four-dimensional sphere, which in the case of
c < 0 can be, in particular, an equidistant submanifold, or a horosphere.

The results can be summarized as follows.

Theorem 12.6.5. An R⊥-parallel surface M2 in Nn(c) consists of its open subsets
or their closures, each of which is either

(i) normally flat, i.e., has zero R⊥, or
(ii) lies in anN4(c), or in a four-dimensional sphere of anN5(c), and has the property

that the normal curvature ellipses at every point x have the same area and their
2-planes have the same distance from x.

Remark 12.6.6. Theorem 12.6.5 is proved in [Lu 95c], where the above constancy of
distance was not explicitly formulated in TheoremA, but nevertheless was established
in course of the proof.

Remark 12.6.7. Recall that every surface M2 in Nn(c) is R⊥-semiparallel. If it is
normally flat, then it is also R⊥-parallel. Otherwise, it has at any arbitrarily fixed
point the configuration in an σE

6 consisting of this point x, the tangent 2-plane at x,
and the normal curvature ellipse. For this configuration, there exists an R⊥-parallel
surface of type (ii) having at x the same configuration, and at all other points the
properties stated in (ii) above. Therefore, this surface is an R⊥-envelope of these
R⊥-parallel surfaces.

12.6.3 R- or Ric-parallel surfaces.

These are surfaces of constant Gaussian curvature K , due to (12.6.1). Here the semi-
parallel condition is trivial: every surface M2 in Nn(c) is R- and Ric-semiparallel.
It is obviously a K-envelope of the family of surfaces with K = const; namely, at
each point x ∈ M2, there exists a surface with constant Gaussian curvature having at
x the same tangent plane as M2 and the same K as M2.

12.6.4 T -semiparallel surfaces

Due to (12.6.6), only the possibilities (I) and (II) of Proposition 12.6.1 can occur here.
Each of them leads to T = 0, and thus to trivially T -parallel surfaces. So the result
is also trivial.

Proposition 12.6.8. The only T -semiparallel surfaces M2 in Nn(c) are the surfaces
with zero T . All of them are T -parallel and are described by (I) and (II) of Proposi-
tion 12.6.1.
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12.7 Ric-Semiparallel Hypersurfaces and Ryan’s Problem

The hypersurfaces Mn−1 in Nn(c) are all normally flat, i.e., have R⊥ = 0; conse-
quently, T = 0. The mean curvature vector H reduces to the mean curvature; thus
its parallel condition means that the latter is constant.

Therefore, among the above-considered tensor fields !, only R and Ric can
have some interest for hypersurfaces, from the point of view of their parallel and
semiparallel conditions.

Here anR-parallel or -semiparallel submanifoldMm is simply anMm with locally
symmetric or semisymmetric intrinsic Riemannian metric, respectively, i.e., with
∇R = 0 or R(X.Y ) ◦ R = 0.

For a normally flat submanifold Mm in Nn(c), the curvature tensor R has by
(5.1.4) and (2.1.11) the components

Rij,kl = 〈k∗
i , k

∗
j 〉(δikδj l − δilδjk). (12.7.1)

Correspondingly, the Ricci tensor Ric has the components

Rjk =
∑

i

Rij,ki = (〈k∗
j , k

∗
k 〉 − 〈mH ∗, k∗

j 〉)δjk, (12.7.2)

where H ∗ is the outer mean curvature vector of the immersion:

H ∗ = 1

m
δijh∗

ij = 1

m
(k∗

1 + · · · + k∗
m).

Since k∗
i = ki − xc and hence 〈k∗

i , k
∗
j 〉 = 〈ki, kj 〉 + c, the semiparallel condition

(5.1.5) reduces to
(ki − kj )(〈ki, kj 〉 + c) = 0. (12.7.3)

The R-semiparallel and Ric-semiparallel conditions reduce, correspondingly, to

〈ki − kj , kk〉(〈ki, kj 〉 + c)= 0, (12.7.4)

〈ki + kj − mH, ki − kj 〉(〈ki, kj 〉 + c)= 0, (12.7.5)

for every distinct pair i, j and for every distinct triple i, j, k; moreover, mH =
k1 + · · · + km.

Remark 12.7.1. It is known that for a Riemannian Mm, semisymmetric implies Ric-
semisymmetric, and that these conditions are equivalent if m = 3.

For normally flat submanifolds M3 in Nn(c), this follows easily. Indeed, (12.7.4)
implies (12.7.5); and if m = 3, then ki + kj − mH = kk for every three distinct
values of i, j, k, and the conditions (12.7.4) and (12.7.5) coincide.

An interesting question is the situation form ≥ 4. This problem has been actively
investigated in the particular case of hypersurfaces Mm in Nm+1(c).

For hypersurfaces, ki = λiem+1, where λ1, . . . , λm are the principal curvatures.
The conditions (12.7.3), (12.7.4) and (12.7.5) are now, respectively,
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(λi − λj )(λiλj + c)= 0, (12.7.6)

λk(λi − λj )(λiλj + c)= 0, (12.7.7)

(λi − λj )(λi + λj − mH)(λiλj + c)= 0, (12.7.8)

for distinct pairs i, j and for distinct triples i, j, k, and where mH = λ1 + · · · + λm.

Lemma 12.7.2. Among the principal curvatures λ1, . . . , λm of a Ric-semiparallel
hypersurface Mm in Nm+1(c), there can be at most two distinct values, if c �= 0, or
at most two distinct nonzero values, if c = 0.

Proof. From (12.7.8) with c = 0, it follows for any two λi and λj , that either they
are equal, or one of them is zero, or their sum is equal to mH . If one assumes that
there are three distinct nonzero λi , λj and λk , then by (12.7.8),

(λi + λj − mH)(λiλj + c) = 0,

(λi + λk − mH)(λiλk + c) = 0,

(λk + λj − mH)(λkλj + c) = 0.

Here at least two first multiplicands are zero, e.g., λi+λj −mH = λi+λk−mH = 0,
or at least two other multiplicands are zero, e.g., λiλj + c = λiλk + c = 0. Both
possibilities lead to a contradiction, which in the first case is λj = λk . The second
possibility leads to λi(λj − λk) = 0, thus to the same contradiction, or else to the
now impossible λi = 0 ⇒ c = 0.

All R-semiparallel hypersurfaces Mm in Nm+1(c), i.e., satisfying (12.7.7), were
classified by Ryan [Ry 69], and then for the case of c = 0, i.e., in Em+1, for a
complementary condition of completeness, by Szabó [Sza 84].

For hypersurfaces Mm with positive scalar curvature in Em+1, the equivalence
of (12.7.7) and (12.7.8) was proved by Tanno [Tan 69], and then generalized by
Ryan [Ry 71] to the case of nonnegative scalar curvature, and also of constant scalar
curvature, or of nonzero constant sectional curvature. Another important result in
[Ry 71] asserts that in a space form Nm+1(c) with c �= 0, every Ric-semiparallel
hypersurface Mm is R-semiparallel, i.e., (12.7.7) and (12.7.8) are equivalent in the
case c �= 0. Therefore, the following problem is essential only for c = 0, i.e., in
Euclidean space Em+1:

Do there exist Ric-semiparallel hypersurfaces that are not R-semiparallel?
This problem was stated as Problem P808 in [Ry 72] and became known as Ryan’s

problem.
The most general solution of this problem can be obtained from a classification

of all Ric-semiparallel hypersurfaces Mm in Em+1. Such a classification is given by
Mirzoyan [Mi 99]. The following exposition here is based on the analysis in [Mi 99],
with some additions and refinements. Some of these were presented in [Lu 2002b]
along with Mirzoyan’s analysis (see Remark 12.7.9 below).
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Due to Lemma 12.7.2, at most two distinct nonzero principal curvatures can occur
here.

The situation is simple if there is only one principal curvature λ, or one nonzero λ
of multiplicity p and a zero principal curvature of multiplicity m− p. Then (12.7.6)
with c = 0 is satisfied. Therefore, this Mm is a semiparallel hypersurface in Em+1,
and thus is one of the hypersurfaces described in Theorem 5.5.1.

Suppose that there are two distinct nonzero principal curvatures λ and µ, of
multiplicities p and q, respectively; the other m − p − q principal curvatures are
zero. Due to the Ric-semiparallel condition (12.7.8), with c = 0, here λ+µ−a = 0,
where a = mH = pλ + q(a − λ). This implies

(p − 1)λ + (q − 1)(a − λ) = 0.

If p = 1 then also q = 1, and conversely, if q = 1 then p = 1. Therefore,
only two of the principal curvatures λ1, . . . , λm are nonzero, the ohers are zero. Then
(12.7.5) with c = 0 is satisfied, implying that the hypersurfaceMm isR-semiparallel.
Its rank is 2.

Most interesting is the general case where p ≥ 2 and q ≥ 2. Then

a = p − q

1 − q
λ, µ = a − λ = p − 1

1 − q
λ.

Here the frame vectors ei can be renumbered so that λb = λ, λu = µ, and λs = 0,
whereb, · · · ∈ {1, . . . , p},u, · · · ∈ {p+1, . . . , p+q}, and s, · · · ∈ {p+q+1, . . . , m}.

From (12.7.2), it follows that the Ricci tensor now has diagonal form with diagonal
elements ρj = λ2

j − aλj , which are

ρb = ρu = p − 1

1 − q
λ2 < 0, ρs = 0. (12.7.9)

This implies that the hypersurface Mm is intrinsically a semi-Einstein Riemannian
manifold. From (2.2.3) it follows due to hm+1

ij = λiδij that

δijdλi + (λj − λi)ω
i
j = hm+1

ijk ωk,

where i, j, k ∈ {1, . . . , m}, hm+1
ijk are symmetric, and there is no summation on the

left-hand side. After renumbering ei , as above, this gives for b �= c: hm+1
bck = 0,

hm+1
bbk = hm+1

cck , for u �= v: hm+1
uvk = 0, hm+1

uuk = hm+1
vvk ; further, hm+1

stk = 0, and due to
(1 − q)µ = (p − 1)λ here hm+1

bbu = hm+1
buu = 0, (1 − q)hm+1

uus = (p − 1)hccs . This
finally gives

dλ= χsω
s, (µ − λ)ωb

u = χbusω
s, (12.7.10)

λωs
b = χsω

b + χbusω
u, µωs

u = χbusω
b + p − 1

1 − q
χsω

u, (12.7.11)

where χs = hm+1
bbs does not depend on b, and χbus = hm+1

bus . Exterior differentiation
of the first equation of (12.7.10) leads to
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0 = (dχs − χtω
t
s) ∧ ωs + (λ−1 − µ−1)

∑

s

χsχbusω
b ∧ ωu. (12.7.12)

Thus

dχs − χtω
t
s =ψstω

t , (12.7.13)
∑

s

χsχbus = 0, (12.7.14)

since ωb, ωu, ωs are linearly independent, and λ and µ are distinct.
From (12.7.10), (12.7.11) it follows that the three orthogonal eigendistributions

of the eigenvalues λ, µ = a − λ, and 0 are foliations, and the leaves of the first two
are locally the spheres of dimension p and q, respectively (for details, see [Mi 99]).

The third foliation is defined by ωb = ωu = 0 for all values of b and u. Due to
(12.7.13) on every of its leaves an invariant vector field is defined by χ = ∑

s χses
with dχ = (

∑
s esψst )ω

t .
Here (12.7.14) shows that this χ is orthogonal to all χbu =∑s χbuses . For rank

(χbu) = r there are three possibilities: (a) r = 0, (b) r has maximal value pq,
(c) 0 < r < pq.

Let us consider first the possibility (a)—a subclass, where (12.7.14) is satisfied
by χbus = 0, or, equivalently, by

ωb
u = 0. (12.7.15)

(Below it will be proved that this is the only one which is really possible.) Exterior
differentiation now leads to

m∑

s=p+q+1

χ2
s = λ4p − 1

q − 1
. (12.7.16)

Here the equation p + q = m cannot hold, since then the left side would be zero,
while the right side is not. Hence at least one zero eigenvalue λp+q+1 must exist.
Thus the case m = 4 is impossible here.

Equations (12.7.11) reduce to

λωs
b = χsω

b, λsu = χsω
u, (12.7.17)

and imply by exterior differentiation that χst = 2λ−1χsχt .
The orthonormal frame bundle can be adapted so that χ = νem. Then χm = ν,

where ν2 = λ4 p−1
q−1 by (12.7.16), and χs′ = 0 for all s′ ∈ {p + q + 1, . . . , m − 1}.

Hence equations (12.7.10), (12.7.17) reduce to

dλ = νωm, λωm
b = νωb, λωm

u = νωu, ωb
u = ωs′

b = ωs′
u = 0, (12.7.18)

where
dν = 2λ−1ν2ωm, ωm

s′ = 0.
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Substituting em for −em, if needed, one can obtain ν = κλ2, where κ =
√

p−1
q−1 =

const. Then µ = −κ2λ, and so the given hypersurface Mm in Em+1, with m > 4, is
defined by the differential system

ωm+1 = 0, ωm+1
b = λωb, ωm+1

u = −κ2λωu, ωm+1
s′ = ωm+1

m = 0,

(12.7.19)

dλ = κλ2ωm, ωm
b = κλωb, ωm

u = κλωu, ωb
u = ωs′

b = ωs′
u = ωm

s′ = 0.

(12.7.20)

It is easy to check that the exterior equations obtained by exterior differentiation from
the equations of this system are satisfied due to the equations of the same system.
Therefore, the Frobenius theorem implies that this system is totally integrable and
defines the considered hypersurface up to some constants.

Taking i = k = 1 and j = p+ 1, so that λi = λk = λ and λj = µ = p−1
1−q

λ �= λ,
it can be seen that (12.7.7) with c = 0 is not satisfied, since λ �= 0. Therefore, this
Mm is not R-semiparallel.

It remains to investigate the geometric structure of the hypersurface Mm of this
subclass. The infinitesimal displacement equations (1.2.1) for the orthonormal frame
bundle adapted as above to this Mm in Em+1 are, by (12.7.19) and (12.7.20),

dx = ebω
b + euω

u + emω
m + es′ω

s′ , (12.7.21)

deb = efω
f
b + (emκ + em+1)λω

b, (12.7.22)

deu = evω
v
u + (em − em+1κ)κλω

u, (12.7.23)

dem = − (ebω
b + euω

u)κλ, (12.7.24)

des′ = et ′ω
t ′
s′ , (12.7.25)

dem+1 = − ebλω
b + euκ

2λωu. (12.7.26)

The distribution on Mm defined by ωb = ωu = ωm = 0 is a foliation, since this
differential system is totally integrable. For its leaves, dx = es′ω

s′ , des′ = et ′ω
t ′
s′ ;

therefore, they are parallel (m−p−q−1)-dimensional planes Em−p−q−1 in Em+1.
The distribution orthogonal to these planes is defined by ωs′ = 0. It is also a

foliation, and for its (p+q+1)-dimensional leaves one has (12.7.22)–(12.7.26), and
therefore they are the congruent hypersurfaces Mp+q+1 in parallel planes Ep+q+2

orthogonal to the above Em−p−q−1. Hence Mm is a product submanifold Mp+q+1 ×
Em−p−q−1, namely, a cylinder on Mp+q+1.

On Mp+q+1, the distribution defined by ωu = ωm = 0 is a foliation, whose
leaves are by (12.7.22) totally umbilic, with mean curvature vector (emκ + em+1)λ.
Hence these leaves are p-dimensional spheres of radius (λ

√
κ2 + 1)−1 in the (p+1)-

dimensional planes spanned at x by eb and this mean curvature vector. Similarly, the
distribution defined by ωb = ωm = 0 is a foliation, whose leaves are by (12.7.23)
also totally umbilic, with mean curvature vector (em − em+1κ)κλ; so they too are
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q-dimensional spheres of radius (κλ
√

1 + κ2)−1 in the (q + 1)-dimensional planes
spanned at x by eu and this mean curvature vector.

These (p+1)- and (q+1)-dimensional planes are totally orthogonal. Therefore,
the leaves of the foliation defined on Mp+q+1 by ωm = 0 are the products of pairs
of the above spheres.

The curves inMp+q+1, orthogonal to these products, are defined byωb = ωu = 0,
whence (12.7.24) implies that dx = emω

m and dem = 0, thus they are straight lines.
Therefore, Mp+q+1 is a ruled hypersurface in Ep+q+2.

For the point z with radius vector z = x + (κλ)−1em, equation (12.7.20) implies
dz = 0. The point is hence a fixed point in Ep+q+2, and so Mp+q+1 is a cone over
the product of two spheres.

The results of the above analysis are formulated in the following theorem (if we
suppose that possibility (a) above is the only possible one that holds).

Theorem 12.7.3. A hypersurface Mm in Em+1 is Ric-semiparallel if and only if it is
an open subset of one of the following hypersurfaces:

(I) semiparallel:
(1) a hypersphere Sm in Em+1;
(2) a hypercone of rotation Cm in Em+1;
(3) a product Sk × Em−k , where Sk is a hypersphere in Ek+1 and Em−k is an

(m − k)-dimensional plane, totally orthogonal to Ek+1, 2 ≤ k ≤ m − 1;
(4) a product Ck × Em−k , where Ck is a hypercone of revolution in Ek+1

and Em−k is an (m − k)-dimensional plane, totally orthogonal to Ek+1,
2 ≤ k ≤ m − 1;

(II) R-semiparallel:
(5) a hypersurface whose second fundamental form h has the matrix ‖hij‖ of

rank ≤ 2;
(III) not R-semiparallel:

(6) a ruled hypersurface which is a cone with point-vertex over a product of two
spheres in Em+1 (m ≥ 5);

(7) the product of a k-dimensional cone of (6) in Ek+1 and an (m − k)-
dimensional plane Em−k totally orthogonal to Ek+1, 5 ≤ k ≤ m − 1.

Proof. Parts (I) and (II) summarize the results obtained by the analysis above, like
the geometric descriptions in (6) and (7). It remains to show that in part (III) possi-
bility (a) is really the only possible one, i.e., that possibilities (b) and (c) above lead
to contradictions.

First let us consider (b), when due to (12.7.13) χs = 0. Then via (12.7.10)
λ = const, thus also µ = p−1

1−q
λ = const, but (12.7.11) reduce to

λωs
b = χbusω

u, µωs
u = χbusω

b. (12.7.27)

Here exterior differentiation leads, due to (12.7.10), to

(dχbus − χcusω
c
b − χbvsω

v
u − χbutω

t
s) ∧ ωu
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+ λ

µ(µ − λ)

∑

u

(χbutχcus + χbusχcut )ω
t ∧ ωc = 0.

Hence
∑

u(χbutχcus + χbusχcut ) = 0. From here for c = b and t = s one obtains∑
u χ

2
bus = 0, thus χbus = 0. Now (12.7.16) is valid and leads to contradiction: the

left side is zero, but the right side is not!
It remains to consider possibility (c). Then after the adaption above of the or-

thonormal frame bundle χs′ = 0 for all s′ ∈ {p + q + 1, . . . , m− 1}, χm �= 0. From
(12.7.13) now χbum = 0, and so (12.7.10), (12.7.11) reduce to

dλ = χmω
m, (µ − λ)ωb

u = χbusω
s, (12.7.10′)

λωm
b = χmω

b, λωs′
b = χbus′ω

u, (12.7.11′)

µωm
u = p − 1

1 − q
χmω

u, µωs′
u = χbus′ω

b; (12.7.11′′)

moreover, here

dχm = ψms′ω
s′ + ψmmω

m, χmω
m
s′ = ψs′t ′ω

t ′ + ψs′mω
m. (12.7.28)

Since the leaves of the foliation, defined by ωb = ωu = 0 in Mm, are the Euclidean
planes, along each of which dem = 0, due to (12.7.11’) and (12.7.11’’), the orthonor-
mal frame bundle can be further adapted so that along each of these planes also
des′ = 0 for all values s′. After that (12.7.27) reduce to

ωm
s′ = 0, dχm = ψmmω

m. (12.7.29)

If we replace µ = p−1
1−q

λ in the first equation (12.7.11’’) and differentiate exteriorily
after that, we obtain

(dχm + 2λ−1χ2
mω

u) ∧ ωm + (λµ−1χcut ′ω
t ′
m − µ−1χmχcut ′ω

t ′) ∧ ωc = 0,

which due to (12.7.29) reduces to

2λ−1χ2
mω

u ∧ ωm − µ−1χmχcut ′ω
t ′ ∧ ωc = 0.

This is a contradiction, because χm is supposed to be nonzero, but ωu ∧ ωm and
ωt ′ ∧ ωc are linearly independent. This finishes the proof.

Now one can show how some of the previously known results about Ryan’s
problem can be deduced from Theorem 12.7.3 (and its proof).

Corollary 12.7.4. Every Ric-semiparallel hypersurfaceMm with positive scalar cur-
vature in Em+1 is R-semiparallel.

Indeed, it can be seen from (12.7.9) that the non-R-semiparallel hypersurfaces
are ruled out here. This was a result of [Tan 69].

The same argument shows that in this corollary positive scalar curvature can be
replaced with nonnegative scalar curvature; this was a result of [Ry 71].
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Corollary 12.7.5. Every Ric-semisymmetric hypersurface Mm with constant scalar
curvature in Em+1 is R-semiparallel.

Indeed, from (12.7.10) it is seen that λ = const implies χs = 0, but due to
(12.7.15) this is impossible for (6) and (7). So follows another result of [Ry 71].

Corollary 12.7.6. If a Ric-semisymmetric hypersurface Mm in Em+1 is complete,
then it is R-semiparallel.

Indeed, from the geometrical description of hypersurfaces (6) and (7) it is seen
that they, as cones, are noncomplete. This gives the result of [Mat 83].

Corollary 12.7.7. Every Ric-semisymmetric hypersurface M4 in E5 is R-semiparal-
lel.

Indeed, above there is shown that from (12.7.15) it follows that for (6) and (7) the
case m = 4 is impossible. This is the result of [DSVY 97].

The most important conclusion from Theorem 12.7.3 is the full solution of Ryan’s
problem, stated as follows.

Theorem 12.7.8. There do exist Ric-semiparallel but not R-semiparallel hypersur-
faces Mm in Em+1, m > 4.

Proof. The existence of hypersurfaces (6) and (7) was established above in the course
of the analysis, before Theorem 12.7.3 was formulated. Moreover, it was established
that they are not R-semiparallel.

Remark 12.7.9. Recall that Theorem 12.7.3 is based on the results stated by Mirzoyan
in [Mi 99]; some additions and refinements were made then in [Lu 2002b]. Recently
V. Mirzoyan indicated in private correspondence that there is a mistake in his paper
[Mi 99] (the conclusion dωs = 0 in the proof of Theorem 1 is not correct), and also
in the presentation in [Lu 2002b] there is a defect (from the conclusion (12.7.13)
only a subcase χbus = 0 is considered, i.e., possibilities (b) and (c) are excluded
from the proof). Now his last defect is removed by the complementary proof of
Theorem 12.7.3; here it must be noted that the idea of this proof was given by
Mirzoyan.

Remark 12.7.10. The assertion of Theorem 12.7.8 has been announced by F. Defever
in [Def 2000] (see also [DKV 2000]). Note that the example given in [Def 2000] by
Theorem 3.2 coincides with one of the hypersurfaces (6) of our Theorem 12.7.3.

12.8 Extended Ryan’s Problem for Normally Flat Submanifolds

Having now the complete solution of the classical Ryan’s problem, it is natural to pose
the problem in a more general setting, namely to ask whether the Ric-semiparallel
normally flat submanifolds Mm in En must be R-semiparallel or not. Recall that the
answer is positive for dimension m = 3, as shown above (see Remark 12.7.1).
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In the present section, this extended Ryan’s problem will be analysed for the
dimension m = 4. Then 4H = k1 + k2 + k3 + k4, and so the Ric-semiparallel
condition (12.7.5) reduces to

〈ki, kj 〉〈ki − kj , kk + kl〉 = 0 (12.8.1)

for every four distinct values of i, j, k, l. Permuting indices in (12.8.1), first k, j, i, l
and then i, l, k, j , one can see that the set of equations (12.8.1) is equivalent to the set

〈ki, kj 〉 = 〈kk, kl〉,

which for m = 4 gives

〈k1, k2〉 = 〈k3, k4〉, 〈k1, k3〉 = 〈k2, k4〉, 〈k1, k4〉 = 〈k2, k3〉. (12.8.2)

This set of three equations is invariant under interchange of indices 1,2, and of 3,4,
as well as of the pairs {1, 2} and {3, 4}.

Suppose that the R-semiparallel condition (12.7.4) is not satisfied for at least one
triple of different values i, j, k. After a renumbering, if needed, one may assume that
i = 1, j = 2, so that

〈k1, k2〉〈k1 − k2, kk〉 �= 0, (12.8.3)

where the subscript k is either 3 or 4. In particular, 〈k1, k2〉 �= 0.
It is convenient to call these k1 and k2 the distinguished principal curvature vectors,

for a normally flat Ric-semiparallel but not R-semiparallel submanifold M4 in En.
In the rest of this section, it will be assumed that n = 6 and that the distinguished

principal curvature vectors are collinear. This leads to k2 = κk1 �= 0, whence
by (12.8.3), (1 − κ)〈k1, kk〉 �= 0. On the other hand, (12.8.2) implies 〈k1, k3〉 =
κ〈k1, k4〉 and 〈k1, k4〉 = κ〈k1, k3〉. Hence 〈k1, kk〉 = κ2〈k1, kk〉, which is equivalent
to (1 + κ)(1 − κ)〈k1, kk〉 = 0, and therefore κ = −1. Thus k2 = −k1, and by
(12.8.2), 〈k1, k3 + k4〉 = 0.

The orthonormal frame bundle can be further adapted to the given M4 in E6, so
that at an arbitrary point x ∈ M4, one has k1 = −k2 = λe5. Then k3 = µe5 + ν3e6,
k4 = −µe5 + ν4e6. Thus M4 is defined by the differential system

ω5 = ω6 = 0,

ω5
1 = λω1, ω5

2 = −λω2, ω5
3 = µω3, ω5

4 = −µω4, (12.8.4)

ω6
1 = ω6

2 = 0, ω6
3 = ν3ω

3, ω6
4 = ν4ω

4. (12.8.5)

By (12.8.2),
−λ2 = −µ2 + ν3ν4,

and in general there exists a function ν such that ν3 = ν(µ − λ), ν4 = ν−1(µ + λ).
By exterior differentiation, equations (12.8.4) give the following exterior equa-

tions:

dλ ∧ ω1 + 2λω2
1 ∧ ω2 + (λ − µ)ω3

1 ∧ ω3
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+ (λ + µ)ω4
1 ∧ ω4 = 0, (12.8.6)

2λω2
1 ∧ ω1 − dλ ∧ ω2

− (λ + µ)ω3
2 ∧ ω3 − (λ − µ)ω4

2 ∧ ω4 = 0, (12.8.7)

(λ − µ)ω3
1 ∧ ω1 − (λ + µ)ω3

2 ∧ ω2

+ [dµ + ν(λ − µ)ω6
5] ∧ ω3 + 2µω4

3 ∧ ω4 = 0, (12.8.8)

(λ + µ)ω4
1 ∧ ω1 − (λ − µ)ω4

2 ∧ ω2 + 2µω4
3 ∧ ω3

− [dµ + ν−1(λ + µ)ω6
5] ∧ ω4 = 0. (12.8.9)

The same procedure for (12.7.5) leads to

λω6
5 ∧ ω1 − ν(λ − µ)ω3

1 ∧ ω3 + ν−1(λ + µ)ω4
1 ∧ ω4 = 0, (12.8.10)

λω6
5 ∧ ω2 − ν(λ − µ)ω3

2 ∧ ω3 + ν−1(λ + µ)ω4
2 ∧ ω4 = 0, (12.8.11)

ν(λ − µ)[ω3
1 ∧ ω1 + ω3

2 ∧ ω2] + [−(λ − µ)dν − ν(dλ − dµ) + µω6
5] ∧ ω3

+ (ν3 − ν4)ω
4
3 ∧ ω4 = 0, (12.8.12)

− ν−1(λ + µ)[ω4
1 ∧ ω1 + ω4

2 ∧ ω2] + (ν3 − ν4)ω
4
3 ∧ ω3

+ [−ν−2(λ + µ)dν + ν−1(dλ + dµ) − µω6
5] ∧ ω4 = 0. (12.8.13)

From (12.8.6) it follows by Cartan’s lemma that

dλ=Aω1 + Bω2 + Cω3 + Dω4,

2λω2
1 = Bω1 + Eω2 + Fω3 + Gω4,

(λ − µ)ω3
1 = Cω1 + Fω2 + Hω3 + Iω4,

(λ + µ)ω4
1 =Dω1 + Gω2 + Iω3 + Jω4.

It follows similarly from (12.8.7), that E = −A, and

− (λ + µ)ω3
2 = Fω1 − Cω2 + Kω3 + Lω4,

− (λ − µ)ω4
2 = Gω1 − Dω2 + Lω3 + Mω4.

Now substitution into (12.8.10) gives F = G = I = 0, and

λω6
5 = Qω1 − νCω3 + ν−1Dω4,

and further substitution into (12.8.11) adds C = D = L = Q = 0.
The result is

dλ=Aω1 + Bω2, 2λω2
1 = Bω1 − Aω2, ω6

5 = 0, (12.8.14)

(λ − µ)ω3
1 =Hω3, −(λ + µ)ω3

2 = Kω3, (12.8.15)
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(λ + µ)ω4
1 = Jω4, −(λ − µ)ω4

2 = Mω4. (12.8.16)

Now (12.8.8) and (12.8.9) reduce to

(dµ − Hω1 − Kω2) ∧ ω3 + 2µω4
3 ∧ ω4 = 0

2µω4
3 ∧ ω3 − (dµ + Jω1 + Mω2) ∧ ω4 = 0;

from here, Cartan’s lemma gives J = −H , M = −K ,

dµ = Hω1 + Kω2 + Rω3 + Sω4, 2µω4
3 = Sω3 + T ω4, (12.8.17)

so that
(λ + µ)ω4

1 = −Hω4, (λ − µ)ω4
2 = Kω4. (12.8.18)

Finally, via some calculations, (12.8.12) and (12.8.13) lead to A = B = 0,
and therefore from (12.8.14) to ω2

1 = 0. Taking the exterior derivative, and using
equations (12.8.15)–(12.8.18), and (12.8.4), one gets a contradiction: λ2ω1 ∧ω2 = 0.

Hence the following statement holds.

Theorem 12.8.1. There do not exist any submanifolds M4 in E6 which are normally
flat, Ric-semiparallel, but not R-semiparallel, and whose distinguished principal
curvature vectors are collinear.

Of course, this theorem does not solve the extended Ryan’s problem in gen-
eral (i.e., without assuming the collinearity of the distinguished principal curvature
vectors): do there exist Ric-semiparallel but not R-semiparallel normally flat sub-
manifolds M4 in E6? The problem is open all the more so for general dimensions m
and n.

Remark 12.8.2. This extended Ryan’s problem was posed in [Lu 2002b], where The-
orem 12.8.1 was also proved.

12.9 R-Semiparallel but Not Semiparallel Normally Flat

Submanifolds of Codimension 2

The present chapter, and with it the book, will be concluded by considering the rela-
tionship between the semiparallel condition (12.7.3) and theR-semiparallel condition
(12.7.4) in the case of normally flat submanifolds.

It is known that every semiparallel submanifold is alsoR-semiparallel, i.e., intrin-
sically a semisymmetric Riemannian manifold (see Proposition 4.1.2; for normally
flat submanifolds, this follows from the implication (12.7.3) =⇒ (12.7.4)).

Now the following problem arises. Do there exist isometrically immersed
semisymmetric Riemannian manifolds which are not semiparallel as submanifolds?
For hypersurfaces, a positive answer can be deduced from the classification results in
[Ry 69] and [Sza 84]. In Chapter 10 of [BKV 96], a detailed analysis was given for



12.9 R-Semiparallel but Not Semiparallel Normally Flat Submanifolds 283

hypersurfaces in E4 which are intrinsically of conullity two. The existence of such
hypersurfaces of parabolic and hyperbolic types was proved, and the problem of their
local rigidity was studied.

This problem is investigated below in the case of normally flat submanifolds Mm

in Em+2. It will be proved that there exist normally flat submanifolds Mm in Em+2,
which are not semiparallel, but are intrinsically of conullity two of hyperbolic type.

As preparation, first consider a semiparallel Mm in Em+2. By Proposition 5.1.3
and Remark 5.1.4, such an Mm is normally flat. Hence Theorems 5.5.1 and 5.6.1 can
be used here; they give the extrinsic characterization of such an Mm in Em+2.

The results can be summarized as follows.

Theorem 12.9.1. Let Mm be a semiparallel submanifold in Em+2.

(1) If Mm has only one nonzero principal curvature vector of multiplicity s, then
Mm is
• for s = 1, an envelope of a one-parameter family of m-dimensional planes,

thus intrinsically locally Euclidean;
• for s = m, a sphere, thus of positive constant curvature;
• for 2 < s < m, a product of a round cone (or a round cylinder) and a plane;
• for s = 2, a second-order envelope of products S2(c)×Em−2, thus intrinsi-

cally a manifold of conullity two of the planar type.
(2) If Mm has two orthogonal nonzero principal curvature vectors of multiplicities

p and q, then Mm is
• for p = q = 1, an envelope with flat ∇̄ of a two-parameter family of m-

dimensional planes, thus intrinsically locally Euclidean;
• for p > 1 and q > 1, a product of two round cones of dimensions p+ 1 and

q + 1 (possibly degenerated to round cylinders) and a plane;
• for p > 2 and q = 1, an envelope of orthogonal type of a one-parameter

family of semiparallel submanifolds of part (1) above (where s is replaced by
p = s+1), thus intrinsically a product of a (p+1)-dimensional elliptic cone
and an (m − p − 1)-dimensional locally Euclidean manifold, in general;

• for p = 2 and q = 1, a second-order envelope of products S2(c)× S1(c2)×
Em−3, thus intrinsically a manifold of conullity two of the planar type.

Corollary 12.9.2. If a semiparallel submanifold Mm in Em+2 is intrinsically a Rie-
mannian manifold of conullity two, then it is of planar type.

Returning now to the above problem of existence of certain nonsemiparallel nor-
mally flat submanifolds, the following theorem can be proved.

Theorem 12.9.3. Among the nonsemiparallel normally flat submanifolds Mm in
Em+2, there exist R-semiparallel Mm of conullity two whose Euclidean leaves of
codimension 2 are (m − 2)-dimensional planes in Em+2, and which are of hyper-
bolic type.

Proof. For such an Mm, equations (12.7.4) hold with c = 0, but not (12.8.1), i.e.,
(ki − kj )〈ki, kj 〉 �= 0 for at least one pair (i, j). After renumbering if needed, this
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gives (k1 − k2)〈k1, k2〉 �= 0. Due to (12.7.4) (with c = 0), all k3, . . . , km must be
orthogonal to this nonzero vector.

The orthonormal frame of O(Mm, Em+2) can be adapted further so that at an
arbitrary point x ∈ Mm, the unit normal vector em+1 is collinear to k1 − k2 �= 0.
Then

k1 = λ1em+1 + κem+2, k2 = λ2em+1 + κem+2, ku = µuem+2, (12.9.1)

where (λ1 − λ2)(λ1λ2 + κ2) �= 0 and the index u ∈ {3, . . . , m}.
Now (12.7.4) applied to the triples (1, u, 2) and (2, u, 1) leads to

κµu(λ1λ2 + κ2 − κµu) = 0, (12.9.2)

but, by (u, v, 1) and (u, v, 2), to

κ(µu − µv)µuµv = 0. (12.9.3)

It is sufficient to take here the subcase when µu = 0 for every value u ∈
{3, . . . , m}. Then the given Mm in Em+2 is defined by the differential system

ωm+1 = ωm+2 = 0,

ωm+1
1 = λ1ω

1, ωm+1
2 = λ2ω

2, ωm+1
u = 0, (12.9.4)

ωm+2
1 = κω1, ωm+2

2 = κω2, ωm+2
u = 0. (12.9.5)

The last equations of (12.9.4) and (12.9.5) give by exterior differentiation

ω1
u ∧ λ1ω

1 + ω2
u ∧ λ2ω

2 = 0, κ(ω1
u ∧ ω1 + ω2

u ∧ ω2) = 0. (12.9.6)

Exterior differentiation of the first two equations (12.9.4) gives

(dλ1 − κωm+2
m+1) ∧ ω1 + (λ1 − λ2)ω

2
1 ∧ ω2 − λ1

∑

u

ω1
u ∧ ωu = 0, (12.9.7)

(λ1 − λ2)ω
2
1 ∧ ω1 + (dλ2 − κωm+2

m+1) ∧ ω2 − λ2

∑

u

ω2
u ∧ ωu = 0, (12.9.8)

and the first two equations (12.9.5) lead to

(dκ + λ1ω
m+2
m+1) ∧ ω1 − κ

∑

u

ω1
u ∧ ωu = 0, (12.9.9)

(dκ + λ2ω
m+2
m+1) ∧ ω2 − κ

∑

u

ω2
u ∧ ωu = 0. (12.9.10)

Suppose the essential codimension of Mm is two. Then by (12.8.1), κ �= 0, and
now the second equation (12.9.6) and Cartan’s lemma give

ω1
u = auω

1 + buω
2, ω2

u = buω
1 + euω

2, (12.9.11)



12.9 R-Semiparallel but Not Semiparallel Normally Flat Submanifolds 285

and substitution into the first equation (12.9.6) leads to (λ1 − λ2)bu = 0, thus to
bu = 0.

The differential system ω1 = ω2 = 0 is totally integrable, since dω1 and dω2

vanish as algebraic consequences of the equations of this system. For the leaves
of the foliation defined by this system, one has dx = ∑

u euω
u, deu = ∑

v evω
v
u;

hence these leaves are generating (m− 2)-planes. Analysis of the system of exterior
equations (12.9.6)–(12.9.10) shows that the characters here are s1 = 2m and s2 = 1,
and Cartan’s number Q = s1 + 2s2 = 2(m + 1) is equal to the number of new
coefficients after developing these exterior equations by Cartan’s lemma. Hence (see
[IL 2003], [BCGGG 91], [Ca 45], [Fin 48]) this Mm exists and depends on one
real analytic function of two real arguments. The generating (m − 2)-planes are
its Euclidean leaves, so that Mm is intrinsically of conullity two. Now equations
(12.9.11) are equations (11.1.2) with Cu = bu, and since here bu = 0, comparison
with (11.1.2) shows that this Mm is of the hyperbolic type in general, where eu �= au
for at least one value of u. This concludes the proof.

Corollary 12.9.4. There exist Riemannian manifolds Mm of conullity two, which
have an isometric immersion into Em+2 as a normally flat, R-semiparallel, and
nonsemiparallel submanifold.

Indeed, by Corollary 12.9.2, a submanifold of Theorem 12.9.3 of hyperbolic type
cannot be semiparallel.

Remark 12.9.5. The last section of this book can be considered as a slight expansion
of Section 6 of [Lu 2002b]. Recall also that the case of hypersurfaces was analysed
in [Ry 69], [Sza 84], and [BKV 96] (Chapter 10), as already noted above.
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